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PREFACE. 



It is a remarkable fact m the history of science, that the oldest book of 
Elementary Geometry is still considered as the best, and that the writings 
of Euclid, at the distance of two thousand years, continue to form the most 
approved introduction to the mathematical sciences. This remarkable 
distinction the Greek Geometer owes not only to the elegance and correct- 
ness of his demonstrations, but lo an arrangement most happily contrived 
for the purpose of instruction, — advantages which, when they reach a cer- 
tain eminence, secure the works of an author against the injuries of time 
more effectually than even originality of invention. The Elements of Eu- 
clid, however, in passing through the hands of the ancient editors durine 
tbedeclineof science, had suffered some diminntioQ of their excellence, and 
much skill and teaming have been employed by the modern mathemati- 
cians to deliver them from blemishes which certainly did not enter into their 
original composition. Of these mathematicians. Dr. Simbon, as he may 
bs accounted the last, has also been the most successful, and has left very 
little room for the ingenuity of future editors lo be exercised in, either by 
amending the text of Euclid, or by improving the translations from it. 

Such being the merits of Dr. Simson's edition, and the reception it has 
met with having been every way suitable, the work now offered to the pub- 
lic will perhaps appear unnecessary. And indeed, if the geometer just 
named had written with a view of accommodating the Elements of EncLis 
lo the present slate of the mathematical sciences, it is not likely that any 
thing new in Elementary Geometry would have been soon attempted. But 
his desiga was different ; it was his object to restore the writings of Euclid 
to their original perfection, and to give them to Modem Europe as nearly 
as poss^le in the state wherein they made their first appearance in Ancient 
Greece. For this undertaking, nobody could be better qualified than Dr. 
SmsoN ; who, to an accurate knowledge of the.learned languages, and an 
indefatigkble spirit of research, added a profound skill in the ancient Geome- 
try, and an admiration of it almost enthusiastic. Accordingly, he not only 
restored the text of Euclib wherever it had been cornip(ed, but in some 
cases removed imperfections that probably belonged lo the original work : 
tiiough his extreme nitiaUty for his author never permitted him to suppose 
that such honour comd faU to the share either of himself, or of any other of 
the modems. 

. But.aflerallthiswasaccomplished, something still remained to be done, 
since, notwithstanding the acknowledged excellence of Euclid's Ele- 
ments, it could not be doubted that some alterations might be made that 
would accommodate them better to j| state of the mathematical sciences, so 
much more improved and extended than at the period when &ey were 
written. Accordingly, the object of the edition now offered to the public, is 
not so much to give the writings of Euclid the form which they originally 
had, as that which may at present render thorn most useful. 



b,Googlc 



One ol the iterations made with this view, respects the Doctrine of . 

Proportion, the method of tiesting which, as it is laid down in the flfUt of 
Euclid, has great advantages accompanied with considerable defects ; of 
which, however, it must be observed, that the adranlages are essential, and 
the defects only accidental. To explain the nature of the former requires 
a more minute examination than is suited to this place, and must therefore 
be reserved for the Notes ; ^ut, in the mean time, it may be remarked, that 
no definition, except that of ^xjclw, has ever been given, from which the 
properties of proportionals can be deduced by reasonings, which, at tho 
same time that they are perfectly ligorona, are also simple and direct. As 
to the defects, the prolixness and obscurity that have ao often been com' 
plained of in the fifth Book, they seem to arise chiefly from the nature of 
the language employed, which being no other than Chat of ordinary dis- 
course, cannot express, without much tediousneas and circumlocution, the 
relationa of mathematical quantities, when taken in their utmost generality, 
and when no assistance can be received from diagrams. As it is plain that 
the concise language of Algebra is directly calculated to remedy this in* 
convenience, 1 have endeavoured to introduce it here, in a very simple form 
however, and without changing the nature of the reasoning, or departing 
in any thing from the rigour of geometrical demonstration. By this means, 
the steps of the reasoning which were before far separated, are brought 
near to one another, and the force of the whole is so clearty and directly 
perceived, that I am persuaded no more difficulty will be found in under- 
standing the propositions of ^e fifUi Book than those of any other of the 
Elements. 

In the second Book, also, some algebraic signs have been incrodnced, for 
the sake of representing more readily the addition and subtraction of the 
rectangles on which the demonstrations depend. The use of such sym- 
bolical writing, in trMislating from an original, where no symbols are used, 
cannot, I think, be regarded as an unwarrantable liberty : for, if by that 
means the translation is not made into English, it is made into that univer- 
sal language somuchsought after in aU the sciences, but destined, it would 
seem, to be enjoyed only by the mathentatical. 

The alterations above mentioned are the most material that have been 
attempted on the books of Euclid. There are, however, a few others, 
which, though less considerable, it is'hoped may in some degree facilitate 
the study of the Elements. Such are those made on the definitions in the 
first Book, and particularly on that of a straight line. A new axiom is also 
introduced in the room of the 12th, for the purpose of demonstrating more 
easily some of the properties of parallel lines. In ^ third Book, the re- 
raarks concerning the angles made by a straiglft line, and the circumference 
of a circle, are lell out, as tending to perplex one who has advanced no 
farther than the elements of the science. Some propositions also have 
been added ; but for a fuller detail concerning these changes, I must refer 
to the Notes, in which several of the more difficult, or more interesting sub- 
jects of Elementary Geometry are tregted at considerable length. 

C0LI.BOE OF EniNBORQH, 

Dee. 1, 1813. 
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ELEMENTS 



GEOMETRY. 



BOOK I. 

THE PRINCIPLES. 



OF TEKXS AND SIGNS. 

1. Geometry IB a science which has for its object the me asureineut of mag- 
nitudes. 

Magnitudes may be considered under thiee dimensions, — length, breadlb, 
height or thickness. 

2. In Geometry there are sevei^ general teims or principles; such as, 
Definitions, Propositions, Axioms, Theorems, Problems, Lemmas, Scho- 
liums, Corollaries, &c. 

3. A Definition is the explication of any term or word in a science, shov- 
ing the sense and meaning in which the term is employed. 

Every definition ought to be clear, and expressed in irtnia that are 
common and perfectly well understood. 

4. An Axiom, or Maxim, is a self-evident proposition, requiring no formal 
demonstration to prove the truth of it ; but is received and assented to as 
soon as mentioned. 

Such as, the whole of any thing is greater than a part of it i or, the 
whole is equal to all its parts taken together ; or, two quantities that 
are each of them equal to a third quantity, are equal to each other. 

5. A Theorem is a demonstrative proposition ; in which some property is 
asserted, and the truth of It required lo be proved. 

Thus, when it is said that the sum of the three angles of any plane tri- 
angle is equal to two right angles, this is called a Theorem ; and the 
method of collecting the several arguments and proofs, and laying 
them together in proper order, by means of which the truth of the 
propoeitioij. becomes evident, is csdled a DemonstTiition. 

6. A Direct Demonstration is that which concludes with the direct and cer- 
tain proof of the proposition in hand. 

It is also called Positive or AJirmative, and sometimes an Otteruio* De- 
monstration, because it is most satisfactory to the mind. 
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6 ELEMENTS 

7. An Indirect or Negative Dtmonstration a that which shows a proposition 
to be true, by proving that some absurdity would necessarily follow if 
the proposition advanced were false. 

This is sometimes called Reductio ad Absurdam ; becanse it shows the 
absurdity and falsehood of all suppositions contrary to that contained 
in the proposition. 

8. A Problem is a proposition or a question proposed, which requires a so- 

As, to draw one line perpendicnlar to another ; or to divide a line into 

two equal parts. 

9. Solution of a problem is the resolution or answergiven to it. 

A Numerical or Numeral solution, is the answer given in ntunbers. A 
Geometrical solution, is the answer given by the principles of Geome' 
try. And a Mechanical solution, is one obtained by trials. 

10. A Lemma is a preparatory proposition, laid down in order to shorten 
the demonstration of the raain proposition which follows it. 

1 1 . A Corollary, or Constetary, is a consequence drawn immediately from 
some proposition or other premises. 

12. A Scholium ia a remark or observation made on some foregoing propo- 
sition or premises. 

13. An Hypothesis is a supposition assumed to be true, in order to argue 
from, or to found upon it the reasoning and demonstration of eome pro- 
position. 

14. A Postulate, or Petition, is something required to be done, which is so 
easy and evident that no person will hesitate to allow it. 

15. Method ia the art of disposing a train of ar^ments in a proper order, 
to investigate the truth or falsity of a proposition, or to demonstrate it to 
others when it has been found out. This is either Analytical or Syn- 
thetical. 

16. Analysis, or the Analytic method, is the art or mode of finding out the 
truth of a proposition, by first supposiog the thing to be done, and then 
reasoning step by step, till we arrive at some knoyn truth. This ^ also 
called the Method of Invention, or Resolution ; and is that which is C0nt> 
monly used in Algebra. 

17. Synthesis, or the Synthetic Method, is the searching out truth, by Srst 
laying down simple principles, and pursuing the consequences flowing 
from them till we arrive at the conclusion. This is also called the Me- 
thod of Composition ; and is that which is commonly used in Geometry. 

IB. The sign — (or two paraHel lines), is the sign of equality; thus, 
A=B, implies that the quantity denoted by A is equal to the quantity 
denoted by B, and is read A equal to B. 

19. Tosignifythat AwgTe<rter(A<inB,theeipression A7Bisusod. And 
to signify that A if ^j (Aon B, the expresnon A^ Bis used. 
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OP GEOMETRY. BOOK I. 7 

20. The sig^ of Addition ia aa etect cross ; thus A+B implies the sum of 
A and B, and is called A plus 6. 

31. SuhtraeHoa is denoted by a single line ; as A — B, which is read A 

minus B ; A — B represents their difference, or the part of A remsiniiig, 

when a part equal to B has been taken away from it. 

In like maimer, A — B+C, or A+C — B, signifies that A and C are to 

be added together, and ^at B is to be subtracted from dkeir sum. 

22. Mvilipliealitm is expressedby an oblique cross, by a point, or by simple 
apposition : thus, A X B, A . B, or AB, signifies that the quantity de- 
noted by A is to be nniluplied by the quantity denoted by B. The ex- 
pression AB should not be employed when there ia any danger of con- 
founding it with that of the line AB, the distance between the points A 
and B. The multiplication of numbers cannot be expieatied by simple 
aj^sitiou. 

23. When any quantitisB are enclosed in apaienthesis, or have aline drawn 
over them, they are considered as one quantity with re spect to o ther 
eymbola: thus, the expression AX(B+C — D), or AX B+C— D, re- 
presents the product of A by the quantity. B+G — D. In like manner, 
(A+B}X(A—B+0), indicates the product of A+B by the quantity 
A— B+C. 

34. The Co-egieient of a quantity is the number prefixed to it : thus, 2AB 
signifies that the line AB is to be taken 2 timea ; ^AB signifies the half 
of the Ime AB. 

39. Diviiion, or the ratio of one quanti^ to another, is usually denoted by 
placing one of the two quantities orer the other, in the form of a irac tiou : 

thus, -g signifies ibe ratio or quotient arising from the diTieion of the 

quantity A by B. In fact, this is diTision indicated. 

26. The Square, Cube, &c. of a quantity, are expressed by placing a small 
figure at the right hand of the quantity: thus, the square of the line 
AB is denoted by AB^, the cube of the line AB is designated by AB' ; 
and so on. 

27. The Roots of quantities are expressed by means of the radical sign ^, 
with the proper index annend ; thus, the square root of 5 is indicated 
■t/5;y{kxB)nieatiaiii6 square root of the product of A and B, or the 

mean proportional between them. The roots of quantities are some- 
times expressed by means of fractional indices : tikus, the cube root of 

AXBXC may be expressed by VAxBxC, or (AxBxC)', and 
BO on. 
36. Numbers in a parenthesis, such as (15. 1.), refers back to the numbei 
of the proposition and the Book in which it has been announced or de- 
monstrated. The expression (15. 1.) denotes the fifleenlh proposition, 
first book, and so on. In like manner, (3. Ax.) designates the third 
axiom ; (3. Post) the second postulate ; (Def. 3.) the third definition, 
indaoon. 
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29. The word, therefore, or htnee, frequently oceura. To exprass either of 
these words, the sign .-. is generally used. ' 

30. If the quotients of two pairs of numbers, or quantities, an equal, the 
quantities are said to be proportional: thns, if =r = tt ; then, A m /o B 



DEFINITIONS. 

1. "A Point Is that which has position, but not nugtutude*." (See 
Notes.) 

2. A line is length without breadth. 

"CoaoLLAiiT. The extremities of a line are points ; and the intersections 
" of one line with another are also points." 

3. ■ " If two lines are such that they cannot coincide in any two points, with- 
"out coinciding altogether, each of them ia calleda straight line." ' 

" Cor. Hence two straight lines cannot inclose a space. Neither can two 
" straight lines have a common segment ; that is, they cannot coincide 
" in part, without coinciding altogether." , 

4. A superficies is that which has only length and breadth. 

* CoR. The extremities of a superficies are lines ; and the intersections of 
"one superficies with another are also lines." 

5. A plane superficies is that in which any two points being taken, the 
straight line"between them lies wholly in that superficiSa. 

6. A plane rectilineal angle is the inclination n( two straight lines to one 
another, which meet together, but are not in the same straight line. 




N. B. 'When sereral angles are atone point B, any oneof ihem b ex- 
' pressed by three letters, of which the letter that is at the vertex of the an- 
' ^e, that is, at the point in which the straight lines that contain the tmgle 
' meet one another, is put between the other two letters, and one of these 

* two is somewhere upon one of those straight lines, and the other upon the 
'other line : Thus the angle which is contained by the straight lines, AB, 

* CB, is named the an^e ABC, or CBA ; that which is contained by AB, 

*Th> definitioiia mBded witik innrted eenunu bib diflsnut&om Lhose oflSnolid. 
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OF GEOMETRY. BOOK I. 9 

* BD, is named the angle A6D, or DBA ; and that which is contained l^- 
'BD, CB, is called theMgleDBC, or CBD; but, if there be only one an- 

* gle at a point. It may be eqtieased by a letter placed at that point ; as th« 
' mgle at E.' 



7. When a straight line standing on another 
Btraight line makes the adjacent angles equal 
to one another, each of ^e angles is called 
a right angle ; and the straight line which 
stands on the oth«r, is called a peipendicu- 
lai toit 



8. A^ obtnae angle is that which is greater dun a right sn^e. 



9. An acute angle is that which is less than a right iiD|^e. 

10. A figure is that which is enclosed by one or more boundaries. — The 
tBord area denotes the quantity of space eontairted in a figvre, wUhtnit any 
reference to the nature of the line or lines lohich bottttd it,, 

1 1 . A circle is a plane figure contained by one line, which is called the 
ciTcnmference, and is such that all straight lines drawn from a certain 
point within the figure to the circumference, a^e equal to one aaothar. 




13. And this point is called the centre of the circle. 

1 3. A diameter of a circle is a atraight line drawn through the centre, and 
tenninaled both ways by the circumference. 

14. A semicircle is the figure contained by a diamslar and the part of the 
~ f e cut off by the diameter, 
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10 ELEMENTS 

15. Rectilmeal Hguna are those which are contaioed by atraight Unu. 

16. Trilateral figures, or triangles, by diree straight lines. 

17. Quadrilateral, by foiii straight lines. 

18. Multilateral figures, or polygons, by more than four straight linsa. 

19. Of three sided figures, an equilateral triangle is that vhich has three 
equal aides. 

30. An isosceles triangle is Ast which has noly two aides eqoaL 




21. A scalene triangle ie thai which has three unequal sides. 
23. A right an^ed triangle is that which has a right angle. 
23. An obtuse angled triangle is that which has aa obtuse sng 




24. An acute angled triangle is that whick lias three acute an^es. 

29. Of foar sided figures, a square is' that which ha^ all its sides eqnal 
and all its angles right an^es. 




26. An oblong is diat which has all its angles right an^es, bat has not all 
its sides equaL 

27. A rhombus is that which has all its sides eqnal, but its anises are not 
right angles. 
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OF GEOMETRY. BOOK I. 11 

38. A iWmboid is that which has its opposite sides eqvtal to one another, 
but all its sides are not equal, not its angles right angles. 

39. AH other four sided figures beaides these, are called trapeziums. 

SOU Parallel straight lines are such as are in the same plane, and which, 
being produced eyer so far both ways, do not meet. 



POSTULATES. 

1. Let it he granted that a straight line maybe draiiif from any one point 
to any other point. 

2. That a terminated straight line may be produced to any length in a 
strai^it line. 

3. And that a circle niay be described from any centre, at any distance 
from that centie. 



AXIOMS. 

1. Thinos which are equal 10 the same thing are equal to one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be taken from equab, the remainders are equaL 

4. If equals be added to unequaU, the wholes are unequal. 

5. If equals be taken from unequals, the remainders are unequal. 

6. Ttunge which are doubles of the same thing, are equal to one another. 

7. Things which are halves of the same thing, are equal to one another. 

8. Magnitudes which coincide with t 
fill the same space, are equal to one 

9. The whole is greater than its part. 

10. AH right angles are equal to one another. 

11. " Two straight lines which intersect one another, cannot be both ps- 
" rallel to the same straight line." 
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PEOPOSITION I. PROBLEM. 
To deaeribt an equiUUeral triangle upon a given finite straight Km. 

Let AB be tite given straight Una ; it is required to describe an equi- 
lateral triangle upon it. 

From the centre A, at the dia- 
tance AB, describe (3. Postulate) 
the circle BCD, and from the cen- 
tre B, at the distance BA, describe 
the circle ACE; and from the point 
C, in which the circles cut one an- 
other, draw the straight lines (1. 
Post.) CA, CB to the points A, B ; 
ABC is an equilateral triande- 

Because the point A is Uie cen- 
tre of the circle BCD, AC is equal 
(11. Definition) to AB ; and because the point B is the centre of the cir- 
cle ACE, BC is equal to AB : But it has been proved diat CA is equal 
to AB ; therefore CA, CB are each of them equal to AB ; now things 
which are equal to the same are equal to one another, (1. Axiom) ; there- 
fore CA is equal to CB ; wherefore CA, AB, CB are equal to one another ; 
and the triangle ABC is therefore equilateral, and it is described upon the 
given straight line AB. 

PROP. II. PROB. 

from a given point to draw a straight line equal to a given straight line. 

Let A be the given point, and BC the given straight line ; it ig required 
to draw, from the point A, a straight line equal to BC. 

From the point A to B draw {1. Post.) 
the straight line AB ; and upon it describe 
(1. 1.) the equilateral triangle DAB, and 
produce (2. Post.) the straight lines DA, 
BD, to E and F ; ftom the centre B, at the 
distance BC, describe (3. Post.) the circle 
CGH, and from the centre D, at the dis- 
tance DG, describe the circle GKL, AL is 
equal to BC. 

Because the point B is the centre of the 
circle CGH,^C is equal (U. Def.)toBG; 
and because D is the centre of the circle 
GKLf DL is equal to DG, and DA, DB, 
parts of them, are equal ; therefore the re- 
mainder AL is equal to the remainder (3. 
Ajc.) BG : But it has been shewn that BC is equal to BG ; wherefore 
AL and BC ue each of ihem equal to BG; and thii^ that are eqnal 
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OF GEOMETRY. BOOK I. 13 

to the same &re equal to one another ; therefore the straight line AL ia 
equal lo BG. Wherefore, from the given point A, a atraight line AL has 
been drawn equal la the given straight line BC. ' 

* PROP. III. PROB. 

From thtgreater ef two given straight lines to cut off a part equcd to tit 

Let AB and G be the two given straighl 
lines, whereof AB is the greaXer. It ia 
required to cut off from AB, the greater, 
a part equ^ to Q, the less. 

Prom the point A draw (2. I.) the 
straight line AD equal to C ; and from 
the centre A, and at the distance AD, 
describe (3. Post.) the circle DEF; and 
because A is the centre of the circle 
DEF, AE is equal to AD; but the 
straight line C is hkewise equal lo AD ; 

whence AE and G are each of them equal to AD ; wherefore the straight 
line AE is equal to (1. Ax.) C, and from AB the greater of two atnight 
lines, a paiC AE has been cut off equal to G the less. 

PROP. IV. THEOREM. 

If two triangUs have tiao sides of the one equal to two sides of the other, eaeh 
to each; and have liketeise Ae angles contained by those sides equal to 
one another, their bases, or third sides, shall be equal ; and the areas of 
the triangles shall be equal ; and their other angles shall be equal, each to 
each, vis. those to which the equal sides are opposite.* 

Let ABC, DEF be two triangles which have the two sides AB, AC 
eqnal to the two sides DE, OF, each to each, viz. AB to DE, and AC to 
DF ; and let the angle a 

BAG be also equal to 3ie 
angle EDF: then shall 
the base BC be equal to 
the base EF ; and Uie tri' 
angle ABC to the triangle 
DEF; and the other an- 
gles, to which the equal 

sides are opposite, shall _j —^ ,- — 

be equal, each lo each, " O E 

viz. the angle ABC to the angle DEF, and the angle AGB to DFE. 

For, if the triangle ABC be applied to the triangle DEF, so that the 
point A may be on D, and the straight line AB upon DE ; the point B 
shall coincide with the point E, because AB is equal to DE ; and AB 

are man briallj aipitMcd hj ■qriif, tlUl l*« 
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14 ELEMENTS 

coinciding with DE, AC shall coincide with DP. bectuue tlie ai^le BAG 
is equal to the wogle EDF ; wherefore also the point C sh^ coincide with 

the point'F, because AC is equal to DF : But the point B coincides with 
the point E ; wherefore the base HC shall coincide with the base £F 
(cor. def. 3.}, and shall be equal to it. Therefore alsoihe whole triangle 
ABC shall coincide with the whole trianglp DEF, so that the spaces which 
they contain or their areas are equal i and the remaining augtbs of the 
one shall coincide with the remaining angles of the other, and be equal to 
Ihem, viz. the angla ABC to the angle DEF, and the angle ACB to the 
aogle DFE. Therefore, if two triangles have two sides of the one equal 
to two sides of the other, each to each, and have likewise the angles con- 
tained by those sides equal to one another ; their bases shall be equal, 
and their areas shaU be equal, and their other angles, to which the equal 
sides are opposite, shall be equal, each to each. 

PROP. V. THEOR. 

The angles at the base of an Isosceles triangle are equai to one another ; and 
if the equal sides be produced, the angles upon the other aide of the base 
shall be equal. ' 

Let ABC he an isosceles triangle, of which the side AB isequal to AC, 
and let the straight lines AB, AC be produced to D and E, the angle ABC 
■hall be equal to the angle ACB, and the angle CBD to the ande BCE. 

In BD take any point F, and from AE the greater cut OB AG equal 
(3. 1.) to AF, the less, and join FC, GB. 

Because APIs equal to AG, and ABlo AC, the twosidesFA, AC are equal 
to the two GA, AB, each to each ; and they c<mtun the angle FAG com- 
mon to the two triangles, AFC, AGB ; 
theiefore the base PC is equal (4. 1.) to 
the base GB, and' the triangle AFC to 
the triangle AGB; and the lemaining 
angles of the one are equal (4. 1.) to 
the remaining angles of the other, each to 
each, to which the equal sides are oppo- 
site, viz. the angle ACF to the angle 
A6G, and the angle AFC to the angle 
AGB: And because the whole AF is 
equal to the whole AG, and the part AB 
to the part AC ; the remainder BF shall 
be equal (3. Ax.) to the remainder CG ; . 

and FC was proved to be equal to GB, ■*'' 
therefore tile two sides BF, FC are equal to the two CO, GB, each to 
each ; but the angle BFC is equal to the angle GGB ; wherefore the tri- 
angles BFC, CGB are eqnal (4. 1.}, and their remaining angles are equal, 
to which the equal sides are opposite ; therefore the angle FBC is equal 
to the angle GOB, and the angle BCP to the angle CBG. Now, since 
it has been demonstrated, that the whole angle ABG is equal to die whole 
ACF, and the part CBG to the part BCF, the remaining an^e ABC is 
therefore equal to the remaining angle ACB, which ue ^ anglw at the 
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base of the triangla ABC : And it has also been prored that ths >agl« 
FBC is equal to &e angle GC6, which are the angles upon the othet aide 
of the base. 

CjOkollak;. Hence every equilateral triangle is also equiangular. 

PROP. TI. THEOR. 

If two angles of a triangU he equal to one another, the sides wMeh subtend 
or are opposite to thim, are also equal to one another. 

Let ABC be a triangle having the angle ABC equal to the angle ACB ; 
the side AB is also equal to the side AC. 

For, if AB be not equal to AC, one of them is 
greater than the other : Let AB be the greater, 
and from it cut (3. 1.) off DB equal to AC the 
less, and joia DC ; therefore, because in the tri- 
angles DBC, ACB, DB is equal to AC, and BC 
common to both, the two sides DB, BC are equal 
to the two AC, CB, each to each ; but the angle 
DBC is also equal to the angle ACB ; therefore 
the base DC is equal to the base AB,' and the area 
of the trian^e DBC is equal to that of the triangle 
(4. 1.) ACB, the less to the greater ; which is ab- 
nird. Therefore, AB is not unequal to AC, that 
is, it is equal to it 

Co£. Hence erery equiangolar triangle is also eqaUatenL 

PROP. VII. THEOR. 

Upon tAe tame base, and on the same side of it, there earmot he too triangles, 
that have their sides which are terminated in one extremity of the base 
equal to one another^ and likeioise those which are terminated in the other 
extremity, equal to one another. ■ 

Let &ere be two triangles ACB, ADB, upon the same base AB, and 
upon the same side of it, which have theii sides CA, DA, terminated in A 
equal to one another ; then their sides OB, DB, terminated in B, cannot 
be equal to one another. 

Jom CD, and if possible let CB be 
equal to DB ; then, in the case in which 
the vertex of each of the triangles is with- 
out the other triangle, because AC is 
equal to AD, the angle ACD is equal (5. 
l.)to the angle ADC: But the angle 
ACD is greater than the angle BOD ; 
therefore the angle ADC is greater also 
^ than BCD ; mudi more then is the angle 
BDCgreaterihanthean^eBCD. Again, 
because CB is equal to DB, the angle 
BDC it equal (S. 1^ to the angle BCD ; 
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but it has bebn demonstrated to be greater dun it j vrliicb U impowd-- 
ble. 

But if one of the vertices, as D, 
be within the other trian^e ACB ; . 
produce AC, AD to E, F ; therefore, 
because AC is equal to AD in the 
triangle ACD, the angles ECD, FDC 
upon the other side of the base CD 
Bie equal (5. 1.) to one another, but 
the angle ECD is greater than the 
angle BCD ; wherefore the angle 
FDC is likewise greater than BCD ; 
much more then is the angle BDC greater than the angle BCD. Again, 
because CB is equal to DB, the angle BDC is equal (5. 1.) to the angle 
BCD; but BDC has been proved to be greater than the same BCD ; 
which is impossible. The case in which the vertex of one triangle ia 
upon a side of the other, needs no demonstration. 

Therefore, upon the same base, and on the same side of it, there cannot 
be two triangles that have their sides which are terminated in one extrem- 
ity of the base equal to one another, and likewise those which are termina- 
ted in the other extremity equal to one another. 

PROP. VIII. THEOR. 

If two triangUa have tioo aides of the one egttal to two sides of the other, 
each to each, tmd have likewise their bases eqtial ; the angle which is contain- 
tdhy the two sides of the one shall be equal to the angle contained by the two 
sides of the other.. 

Let ABC, DEF be two triangles having the two sides ^B, AC, equal 
to the two sides DE, DF, each to each, riz. AB to DE, and AC to DF ; 




B ^^ E I' 

and also the base BO equal to the base EF. The angle BAG is equal to 
the angle EDF. 

For, if the triangle ABC bo applied to the triangle DEF, so that the 
point B be on E, and the straight line BC upon EF ; the point shall also 
coincide with the point F, because BC is equal to EF ; therefore BC coin- 
ciding with EF, BA and AC sh^ coincide with ED and DF ; for, if 
BA and CA do not coincide with ED and FD, but have & different situs- 



nigiUrrlb/GOOgIC 



OF GEOMETRY. BOOK I. 



17 



tion, as EG and FG ; then, upon the sune base EF, and upon the same 
side of it, there can be two triaogleaEDF, EOF, that luve their sides which 
are terminated in one extremity of the base equal to one another, and like- 
wise their sides terminated in the other extremity ; but this is impossible 
(7.1.) ) therefore, if the base BC coincides with the base EF, the sides 
BA, AC cannot but coincide with the sides ED, DF ; wherefore likewise 
the angle BAG coincides with the angle EDF, and is equal (8. Ax.) to it. 

PROP. IX. PKOB. 




To bisect a given raetiliTteql angle, tiat is, to divide it into two equal angles. 

Let BAG be the given rectilineal angle, it is required to bisect it. 

Take any point D in AB, and from AC cut 
(3. l.)ofrAE equal to AD ; join DE, and upon 
it describe (1. 1.) an equilateral triangle DEF; 
then join AF ; the straight line AF bisects 
the angle BAG. 

Because AD is equal to AE, and AF is com- 
mon to the two triangles DAF, EAF ; the two 
sides DA, AF, are equal to the two sides EA, 
AF, each to each ; but the base DF is also 
equal to the base EF \ therefore the angle 
DAF is equal (8. ! .) to the angle E AF : where- 
fore the given rectUineal an^e BAC is bisect- 
ed by the straight line AF. 

SCHOLIUM. 

By the same construction, each of the halves BAF, CAF, may be divi- 
ded into two equal parts; andthus, by successive subdivisions, a given an- 
gle may be divided into four equal parts, into eight, into sixteen, and so on. . 

PROP. X. PROB. 

To bisect a given finite straight line, that is, to divide it into ttoo equal parts. 

Let AB be the given straight line ; it is required to divide it into two equal 
parts. ' 

Describe (1. 1.) upon it an equilateral triangle ABC, and bisect (9. 1.) 
the angle AuB by the straight line CD. AB is 
cut into two equal parts in the point D. 

Because AC is equal to CB, and CD common 
to the two triangles ACD, BCD : the two sides 
AC, GD, are equal » the two BC, CD, each to 
each i but the angle ACD is also equal lo the an- 
gle BCD ; therefore the base AD is equal (o the 
base (4. 1.) DB, and the straight line AB is divi- 
ded into two equal parts in the point D. 
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PROP. XI. PROS. 




To draw a straight line at right angles to a given straight Um, from a given 
point in that liTte. 

Let AB be a given straight line, and C a point given in it; it is requi- 
red to draw a straight line from the point C at right anglea to AB. 

Take any point D in AC, and (3. 1.) make CE equal to CD, and upon 
DE describe (1. 1.) the equilateral p 

triangle DFE, and join FC ; the 
straight line FC, drawn from the giv- 
en point C, is at right anglea to the 
given straight line AB. 

Becanse DC is equal to CE, and 
FC common to the two triangles 

DCF, ECF, the two sides DC, CF ~ 

are equal to the two EC, CF. each ADC E B 

to each ; but the base DF is also equal to the base EF ; therefore the 
angle DCF is equal (8. !.) to the angle ECF; and they are adjacent an- 
gles. But, when the adjacent angles which one straight line makes with 
another straight line are equal to one another, each of [hem is called a 
right {7. def.) angle ; therefore each of the angles DCF, ECF, is a right 
angle. Wherefore, from the given point C, in the given straight line AB, 
FC has been drawn at right angles to AB. 

PROP. XIL PROB. 

To draw a straight line perpendicular to a given straight line, of an unlimited 
■ lengtkjfrom a given point withottt it. 

Let AB be a given straight line, which may be produced to any length 
both ways, and let be a point without it. It is required to draw a straight 
line perpendicular to AB from the 
point C. 

Take any point D upon the other 
side of AB,and from the centre C, at 
the distance CD, describe (3. Post.) 
the circle EOF meeting AB in F, G : 
and bisect (10. 1.) FG in H, and join 
CF, CH, CG ; the straight Lne CH, 
drawn from the ^ven point 0, is per- 
pendicular to the given straight line AB. 

BecauseFHisequaltoHG, and HC common to the two triangles FHC, 
GHC, the two sides FH, HC are equal to the two GH, HC, each to each , 
but the base CF is also equal (II. Def. 1.) to the base CG ; therefore the 
angle CHFis equal (8. 1.) to the angle CHG ; and they are adjacent an- 
gles ; now when a straight line standing on a straight line makes the ad- 
jacent angles equal to one another, each of them is a right angle, and 
the straight line which elands upon the other is called a perpendicular to 
it ; therefore from the given point C a perpendicular CH has been drawn 
to the given sb-aight line AB. 
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PROP. Xin. THEOR. V 

The angles toAicA one straight Une makes with another upon one side of it, are 
eilh&r ttoo right angks, or are together eqtud to ttix right angles. 

Let the straight line AB make with CD, upon one aide of it the angles 
CBA.ABD ; theae are eithertwo right angles, or are together equal to two 
right angles. 

For, if the angle CBA be equal to ABD, each of them ifl & nght angle 
(Def. 7.) ; bnt, if not, from the point B draw BE at right angles (U. 1.) 




B D s c 

to CD ; therefore ihe an^es CBE, EBD are two right angles. Now, the 
angle CBE is equal to the two angles CBA, ABE together ; add the an- 
gle EBD to each of these equale, and the two angles CBE, EBD will be 
equal {2. Ax.) to the three CBA, ABE, EBD. Again, the angle DBA is 
equal to the two angles DBE, £BA ; add to each of these equals the angle 
ABC ; then will the two angles DBA, ABC be equal to the three angles 
DBE, EBA, ABC ; but the angles CBE, EBD have been demonstrated 
to be equal to the same three angles ; and things that are equal to the same 
are equal (1. Ax.) to one another; therefore the angles CBE, EBD are 
equal to the angles DBA, ABC ; but CBE, EBD, are two right angles ; 
therefore DBA, ABC ; are together equal to two right angles- 
Con. The sumof ail the angles, formed on the same side of s straight 
line DC, is equal to two right angles ; because their sum is equal to uiat 
of the two adjacent angles DBA, ABC. 

PROP. XIV. TH^OR. 

If, at a point in a straight line, two other straight lines, upon the opposite 
sides of it, make the adjacent angles together eqttal to two right angles, 
these two straight lines are in one and the same straight line. 
At the point B in the straight Une AB, - 

let the two straight lines BC, BD upon 

the opposite sides of AB, make the adja- 
cent angles ABC, ABD equal together 

to two right angles. BD is in the same 

straight line with CB. 

For if BD be not in the same straight 

line with CB, let BE be in the same 

straight line with it; therefore, because 

the straight line AB makes angles with 

the straight line CBE, upon one side of 
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it, t'ae aB^es ABC, ABE are together equal (13. 1.) to two right angles ; 
but the angles ABC, ABD are likewise together equal to two right aodes : 
therefore the angles CBA, ABE are equal to the angles CBA, ABD : 
Take away the common angle ABC, uid the remaining angle ABE is equal 
(3. Ax.) to the remaining angle ABD, the less to the greater, which is im- 
possible ; therefore BE is not in the same straight line with BC. And in 
like manner, it may be demonstrated, that no other can be in th^ same 
straight line with it but BD, which therefore is in the same straight line 
with CB. 

PROP. XV. THEOR. 

If two straight lines eat <me another, the iiertic<d, or opposite angles are equal. 

Let the two straight lines AB, CD, cut one another in the point E : the 
angle AEC shall be equal to the angle DEB, and CEB to AED. 

For the angles CEA, AED, which the straight Une AE makes with the 
straight liiie CD, are together equal (13. 1.) to two right angles : and the 
angles AED, DEB, which the 
straight line DE makes with the 
straight line AB, are also together 
equal (13. 1.) to two right angles ; 
therefore the two angles CEA, 
AED are equal to the two AED, 
DEB. Take away the common 
angle AED, and the remaining 
angle CEA is eqdal (3. Ax.) to the 
remaining angle DEB. In the 
same manner it may be demonstrated that the angles CEB. AED are 
equal. 

Cor. 1. From this it is manifest, that if two straight lines cut one an- 
o^er, the angles which they make at the point of their intersection, are 
together equal to four right angles. 

CoR. 3. And hence, all thfe angles made branj^ number of straight lines 
meeting in one point, are together equal to four right angles. 

PROP. XVI. THEOR. 

Tf one aide of a triangle be produced, the exterior angle is greater than 
either of the interior, and opposite angles. 

Let ABC be a triangle, and let its side BC be produced to D, the ex- 
terior angle ACD is greater than either of the interior opposite angles 
CBA, BAG. 

Bisect (10. 1.) AC in E, join BE and produce it to F, and make EP 
equal to BE ; join also FC, and produce AC to 6. 

Because AE is equal to EC, and BB to EF ; AE, EB are equal to 
CE, £F, each to each ; and the angle AEB is equal (15. 1.) to the 
angle CEF, because they are vertical angles ; therefore the hue AB 
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is equal (4. 1.) to the bitse GF, and 
the triangle AEB to the triangle 
CEF, and the remaining angles to 
the remaining angles each to each, 
to which the equal sides are oppo- 
site ; wherefore the angle BAE is 
equaJ U> the angle EOF; but the 
angle ECD is greater than the an- 
gle ECF ; therefore the angle ECD, 
that is ACD, is greater thaji BAE : 
In the same manner, if the side BC 
be bisected, it may be demonstrated 
that the angle BCG, that is (15. 1.), 
the angle ACD, b greater thaa the 
angle ABC. 



PROP. XTII. THEOR. 
Any two angles of a triangle are together less than two right angUs. 

Let ABO be any triangle ; any 
two of its angles together are less 
than two right angles. 

Produce BC to ; and because 

ACD is the exterior angle of the tri- 
angle ABC, ACD is greater (16. 1.) 
than the interior and opposite angle 
ABC ; to each of these add the angle 
ACB ; therefore the angles ACD, 
ACB are greater than the angles 
ABC, ACB; but ACD, ACB are to- 
gether equal (13. 1.) to Iwo right an- 
gles : therefore the angles ABC, BCA aie leas than two right a; _ 
Uke manner, it may be demonstrated, that BAC, ACB as also CAB, ABC, 
are less than two right angles. 

PROP. XVm. THEOR.' 

The greater side of every triangle has the greater angle opposite to it. 

Let ABC be a triangle of which the a 

side AC is greater than the side A6 ; the 
angle ABC is abo greater than the angle 
BCA. 

From AC, which is greater than AB, 
cut off (3. 1.) AD equal to AB, and join 
BD : and because ADB is the exterior 
angle of the triangle BDC, it is greater 
(16. 1.) than the mt«rior and opposite 
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angle DCB ; but ADB is equal (5. l.>to ABD, because Ibe side AB is 
equal to the side AD ; therefore the angle ABD is likewise greater than 
the angle ACB ; wherefore much more is the angle ABC greater than 
ACS 

PROP. XIX. THEOR. 

The greater angle of every triangle is subtended by the greater side, or hat 
the greater side opposite to it. 

Let ABC be a triangle, of which the angle ABC is greater than the 
angle BCA ; the aide AC is likewise greater than the side AB. 

For, if it be not greater, AC must either 
be equal to AB, or less than it; it is not -£^ 

equal, because then the angle ABC would 
be equal (5. 1.) to the angle ACB ; but it is 
not ; therefore AC is not equal to AB ; nei- 
ther is it less ; because then the angle ABC 
would be lesa (18. l.)than the angle ACB ; 
but it is not ; therefore the side AC is not ■g~ 
less than AB ; and it has been shewn that 
it is not equal to AB ; therefore AC is greater than AB. 

PROP. XX. THEOR. 
Any two sides of a triangle are together greater than the third side. 

Let ABC be a triangle ; anjr two sides of it together are greater than 
the third side, viz. the sides BA, AC greater than th^ side BC ; and AB, 
. BC greater thxa. AC } and BC, CA greater than AB. 

Produce B A to the point D, and ma^ 
(3. 1.) AD equal to AC ; and join DC. 

Because DA is equal to AC, the an- 
gle ADC is Ukewiae equal (5. 1.) to 
ACD ; but the angle BOD is greater 
dian the angle ACD ; therefore Qie an- 
gle BCD is greater than the angle 

ADC ; and because the angle BCD of 

the triangle DCB is greater than its an- B C 

gle BDC, and that the greater (19. 1.) side is opposite to the greater an- 
gle ; therefore the side DB is greater than the side BC ; but DB is equal 
to BA and AC together ; therefore BA and AC together are greater dian 
BC. In the same manner it may be demonstrated, that the sides AB, 
BC are greater than CA, and BC, CA greater than AB. 



This may be demonstrated without producing any of the sides : thus, 
the line BC, for exdm^e, is the shortest distance bata B to C ; therefore 
BC is leu than BA+AC or BA+AC>BC. 
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PROP. XXI. THEOR. 

Jf from the ends of one side of a triangle, thera be drawn two straight 
lines to a point within the triangle, these two lines shall he less than the 
other two sides of the triangle, but shall contain a greater angle. 

Let the two straight lines BD, CD be drawn from B, C, the ends of 
ihe side BC of the triangle ABC, to the point D within it; BD and DC 
are less than the other two sides BA, AC of the triangle, but contain an 
angle BDC greater than the angle BAG. 

Produce BD to E ; and because two sides of a triangle (20. 1.) are 
greater than the third side, the two sides BA, 
AE of the triangle ABE are greater than BE. 
To each of these add EC ; therefore the 
sides BA, AC are greater than BE, EC : 
Again, because the two sides CE, ED, of 
the triangle CED are greater than CD, if 
DB be added to each, the sides CE, EB, 
will be greater than CD, DB ; but it has 
been shewn that BA, AC are greater than 
BE, EC ; much more then are BA, AC great- 
er than BD, DC. 

Again, because the exterior angle of a ' ■** ^" 

triangle (16. 1.) is greater than the interior and opposite angle, the exte- 
rior angle BDC of the triangle CDE ia greater than CED ; for the same 
reason, the exterior angle CEB of the triangle ABE is greater than BAG ; 
and it has been depionstrated that the angle BDC is greater than the 
angle CEB; much more then is the angle BDC greater than the angle 

PROP. XXII. PROB. 

To construct a triangle of vihich the sides shall he eguai to three given 
straight lines ; but any two whatever of these lines mast he greater than 

the third {20.1.). 

Let A, B, G be the three given 
straight lines, of which any two 
whatever are greater than the 
third, viz. A and B greater than 
C ; A and C greater than B ; and 
B and C than A. It is required 
to make a triangle of which the 
sides shall be equal to A, B, C, 
each to each. 

Take a straight line DE, ter- 
minated at the point D, but un- 
limited towards E, and make 
(3. 1.) Dr equal to A, FG to B, 
and GH eqiul to C ; and from 
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the centre F, at the distance FD, describe (3. Post.) the circle DKL ; 
and from the centre G, at the distance GH, describe (3. Fast.) another 
circle HLK ; and join KF, KG ; the triangle KFG has its aides equal to 
the three straight lines. A, B, C. 

Because the point F is the centre of the circle DKL, FDis equal (11. 
Def.) to FK ; but FD is equal to the straight line A ; therefore FK is 
equal to A : Again, because G is the centre of the circle LKH, GH is 
equal (11. Def.) to GK ; but GH is equal to C; therefore, also, GK is 
equal to C ; and FG is equal to B ; therefore the three straight lines KF, 
FG, GK, axe equal to the three A, B, C ; And therefore the triangle 
KFG has its three aides KF, FG, GK equal to the three given straight 
linea,A,B C. 

SCHOLIUM. 

If one of the sides were greater than the sum of the other two, the arcs 
would not intersect each oUter : but the solution will alwa7s be possible, 
when the sum of two sides, any how taken (20. 1.) is greater than the 
third. 

PROP. XXIII. PROB. 

At a given point in a given straight Une, to make a netHineai angle equal 
to a given rectilineal angle. 

Let A6 be the given straight line, and A the given point in it, and DOB 
the given rectilineal angle ; it is required to nuke an angle at the given 
point A in the given straight line 
AB, that shall be equal to the 
given rectilineal angle DCE. 

Take in CD, CE any points D, 
E, and join DE ; and make (22. 
1.) the triangle AFG, the sides 
of which shall be equal to the 
three straight lines, CD, DE, CE, 
BO that CD be equal to AF, CE to 
AG, and DE to FG ; and because 
DC, CE are equal to FA, AG, 
eacji to each, and the base DE to 
the base FG ; the angle DCE is 
equal (8. 1.) to the angle FAG. 
Therefore, at the given point A in the given straight line AB, the angle 
FAG is made equal to the given rectilineal angle DCE. 

PROP. XXIV. THEOR. 

IftiBO triangles have two sides of the one eqaal to too sides of the other, each 
to each, but the angle contained by the two sides of the one greater than 
the angle contained by the two sides of the other ; the base of that which 
has the greater angle shall he greater than the base of the other. 

Let ABC, DEF be two triangles which have the two sides AB, AC 
equal to the two DE, DF each to each, viz. AB equal to DE, and AC to 
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DF; but the angle BAG greater than the angle EDF: the base BC is 
also greater than the baae EF, 

Of the two sides DE, DF, let DE be the side which is not greater than 

i^'ll^k^'' ^* *^^ P"'"^ °' "^ ^^ straight line DE. make (23. 1.) the 

angle EDO equal to the angle BAG: and make DG equal (3. 1.) to AC 

or DF, and join EG, GF. -i \ i ^ 

Becanse AB is equal to DE, and AG to DG, the two sides BA, AG are 
equal to the two ED. DG, each to each, and the angle BAG is equal to 
the angle EDG, therefore 
the base BC is equal (4. 1.) 
to the base EG ; and be- 
cause DG is equal to DF, 
the angle DFG is equal 
(5. l.).to the angle DGF ; 
but the angle DGF ia 
greater than the angle 
BGF ; therefore the angle 
DFGisgreaterthanEGF; 
and much more is the angle 
EFG greater than 3ie 

angle EGF ; and because ." 

the angle EFG of the triangle EFG is greater than its angle EGF, and 
because the gteafer(19. l.jside is opposite to the greater angle, the side 
EG IS greater than the side EF ; but EG is equal to BO ; and therefore 
also BC is greater than EF. 




PROP. XXV. THEOR. 

If two triangles have two sides of the one equal to too sides of the other, dock 
to each, hut the base of the one greater than the base of the other ; the angle 
contained by the sides of that which has the greater base, shall be greater 
than the angle contained by the sides of the other. 

Let ABG, DEF be two triangles which have the two sides, AB, AC, 
equal to the two sides DE, DF, each to each, nx. AB equal to DE, and 
AC to DF : but let the base CB be greater than the base EF, the angle 
BAC is likewise greater than the angle EDF. 

For, if it be not greater, it must either be equal to it, or leas ; but th« 
angle BAC b not equal to the angle 
EDF, because dien the baae BC 
would be equrf {4, 1.) to EF ; but ilia 
not ; therefore the angle BAC is not 
eqnal to the angle EDF ; neither is 
it less ; becanse then the base BG 
would be less (24. 1.) than the bas;, 
EF ; but it is not ; therefore the an- 
gle BAG is not less than the angle 
EDF ; and it was shewn that it is 
not equal to it : therefore the angle 
BAC is greater than the an^e E DF. 
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PROP. XXVI. THEOB. 

If two trianglet have two angles oftheoM equal to turn angles of the other, 
each to eac/i ; and one side egual to one side, mz. either the sides adjacent 
to the equal angles, or the sides opposite to the equal angles in each ; then 
shall the other side be equal, each to each ; and also the third angle of the 
one to the third angle of the other. 

Lei ABC, DBF be two trian- 
gles which have the angles 
ABC, BCA equal to the uigles 
DEF.EFD, viz. ABC to DEF, 
and BCA to EFD, also one side 
equal to one side ; and first, let 
those sides be equal which are 
adjacent to the angles that are 
equal in the two triangles, viz. 
BC to £F ; the other sides 
shall be equal, each to each, viz. 
AB to DE, and AC to DF ; and B 
the third angle BAC to the third angle EDF. 

For, if AB be not eqnal to DE, one of ihem must be the greater. Let 
AB be the greater of the two, and make BG equal to DE, and join GC ; 
therefore, because BG is equal to DE, and BC to EF, the two sides GB,- 
BC are equal to the two, DE, EF, each to each ; and the angle GBC is 
equal to the angle DEF ; therefore the base GC ia eqnal (4. 1.) to the 
. base DF, and the triangle GBC to the triangle DEF, and the other angles 
to the other angles, each to each, to which the equal sides are opposite ; 
therefore the angle GCB is equal to the angle DFE, but DFE is, by the 
hypothesis, equal to the angle BCA ; wherefore also the angle fiCG is 
equal to the angle BCA, the less to the greater, which is impossible ; 
therefore AB ia not unequal to DE, that is, it is equal to it ; and BC is 
equal to EF ; therefore the two AB, BC are equal to the two DE, EF, 
each to each ; and the angle ABC is equal to the angle DEF ; therefore 
the base AC is equal (4. 1 .) to the base DF, and tb ^ angle BAG to the 
angle EDF. 

Next, let the sides which are 
opposite to equal angles in each 
tnangle be equal to one another, 
viz. AB to DE ; likewise in this 
case, the other sides shall be 
equal, AC to DF, and BC to EF ; 
and also the third angle BAC to 
the third BDF. 

For, if BC be not equal to EF, 
let BC be the greater of them, , 
and make BH equal to EF, and 
join AH; and because BH is 
equal to EF, and AB to DE ; the two AB, BH are equal to the two 
DE, £F, eadt to each ; and ^My contain equal angles ; ^erefcae (4. 1.) 
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the ba»e AH is equal to the bue DF, ukd the triuigle ABH to the trisn- 
gle DEF, and the other angles are equal, each to each, to which the equal 
sides are opposite ; therefore the angle BHA is equal to the angle £FD; 
bat EFO ia equal to the angle BCA ; therefore also the angle BHA ia equal 
to the angle BCA, that is, the exterior angle BHA of the triangle AHC ia 
equal to its interior and oppoaite angle BCA, which ia impossible (16. 1.) ; 
wherefore BC is not unequal to EF, that is, it ia equal to it ; and AB is 
equal to DE ; therefore the two, AB, BC are equal to the two DE, EF, each 
to each ; and they contain equal angles ; wherefore the base AC ia equal 
to the base DF, and the third angle BAC to the third angle EDP. 

PROP. XXVII. THEOR. 

If a straight tine falling upon ttno other straight tines raakes the alternafe 
angles equal to one another, these two straight lines are parallel. 

Let the straight line EF, which falls upon the two straight lines AB, 
CD make the alternate angles AEF, EFD equal to one another ; AB is 
parallel to CD. 

For, if it be not parallel, AB and CD being produced shall meet either 
towards B, D, or towards A, C ; let them be produced and meet towards 
6, D in the point G ; therefore GEF is a triangle, and its exterior angle 
AEF is greater (16. 1.) than the interior and opposite angle EFG ; but it 
is also equal to it, which is im- 
possible : therefore, AB and CD 
being produced, do not meet to- 
wards B, D. In like manner it 
may be demonstrated that they 
do not meet towards A, C ; but 
those straight lines which meet 
neither way, though produced 
ever so far, are parallel (30. Def.) 
to one another. AB therefore is parallel to CD. 

PROP. XXVm. THEOR. 

If a straight line falling upon two other straight lines makes the exterior an- 
gle equal to the interior and opposite upon the same side of the lirte ; or 
makes the interior angles upon the same side together equal to two right 
angles ; the two straight lines are par<diel to one another. 

Let the straight line EF, which 
falls upon the two straight lines AB, 
CD, make the exterior angle EGB 
equal to GHD, the interior and oppo- 
site angle upon the same side ; or let it 
make the interior angles on the same 
side BGH. GHD together equal to two 
tight ani^ea ; AB is parallel to CD. 

Because die an^e EGB is equal to 
the u^ GHD, and alto (IS. 1.) to iha 
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ftD^e AGH, the an^ AQH is equal to the angle GHD ; aii2 llie^ are Qk^ 
alternate angles i theieforeAB is parallel (27. 1.) to CD. Again, becaus* 
the angles BGH.GHD are equal (hyp. )to two right angles.and AGH, BGH, 
are also equal (13. 1.) to two right angles, the angles AGH, BGH are equal 
to the angles BGH, GHD i T^e away the comnum angje BGH ; therefore 
the remaining angle AGH is equal to the remaining angle GHD ; and they 
are alternate angles ; therefore AB is paraUel to CD. 

CoH. Hence, when two straight lines are perpendicular to a third line, 
they will be parallel to each other. 

PROP. XXIX. THEOR. 

If a straight line fall upon twoparallel straight lines, it makes the alternate 
angles equal to one another ; and the exterior angle equal to the interior 
and opposite upon the same side ; and likewise the two interior angles uport 
the same side together equal to two right angles. 

Let the straight line EF fall upon the parallel straight lines AB, CD ; 
the alternate angles AGH, GHD are equal lo one ano^er ; and the exte- 
rior angle EGB is equal to the interior and opposite, upon the sanle side, 
GHD ; and the two interior angles BGH, GHD upon the same side are 
together equal to two right angles. 

For if AGH be not equal to GHD, let KG be drawn making the angle 
KGH equal to GHD, and produce KG to L ,- then KL will be parallel to 
CD (27. 1.) ; but AB iB also paral- 
lel to CD ; therefore two straight 
lines are drawn through the same 
point G, paraUel to CD, and yet 
not coinciding with one another, 
which is impossible ( U , Ax.) The 
angles AGH, GHO therefore are 
not unequal, that is, they are equal 
to one anodier. Now, the angle 
EGB is equal to AGH (15. 1.); 
and AGH is proved to be equal 
to GHD ; therefore EGB is like- 
wise equal to GHD; add to each of these the angle BGH; therefore the 
. angles EGB, BGH are equal to the angles BGH, GHD ; but EGB, BGH 
are equal (13. 1.) to two right angles ; therefore also BGH, GHD are 
equal to two right angles. 

Cob. 1. If two lines KL and CD make, with EF, the two angles KGH, 
GHCtogetherless thantwo right aagles, KG and CH will meet on the side 
of EF on which the two angles are that are less than two right angles. 

For, if not, KL and CD are either parallel, or they meet en the other 
side of EF ; but they are not parallel; for the angles KGH, GHC would 
then be equal to two right angles. Neither do they meet on the other 
side of EF ; for the angles LGH, GHD would then be two angles of a 
triangle, and less than two right angles ; but this is impossible ; for the 
four angles KGH, HGL, CHG, GHD are together e^ to fonr right 
angles (13. l.)of which the two, KGH, CHG, are by supposition less l^a 
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two right angles ; therefore the other two, HGL, GHD are greater than 
two right angles. Therefore, eince KL and CD are not parallel, and since 
they do not meet towards L and D, they must meet if produced towards 
K and C. 

Cor. 2. If BGH is a right tingle, GHD will be a right angle also ; 
therefore every line perpendicular U> one of two paiallels, is perpendicDlax 
to the other. 

Cor. 3. Since AGE=BGH,andDHF=:CHG; hence the four acute 
angles BGH, AGE, GHC, DHF, are equal to each other. The same is 
the case with the four obtuse angles EGB, AGH, GHD, CHF. It may 
be also observed, that, in adding one of the acute angles to one of the ob- 
tuse, the sum will always be equal to two right angles. 

SCHOLIUM. 

The angles just spoken of, when compared with each other, assume 
diflerent names. BGH, GHD, we have alreadynamed interior angles on 
the same side; AGH, GHC^have the same name; AGH, GHD, are called 
alternate interior angles, or simply alternate ,- so also, are BGH, GHC : 
and lastly. EGB, GHD, or EGA, GHC, are caUed, respectively, the op- 
posite exterior and interior angles; and EGB, CHF, or AGE, DHF, the 
alternate exterior an^es. 

PROP. XXX. THEOR. 

Straigia Unes which are paralUl to the same straight line are parallel to one 
another. 

Let AB, CD, be each of them parallel to EF ; AB b also parallel to 
CD. 

Let the straight line GHK cut AB, EF, CD ; and because GHK cuts 

the parallel straight lines AB, EF, the 
angle AGH is equal (29. 1.) to the an- 
gle GHF, Again, because the straight 
line GK cuts the parallel straight lines 
EF, CD, the angle GHF is equal {29. 
1.) to the angle GKD : and it was 
shewn that the angle AGK is equal to 
the angle GHF; therefore also AGK 
is equal to GKD ; and they are alter- 
nate angles ; therefore AB ia parallel 
(37. 1.) to CD. 

PROP. XXXL PROB. 

To draw a straight line through a given poirU parallel to a given straight 

Let A he the given point, and BC the ^ven straight hue, it is required 
to draw a straight line through the point A, parallel to the straight line 
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A 

In BC take any point D, Mid join — , > ■ - __ 

AD; mi at the point A, in ihe «* / F 

Mraight line AD, make (23. 1.) the / 

angle DAE equal to the angle ADC; , - . - .- ^ ... , 

andproducetheslraightliaeEAtoF. B S C 

Because the straight line AD, which meets the two straight lines BC, 
EF, makes the alternate angles EAD, ADC equal to one another, EF is 
parallel (27. 1.) to BC. Therefore the straight hue EAF is drawn 
through the given point A parallel to the given straight line BC. 

PROP. XXXII. THEOR. 
If a side of any triangle be produced, the exterior angle is emtal to the two 

interior and opposite angles ; and the three interior angles of every trian^ 

ore equal to two right angles. 

Let ABC be a triangle, and let one of its sides BC be produced to D ; 
the exterior angle ACD is equal to the two interior and opposite angles 
CAB, ABO ; and the three interior angles of the triangle, viz. ABC, BCA, 
CAB, are together equal to two right angles. 

Througti the point C draw a 

CE parallel (31. 1.) to the "^ 

straight line AB ; and because 
AB is puallel to CE, and a6 
meets them, the alternate an- 
gles BAC, ACE are equal (39. 
1.) Again, because AB ia pa- 
rallel to CE, and BD rails upon 
them, the esterior angle ECD ta equal to the interior and opposite angle 
ABC, but the angle ACE was shewn to be equal to the angle BAC; 
therefore the whole exterior angle ACD is equal to the two interior and 
opposite angles CAB, ABC ; to these angles add the angle ACB, and 
the angles ACD, ACB are equal to the three angles CBA, BAG, ACB; 
but the angles ACD, ACB are equal (13. 1.) to two right angles ; there- 
fore also the angles CBA, BAC, ACB are equal to two right angles. 

CoR. 1. All the interior angles of any rectilineal figure are equal to 
twice as many right angles as the figure has sides, wanting four right angles. 

For any rectilineal figure ABCDE can be divided into as many trian- 
gles as the figure has sides, by drawing straight lines from a point F 
within the figure to each«f its angles. And, by the preceding proposition, 
all the angles of these triangles are equal 
to twice as many right angles as there 
are triangles, that is, as there are s^es 
of the figure ; and the same angles are 
equal to the angles of the figure, together 
with the angles at the point F, which 
is the common vertex of the triangles ; 
that is, (2 Cor. 15. 1.) together with four 
right angles. Therefore, twice as many 
right angles as (he figure has sides, are 
e^ial to all the angles of the figure, to- 
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gether with foor rigbt angles, that is, the angles of the figore are equal 
to twice as many right angles as the figure has sides, wanting four. 

Cor. 2. All the exterior angles of any rectilineal figure are together 
equal to four right angles. 

Because every interior angle 

ABC, with its adjacent exterior 

ABD, is equal (13. 1.) to two 
right angles ; therefore aU the 
interior, together with all the 
exterior angles of the figure, 
are equal to twice as many 
right angles as there are sides 
of the figure ; that is, by the 
foregoing corollary, they are 
equal to all th^ interior angles 
of the figure, together with 
four right angles ; therefore all 
the exterior angles are equal to four right angles. 

Cor. 3. Two angles of a triangle being given, or merely their stini,tha 
third will be found by subtracting that. sum from two right angles. 

Cor. 4. If two angles of one triangle are respectively equal to two an- 
gles of another, the third angles will also be equal, and the two triangles 
will be mutually equiangular. 

Cor. 5. In any triangle there can be but one right angle ; for if there 
were two, the third angle must be nothing. Still leas can a triangle have 
more than one obtuse angle. 

Cor. 6- In every right-angled triangle, the sum of the two acute an- 
gles is equal to one right angle, 

CoK. 7. Since eveiy equilateral triangle (Cor. 5. 1.) is also eqnian* 
gular, each of its angles will be equal to the third part of two right angles ; 
so that if the right angle is expressed by unity, the angle of an equilateral 
triangle will be expressed by ^ of one right angle. 

Cor. 8. The sum of the angles in a quadrilateral is equal to two right 
angles multiplied by 4 — 2, which amounts to four right angles ; hence, if 
all the angles of a quadrilateral are equal, each of them will be a right an- 
gle ; a conclusion which sanctions the Definitions 25 and 26, where the 
four angles of a quadrilateral are said to be right, in the case of the rectan- 
gle and the square. 

Cor. 9. The sum of die anglea of a pentagon is equal to two right an- 
gles multiplied by 5 — 2, which amounts to six right angles ; hence, when 
a pentagon is equiangular, each angle is equal to the fifth part of six right 
angles, or | of one right angle. 

CoR. 10. The sum of the angles of a hexagon is equal to 2 X (6 — 2), 
or eight right angles ; hence, in the equiangular hexagon, each angle is 
the sixth oart of eight right angles, or ^ of one right angle. 

SCHOLIUM. 
When {Cor. 1.) is applied to polygons, which have re-entrant angles, 
as ABC each re-entrant angle must be regarded as greater than two right 
um^ea. 
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And, by joining BD, BE, BF, the 
figure is divided into four triangles, 
which contain eight right angles i 
that is, as many times two right an* 
gles as there are units in the number 
of sides diminished by two. 

But to avoid all ambiguity, we shall 
henceforth limit our reasoning to 
polygons with salient angles, which 
might otherwise be named convex 
polygons. Every convex polygon is 
such that a straight line, drawn at 
pleasure, cannot meet the contour of 
the polygon in more than two points. 

PROP. XXXIII. THEOR. 

The straight lines which join the extremities of (uw equal and parallel straight 
lints, lovtards the same parts, are also themselves equal andpardlel. 

Let AB, CD, be equal and parallel straight lines, and joined towards 
the same parts by the straight lines AC, BD ; AC, BD are also equal and 
parallel. 

Join BC i and because AB is parallel 
to CD, and BC meets them, the alternate 
angles ABC, BCD are equal (29. 1.) ; and 
because AB is equal to CD, and BC com- 
mon to the two triangles ABC, DCB, the 

two sides AB, BC are ^equal to the two — — 

DC, CB ; and the angle ABC is equal to C 1> 

the angle BCD ; therefore the base AC is equal (4. 1.) to the base BD, 
and the triangle ABC to the triangle BCD, and the other angles to the 
other angles (4. 1.) each to each, to which the equal sides are opposite ; 
therefore the angle ACB is equal to the angle CBD ; and because the 
straight line BC meets the two straight lines AC, BD, and makes the al- 
ternate angles ACB, CBD equal to one another, AC is parallel (27. 1.) to 
BD ; and it was shewn to be equal to it. 

Cor. 1. Hence, if two opposite sides of a quadrilateral are equal and 
parallel, the remaining sides will also be equal and parallel, and the figure 
will be a parallelogram. 

Cor. 2. And every quadrilateral, whose opposite sides are eqaal, is a 
parallelogram, or has its opposite sides parallel. 

For, having drawn the diagonal BS ; then, the triangles ABC, CBD, 
being mutually equilaterd {hyp.), they are also mutually equiangular 
(Th. 8.), or have their corresponding angles equal ; consequently, the op- 
posite sides are parallel ; namely, the'side AB parallel to CD, an4 BD pa- 
rallel to AC ; and, therefore, the figure is a parallelogram. 

Cor. 3. Hence, also, if the opposite angles of a quadrilateral be equal, 
the opposite sides will likewise be equal and parallel. 

For all ^e angles of the figure being equal to fout right angles (Cor. 8. 
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Tt. 32.), and the opposite angles beingmutnally equal, eacli pair of adja- 
cent angles must be equal to two right angles ; therefore, the opposite sides 
must be equal and parallel. 

PROP. x'xXIV. THEOR. 

Tke opposite sides and angles of a parallelogram are equal to one another, and 
the diagonal bisects it ; that is, dividks it into two egual parts. 

N. B. A Panllelognim is i fout-iided figure, of which the oppoiiM sidei are panllel ; uid 
tlw diam«lcr a ft stnlght line joining iwo of ita pppotite Bsglst. 

Let ACDB be a parallelogram, of which BC is a diameter ; the oppo- 
site sides and angles of the figure are equal to one another ; and the diun- 
eler BC bisects it. 

Because AB is parallel to CD, and BC 
meets them, the alteiuate angles ABC, 
BCD are equal (39. 1.) to one another ; and 
because AC is parallel to BD, and BC meets 
them, the alternate angles ACB, CBD are 
equal (29. 1.) W one another; wherefore 
the two mangles ABC, CBD have two an- 
gles ABC, BCA ia one, equal to two angles 
BCD, CBD io the other, each to each, and the side BC, which is adja- 
cent to these equal angles, common to the two triangles ; therefore their 
other bides are equal, each to each, and the third angle of the one to the 
third angle of the other {26. 1.) ; vit. the side AB to the side CD, and 
AC to BD, and the angle BAG equal to the angle BDC. And because 
the angle ABC is equal Io the angle BCD, and the angle CBO Ut the 
angle ACB, the whole angle ABD is equal to the whole angle AGO : 
And the angle BAC has been shewn to be equal to the angle BDC: there- 
fore the opposite sides and angles of a parallelogram are equal to one an- 
other ; also, ita diameter bisects it ; for AB being equal to CD, and BC 
common, the two AB, BC are equal to the two DC, CB, each to each ; 
now the angle ABC is equal to the angle BCD ; therefore the triangle 
ABC is equal (4. 1.) to the triangle BCD, and the diameter BC divides ' 
the parallelogram ACDB into two equal parts. 

Coa. 1. Two parallel lines, included between two other parallels, are 

CoR. 2. Hence, two parallels are every where equally distant. 
CoR. 3. Hence, also, the sum of any two adjacent angles of a paral- 
lelogram is equal to two right angles. 

PROP. XXXV. THEOR. 

Parallelograms upon the same base and between the same parallels, are equal 
to one another. 

(SEE THE 2d AND 3d FIOURES.) 

Let the parallelograms ABCD, EBCF be upon the same base BC, and 
between the same parallels AF, BC ; -the parallelogram ABCD is equal to 
the parallelogram EBCF. 
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If the sides AD, DF of the perallelo- A 
grams ABCD, DBCF opposite to the base 
BC be terminated in the same point D ; 
it is plain that each of the parf^lelograme 
is double (34. I.) of the triangle BDC ; 
and they are therefore equal to one an- 
other. , 

But, if the sides AD,EF, opposite W _ _ _ 

ABCD,EBCF, be not terminated in thesame point; then, because ABCD 
is a parallelogram, AD is equal (34. 1.) to BG ; for the same reason EF 
is equal to BC ; .wherefore AD is equal (1. Ax.) to EF ; and DE is com- 
mon ; iherefoTe the whole, or the remainder, AE is equal (3. or 3. Ax.) to 
the whole, or the remainder DF ; now AB is also equal lo DC ; therefore 
the two EA, AB are equal to the two FD, DC, each to each ; but the ex- 



B c 

the base BC of the parallelogramH 




tenor angle FDC is equal (29. 1.) to the interior EAB, wherefore the base 
EB is equal to iho base FC, and the triangle EAB (4. 1.) to the triangle 
FDC. Take the triangle FDC from the trapezium ABCF, and from the 
same trapezium take the triangle EAB ; the remainders will then be equal 
(3. Ax.) that is, the parallelogram ABCD is equal to the parallelogram EBCF. 

PROP. XXXVI. THEOR. 

Paralhlograms t^xm equal bases, and between the same parallels, are equal to 

Let ABCD, EFGH be parallelograms upon equal bases BC, FG, and 
between the same parallels AH, 
BG ; the parallelogram ABCD 
is equal to EFGH. 

Join BE, CH ; and because 
BC is equal to FG, and FG to 
(34. 1.) EH, BC is equal to EH ; 
and they are parallels, and join- 
ed towards the same parts by the 
straight lines BE, CH : But 
straight lines which join equal and parallel straight linestowards the same 
parts, are themselves equal and parallel (33. 1.) ; therefore EB, CH are 
both equal and parallel, and EBCH is a parallelogram ; and it is equal 
(35. I.) to ABCD, because it is upon the same base BC, and between the 
same paralleb BC, AH : For the like reason, the parallelogram EFGH 
is equal to the same EBCH : Therefore also the puallelogram ABCD is 
equal to EFGH. 
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PROP. XXXVIl. THEOR. 




Triangles upon the same base, and belwem the same parallels, are e^al to one 
another. 

Let the triaoglea ABC, DBC be upon the same base BC, and between 
the same paraUeU, AD, BC : The 

triangle ABC is equal to the than- E A P F 

gle DBC. ""^ ' " ' 

Produce AD both ways to the 
points E, F, snd through B draw (31. 
1.) BE parallel lo CA ; and through 
C draw CF parallel to BD : There- 
lore, each of ibe figuree EBCA, 
DBCF is a parallelogram ; and EBCA 
is equal (35. 1.) to DBCF, because they are upon the saniehase BC, and 
between the same parallels BC, EF ; but the triangle ABC is the half of 
die parallelogram EBCA, because the diameter AB bisects (34. 1.) it ; 
and the triangle DBC is the half of the parallelogram DBCF, because 
the diameter DC bisects it ; and the halTes of equal ihiugs are equal (7. 
Ax.) ; therefore the triangle ABC is equal to the triangle DfiC. 

PROP. XXXVIII. THEOR. 

Triangles upon eqatd bases, and betteeen the same parallels, are equai to one 
another. 

Let the triangles ABC, DEFbe upon equal bases 60, EF, and between 
the same parallels BF, AD ; The triangle ABC is equal to the triangle DEF. 

Produce AD both ways to the points G, H, and through B draw BC 
parallel {31. I.) lo Cji.und through F draw FH parallel to ED ; Then 
each of the figures GBCA, « > J\ TS 

DEFH is a parallelogram ; ^ ^ ii =5- 

find they are equal to (36. 1.) 
one another, because they aii) 
upon equal bases BC, EF, and 
between the same parallels 
BF, GH ; and the triangle 

ABCiath6half(34.1.)ofthe „ „ „ 

parallelogram GBCA, because ■** <- li r 

the diameter AB bisects it; and the triangle DEF is the half (34. 1.) of 
the parallelogram DEFH, because the diameter DF bisects it : But the 
halves of equal things are equal (7. Ax.) ; therefore the triangle ABC i8 
equal to the triangle DEF. ^ 

PROP. XXXIX. THEOR. 

Equal triangles upon the same base, and upon the same side of it, are between 
the same parallels. 
Let the equal triangles ABC, DBC be upon ths same base BC, and upon 
the same side of it ; &ey are between (he same paralleb. 
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Join AD ; AD is parallel to BC ; for, if it is not, througlt the point A 
draw (31. 1.) AE parallel to BC, and join EC : * t^ 

The triangle ABC, is equal (37. 1.) to 'the tri- 

angle EBC, because it b upon the same base 
BC, and between the same parallels BC, AE : 
Bat the triangle ABO is equal to the triangle 
BDC ; therefore also the triangle BDC is equal 
to the triangle EBC, the grater to the leas, 
which is impossible ; Therefore AE is not par* 
nllel to BC. In the same manner, it may be 
demooatrated that no other line but AD is parallel to BC ; AD ia there- 
fore parallel to it. 

PROP. XL. THEOR. 

Eqval triangles on the same side of hoses which are eqtial and in tht tama 
straight line, are between the same parallels. 

Let the equal triangles ABC, DEF be upon equal bases BC, EF, in. 
the same straight line BF, an' ' 
wards the same parts i they ai 
tween the same parallels. 

Join AD ; AD is parallel to 
for, if it is not, through A draw (31, 
1.) AG parallel to BF, and join OF. 
The triangle ABC is equal (38. 1.) 
to the triangle GEF, because they 
are upon equal bases BC, EF, and 
between the same parallels BF, 

AG: But the triangle ABC is equal to the triangle DEF ; therefore also 
the triangle DEF is equal to the triangle GEF, the greater to the less, 
which is impossible ; therefore AG is not parallel to BF ; and in the samo 
manner it may be demonstrated that there is no other parallel to it but 
AD i AD is therefore parallel to BF. 

PROP. XLI. THEOR. 

If a parallelogram and a triangle be upon the same base, and hetvxen the 
same parallel; the parallelogram is double of the triangle. 

Let the parallelogram ABCD and the tri- 
angle EBC be upon the same base BC and 
between the same parallels BC, AE ; the 
parallelogram ABCD is double of the trian- 
gle EBC. 

Join AC ; then the triangle ABC ie equal 
(37. 1.) to the triangle EBC, because they 
are upon the same base BC, and between the 
same parallels BC, AE. But the parallelo- 
gram ABCD is double (34. 1.) of the triangle 
ABC, because the diameter AC divides it 
into two equal parts i wherefore ABCD is alao double of the triangle EBC. 
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PROP. XUI. PROB. 

To describe a parallelogram that shall be eqaal to a given triangle, and have 
one of its angles equal to a given rectilineal angle. 

Let ABC be the given triangle, and D the gisen rectilineal angle. It 
is required to describe a parallelogram that shall be equal to the given tri- 
angle ABC, and have one of its angles equal to D. 

Bisect (l-O, 1.) BO in E, join AE, and at the point E in the straight line 
EC make (23. 1.) the angle CEF equal to D ; and through A draw (31. 
1.) AG p&rallel to BC, and through C draw CG (31. 1.) paraUel to EF; 
Therefore FECG is a parallelogram : a 

And because BE is equal to EC, the 

triangle ABE is likewise equal (38. 
1.) to the triangle AEC, since Ibey 
are upon equal bases BE, EC, and 
between the same parallels BC, AG;. 
therefore the triangle ABC is double 
of the triangle AEC. And the paral- 
lelogram FECG is likewise double 
(4!. 1.) of the triangle AEC, because 
it is upon the same base, and between 
the same parallels : Therefore the parallelogram FECG is equal to the 
triangle ABC, and it has one of its angles CEF equal lo the given angle 
D: Wherefore there has been described a parallelogram FECG equal to 
a given triangle ABC, having one of its angles CEF equal to the given 
angle D. 

CoR. Hence, if the angle D be a right angle, the parallelogram EFGC 
will be a rectangle, equivalent to the triangle ABC ; and therefore the 
same construction will apply to the problem : to make a triangle equivalent 
to a given rectangle. 

PROP. XLIII. THEOR. 

The complements of the parallelograms loAt'cA are about the diameter of any 
parallelogram, are equal to one another. 

Let ABCD be a parallelogram of which the diameter is AC ; let EH, 
FG be the parallelograms about AC, that is, through which AC passes, and 
let BK, KD be the other parallelograms, 

which make up the whole figure ABCD, _f ^ J I D 

and are therefore called the complements ; ' ' 

The complement BK is equal to the com- 
plement KD. 

Because ABCD is a. parallelogram and 
AC its diameter, the triangle ABC ia 
equal (34. 1.) to the triangle ADC : And 
because EKHA is a parallelogram, and 
AK its diameter, the triangle AEK is 
equalto the triangle AHK: For the same 
reason, the triangle EGG is equal to the 
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triangle KFC. Then, because the triangle AEK is equal to the triangle 
AHK, and the triangle KGC to the triangle KFC; the triangle AEK, to- 
gether with the triangle KGC, is equal to the triangle AHK, together with 
Ue triangle KFC : But the whole triangle. ABC is equal to the whole 
ADO ; therefore the remaining complement BK is equal to the remaining 
complement KD. 

PROP, XLIV. PROB. 

To a given straight line to apply a parallelogram, tolUeh shall be equal to a given 
triangle, and have one of its angles ijual to a given rectilineal angle. 

Let AB be the given straight line, and C the given triangle, and D the 
given rectilineal angle. It is required to apply to the straight line' AB a 
parallelogram equal to the .triangie C, and having an angle equal to D. 
Make (42. 1.) the parallelogram BEFG equal to the triangle C, having the 




angle EBG equal to the angle D, and the side BE in the same straight 
line withAB; produce FG to H, and through A draw (31. 1.) AH parallel 
to BGorEF, andjoinHB. Then because the straight line HF falls upon 
Ihe parallels AH, EF, the angles AHF, HFE, are together equal (29. 1.) 
CO two right angles ; wherefore the angles BHF, HFE are less than two 
right angles ; But straight lines which with another straight line make the 
interior angles, upon the same side less than two right angles, do meet if pro- 
duced(lCor.29.1.): Therefore HB, FE will meet, if produced; let them 
meet in K, and through K draw KL parallel to EAor FH, and produce HA, 
GB to the points L, M : Then H LKF is a parallelogram, of which the diam- 
eter is HK.andAG, ME are the parallelograms about HK; and LB, BF are 
the complements; therefore LB is equal (43. 1.} to BF : but BF is equal 
to the triangle C ; wherefore LB is equal to the triangle ; and because 
the angle GBE is equal (15. l.)to the angle ABM, and likewise to the an- 
gle D ; the angle ABM is equal to the angle D : Therefore the parallelo- 
gram LB, which is applied to the straight line AB, is equal to the triangle 
C, and has the angle ABM equal to the angle D. 

Cor. Hence, a triangle may be converted into an equivalent rectangle, 
having a side of a given Ungth : for, if the angle D be a right angle, and 
AB the given side, the parallelogtam ABML will be a rectangle equiva- 
lent to the triangle C. ' 
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PROP. XLy. PROB. 



To describe a parallelogram equal to a given reetilinoal figure, and iaving 
an angle equal to a given r»elilineal angle. 

Let ABCD be tbe givea rectilineal figure, and E tbe given rectiliDeal 
angle. It is required to describe a paralleiogram equal to ABCD, andbav- 
iDg an angle equal to £. 

Join DB, and describe (42, 1.) the parallelogram FH equal to the tri- 
angle ADB, and having the angle HKF equal to tbe angle E ; and lo the 
straight line GH (44. 1.) apply the parallelogram GM equal to the triangle 
D8C, having tbe angle GHM equal to the angle E. And because the an- 
^e E is equal to each of tbe angles FKH, GHM, the angle FKH is equal 
to GHM ; add to edch of these tbe angle KHG ; therefore the angles 
FKH, KHG are equal to the angles KHG, GHM; but FKH, KHG are 
equal (29. 1.) to two right angles ; therefore also KHG, GHM are equal 
to two right angles : and because at the iwint H in the straight lines GH, 




the two straight lines KH, HM, upon tbe opposite sides of GH, make the 
adjacent angles equal to two right angles, KH is in the same straight line 
{14. 1.) with HM. And because the straight line HG meets the parallels 
KM, FG, tbe alternate angles MHG, HGF are equal (29. 1.) ; add to each 
of these the angle HGL : therefore tbe angles MHG, HGL, are equal to 
theanglesHGF, HGL: But the angles MHG, HGL, are equal {29. l.)to 
two right angles ; wherefore also the angles HGF, HGL, are equal to two 
right angles, and FG is therefore in the same straight line with GL. And 
because KF is parallel to HG, and HG lo ML, KF is parallel (30. 1.) to 
ML i but KM, FL are parallels : wherefore KFLM is a parallelogram. 
And because the triangle ABD is equal to tbe parallelogram HP, and the 
triangle DBG to the parallelogram GM, the whole rectilineal figure ABCD 
is equal to the whole parallelogram KFLM ; therefore the parallelogram 
KFLM has been described equal to the given rectilineal figure ABCD, hav- 
ing the angle FKM equal to the given angle E. 

Cor. From this it is manifest how to a given straight line to apply a 
parallelogram, which shall have an angle equal to a given rectilineal angle, 
and shall be equal to a given rectilineal figure, viz. by applying (44- 1.) 
to the given straight line a parallelogram equal to the first triangle ABD. 
and having an angle equal to the given angle. 
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PROP. XLVI. PBOB. 
To describe a square upon a given straight Une. 

Let A B be the given straight Uno ; it la lequired to describe a square 
upon AB. 

From the point A draw (11. 1.) AC at right angles to AB ; and make 
(3. 1.) AD equal to AB.and through the point D draw DE parallel (31. 1.) 
to AB, aud through B draw BE parallel.lo AD ; therefore ADBB ia a par- 
allelogram ; whence AB is equal (34. 1.) to DE, and AD to BE ; but BA 
in equal to AD : therefore the four straight 
lines BA; AD, DE, EB are equal to one an- 
other, and the parallelogram ADEB is equi- 
lateral ; it is likewise rectangular; for th« 
straight line AD meeting the parallels, AB,DE, 
makes the angles BAD, ADE equal (29. 1.) to 
two right angles ; but BAD is a right angle ; 
therefore also ADE is a right angle now the 
opposite angles of parallelograms are equal (34. 
1.); thra^eforeeacEoftheoppositeanglea ABE, 
BED is a right angle; wherefore the figure 
ADEB is rectangular, and it has been demon- 
strated that it is equilateral; it is therefore a 
square, and it is described upon the given straight line AB. 

Cor. Hence every parallebgram ^t has one right angle has all its an- 
gles right angles. 

PROP. XLVII. THEOR. ' 

In any right angled triangle, the square vskich is described upon (Ae side 
subtending the right angle, is equal to the squares described upon the sides 
which contain the right angle. 

Let ABC be a right angled triangle having the right angle BAG ; the 
square described upon the side BC is equal to the squares described upon 
BA, AC. 

On BC describe (46. 1.) the square BDEC, and on BA, AC the squares 
GB,HC; and through A draw (31. 1.) AL parallel to BD or CE, and join 
AD, FC ; then, because each of the angles BAC, BAG is a right angle 
(25. def.), the two straight lines AC, AG npon the opposite sides of AB, 
make with it at the point A the adjacent angles equal U> two right an- 
gles; therefore CA is in the same straight hne {14. 1.) with AG; for 
the same reason, A B and AH are in the same straight line. Now be- 
cause the angle DBC is equal to the angle FBA, each of them being a. 
right angle, adding to each the angle ABC, the whole angle DBA will be 
equal (2. As.) to the whole FBG ; and because the two sides AB, BD, 
are equal to the two FB, BC each to each, and the angle DBA equal to 
the angle FBC, therefore the base AD is equal (4. 1.) lo the base FC, 
and the triangle ABD to the triangle FBC. But the parallelogram BL 
is double (41. 1.) of the triangle ABD, because they are upon the same 
base, BD, and between the same parallels, BD, AL ; uid die square GB 
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is double o( the triangle BFC be- 
cause these also are upon the s&me 
base FB, and between the same par- 
aUels FB, t3C. Now the doubles 
of equals are equal (6. Ax.) to one an- 
other; therefore the parallelograin 
BL is equal to the square G6 ; And 
in the same manner, by joining AE, 
BK, it is demonstraled that the par- 
allelogram Ch is equal to the square 
HC. Therefore, the whole square 
BDEC is equal to the two squares 
GB, HC ; and the square BDEC is 
described upon the straight line BC, 
and the squares GB, HC upon BA, 
AC : wherefore the square upon the 
side BC is equal to the squares upon 
the sides BA, AG. 

Cor, 1. Hence, the square of one of the sides of aright angled triangla 
is equivalent to the square of the hypotenuse diminished by the square of 
the other side ; which is thus expressed : AB'=BC* — AC 

Cor. 2. IfAB=AC; that is, if the triangle ABC be right angled and 
isosceles; BC'=3AB^=2AC2 ; therefore, BG=AB^ 2. 

Cor. 3. Hence, also, if two right angled triangles hare two aides of 
the one, equal to two corresponding sides of the other ; their third sides 
win also be equal, and the triangles will be identical. 

PROP. XLVni. THEOR. 




of the sides of a triangle, be espial to the 
tquarts described upon the ttth^T tuio sides of it; the angle contained &y 



If the square described upon 
tquares described upon the 
these two sides is a right dngli 

If the square described upon BC, one of the sides of the triangle ABC, 
be equal to the squares upon the other sides BA, AC, the angle BAG is 
a right angle. , 

From the point A draw (11. I.) AD at right angles to AC, and mak« 
AD equal to BA, and join DC. Then because DA is equal to AB, the 
square of DA is equal to the square of AB ; To 
each of these ad^Uie square of AC ; therefore the 
squares of DA, AC are equal to (he squares of BA', 
AG. But the square of DC is equal (47.1.) to 
the squares of DA, AC, because DAG is a right 
uigle ; and the square of BG, by hypothesis, is 
equal to the squares of BA, AC ; therefore, the 
square of DC is equal to the square of BC ; and 
■ therefore also the aide DC is equal to the side BC. ■n~ 
And because the side DA is equal to AB, and AG 
common to the two triangles DAC, BAG, and the base DC likewise eqns] 
to the base BC, the angle DAC is equal (8. 1.) to the angle BAG ; But 
DAC is a right angle ; Uteiefore also BAG is a rigm angle. 




b,Googlc 



4S ELEMENTS 

ADDITIONAL PROPOSITIONS. 
PROP. A. THEOR. 

A ptrpmdieular is tht shortest line that can be drawn from a point, situated 
without a straight line, to that line : any (too oblique lines dravm from the 
samepointon different sides of the perpendiailaT,cutting off eqaal distances 
on the other line, mill be equal ; and any two other oblique lines, cutting off' 
unequal distances, the one lehich lies farther from the perpendicular will 
ht the longer. 

If AB, AC, AD, iic. be lines drawn from the given point A, lo the in- 
definite straight line DB, of which AB is perpendicular ; then shall the 
perpendicular AB be less than AC, and AC less than AD, and so on. 

For, the angle ABC being a right one, 
the angle ACS is acute, (17. 1.) or less 
than the angle ABC. But the less angle 
of a triangle is subtended hf the lees side 
(19. 1.) therefore, the side AB is less than 
the side AC. 

Again, if BC=BE ; then the two ob- 
lique lines AC, AE, are equal. For the 
side AB is common to the two triangles 
ABC, ABE, and the contained angles ABC 
and ABE equal i the two triangles must 
be equal (4. 1) ; hence AE, AC are equal. 

Finally, the angle ACB being acute, as before, the adjacent angle ACD 
will be obtuse ; since (13. 1.) these two angles are together equal to two 
right angles; and the angle ADC is acute, because the angle ABD ia 
right ; consequently, the angle ACD is greater than the angle ADC ; and, 
since the greater side is opposite to the greater angle (19. I.) ; therefore 
the side AD is greater than the side AC. 

Cor. 1. The perpendicular measures the true distance of a point from 
a line, because it is shorter than any other distance. 

CoH. 2. i/«ni:«, also, every point in a perpendicular at the middle point 
of a given straight line, is eqiully distant from the estremitios of that line. 

Cos. 3. From the same point, three equal straight lines cannot be 
drawn to the same straight line ; for if there could, we should have two 
equal oblique lines on the same side of the perpendicular, which is impoa- 

PROP. B. THEOR. 

When the hypotenuse and one side of a right angled triangle, an respective- 
ly equal to the hypotenuse and one side of another ; the two right angled 
trimgles are equal. 

Suppose the hypotenuse AC=DF, and the aide AB=DE ; the right 
•lifted triangle ABC will be equal to the right angled triangle DEF. 
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Theii equality would be nianifeat, if tlie third sides BC and EF wera 
equal. If po8sible,suppo9e that those sides aie not equal,and that BC is the 
greater. Tiie BH=EF{3. 1.); andjoinAH. Thotriangle ABH=DEF; 
for the right angles B and E are 
equal, the side AB=OE, and BH 
=EF; hence, these triangles an 
equal (4. 1.), and consequently 
AH=DF. Now {by hyp.), we 
have DF=AC; and Aerefore, 
' AH=AC. But by the last prop- 
osition, the oblique line AC can- 
not be equal to the oblique line 
AH, which lies nearer to the per- 
pendicular AB ; therefore it is 
impossible that BG can differ 
from EF ; hence, then, the trian- 
gles ABC and DEF aie equal. 




PROP. C. THEOR. 



Tvio anglet an equal if their sides b« paralUt, each to taeh, and lying i» tli» 
sojite direeticn. 



If the straight lines Afi, AC be parallel 
to DF, D£ ; the angle BAG is eqnal to 
EDF. 

For, draw GAD through the vertices. 
And since AB is parallel to DF, the ex- 
terior angle GAB is (29. 1.) equal to GDF ; 
and, for the same reason, GAC is equal to 
GDE ; there consequently remains dke an- 
gle BAG = EDF. 



CoK. If BA, AC be prodnced to I and H, the angle BAC=HAI ; 
i«ice, the angle HAI is also equal to EDF. 



SCHOLIUM. 

The restriction of this proposition to the case vhere the side AB lies 
in the same direction with DF, and AC in the same direction with D£, 
is necessaiy ; becattse the angle CAI would have its sides parallel to those 
of the angle EDF, but would not be equal to it. In that case, CAI and 
EDF would be together eqnal to two right angles. 
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PROP. D. PROS. 
Too angles of a triangU being given, to find the (SiVi, 

Drav anjr BtTairbt line CD ; at & 
point therein, as B, make the angle 
CBA equal to one of the given an- 
gles, and the an^e ABE equal to 
me other : the remaining angle EBD 
will be the third angle required ; be- 
cause those three angles (Cor. 13. 1.) 
ue together equal to two right angles. 



PROP. E. PROB. 
Two angles of a triangU and a aide betag given, to eomtruet the triangle. 

The two angles will either be both adjacent to the given side, or the 
one adjacent and the other opposite : in the latter case, find the third angle 
(Prop. D.) ; and the two adjacent angles will thus be known. 

Draw the straight line EC equal to the 
given side ; al the point B, make an angle 
CBA equal to one of the adjacent angles, 
and at C, an angle BCA equal to the other ; 
the two lines BA, CA, will intersect each 
other, and form with BC the triaugle re- 
quired ; for if they were parallel, the an- 
^es 3, C, would be together equal to two 
right angles, and therefore could not be- 
long to a triangle : hence, BAG will be the triangle required. 

PROP. F. PROB. 

7W sides and an angle opposite to one of tkem being given, to eonstniet the 
triangle. 

This Problem admits of two cases. 
■ First. When the giren angle 
is obtuse, make the angle BCA 
equal to the given angle ; and take 
G'A equal to that side which is 
adjacent to the given angle, the 
BTc described from A as a centre, 
with a radius equal to AB, the 
other given side, would cut BC on 
opposite sides of C ; so that only f ^ ff ^ ^< ^ ' ~ l^ ,J^!f^ 

one obtuse angled triangle could be ^ 

filmed ; that is, the tri^e BCA will be the tziuigle tequiied. 
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And, if ihe given angle were right, although two triangles would be 
formed, yet, as the hypotenuse would meet BC at equal distances from the 
Gommnn perpendicular, these triangles would be equal. 

Secondly. If the given angle he acute, and the side opposite to it greater 
than the adjacent side, the same mode of construction will apply : for, mak- . 
ing BCA equal to the given angle, and AC equal to the adjac<^nt side ; 
then, from A as centre, with a radius equal to the other given side, describe 
I, cutting CB in B i draw AB, and CAB will be the triangle lequi- 



I, and the side opposite to it less than the 



red. 

But if the given uigle 
oilier given side ; make (he angle CBA equal to the given angle, and take 
B A equal to the adjacent side ; then, the arc described from the centre A, 
with the radius AC equal to the opposite side, will cut the straight line 
BO in two points C and C, lying on the same side of B : hence, there will 
be two triangles BAC, BAC, either of which will satisfy the conditiona 
of the problem. 



SCHOLIUM. 

In the last case, if the opposite side was equal to the perpendicular from 
the point A on the line BC, a right angled triangle would be formed. And 
the problem would be impossible in ail cases, if the opposite side was lesa 
than tue perpendicular let fall from the point A on the straight line BC. 

PROP. G. PROS. 



To find a triangk that shall be equivalent to any given reetUinealJigwe. 

Let ABODE be the given rectilineal figure. 

Draw the diagonal CE, cutting off the triangle CDE ; draw DF paral- 
lel to CE, meeting AG produced, and join OF : the polygon ABODE 
will be equivalent to the polygon 
ABCF, which has one side less 
than the original polygon. 

For the triangles CDE, CFE, 
have the base CE common, and 
they are between the same paral- 
lels ; since their vertices D, F, are 
situated in a line DF parallel to the 
base : these triangles are therefore 
equivalent {37. 1.) Draw, now, 
the diagonal CA and BG parallel 
to it, meeting EA produced : join 
CG, and the polygon ABCFwill be 
reduced to an equivalent triangle ; 
and thus the pentagon ABODE 
will be reduced to an equivalent triangle GCF. 
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The same process may be applied to every other polygon ; for, by wc- 
ceseively diminishing the number of its sides, one being retrenched at es«1i 
step of ^e process, the equivalent triangle will at length be found. 

Cor. Since a triangle may be cooreited into an equivalent rectangle, 
it follows that any polygon may be redvctd to an eqaivahnt rtetangU. 

PROP. H. PHOB. 
To find the side of a square that shall be eqmwiJent to tht lum of two squares. 

Draw the two indefinite lines AB, AC, per- 
pendicular to each other. Take AB equal to 
the side of one of the given squares, and AC 
equal to the other ; join BC : this will be the 
side of the square required. 

For the triangle BAC being right angled, 
the square constructed upon BC (47. 1.) is 
equal (o the sum of the squares described upon 
AB and AC. 

SCHOLIUM. 

A square may be thus formed that shall be equivalent to the sum of any 
numbei of squares ; for a similar construction which reduces two of them 
to one, will reduce three of them to two, and these two to one, and so of 
others. 

PROF. I. PROB. 

Tofijid the side of a square equivalent to the difference of two given squares. 

Draw, as in the last prd)Iem, (fe« tAe^.) the lines AC, AD, at right angles 
to each other, making AC equal to the side of the less square ; then, from 
C as centre, with « radius equal to the side of the other square, describe 
an arc cutting AD in D : the square described upon AD will be equivalent 
to the difference of the squares constructed upon AC and CD. 

For the tiiangle pAC is right angled ; therefore, the square described 
upon DC is equivalent to the squares constructed upon AD and AC : hence 
fCor. 1. 47. 1.), AD^=CD»-AC«. 

PROP. K. PROB. 

A rectangle being gioen, to eenstrvct an eqviwdent one, haoing a stde oj a 
' given length. 

Let AJSFHbe the given reotangla.and prodoceonoof its tides, as AH.till 
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HB be the given length, and draw BFD 
meeting the prolongation of AE in D ; 
then produce EF till FG is equal to HB : 
draw BGC, HFK. paraUel to AED, and 
through the point D draw DKC parallel 
to AB or EG; then, the rectangle 
GFKC, having the side FG of a given 
length, is equal to the given rectangle 
AEFH (43. 1.) 



Cob. a polygon may h» co 
of its, sides of a given length. 




verted into an equivalent rectangle, having 
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DEFINITIONS. 

1. Etkkt right angled parBllelogram, or reetangh, is said to be contkineci 
by any two of the strai^t lines which are about oae of the right an- 
glea. . 

" Thus the right angled parallclogTam AC is called the lectangle contain- 
" ©d by AD and DC, or by AD and AB, &c. For the sake of brevity, 
" instead of the tecUmgle contained by AD and DC, wd shall simply say 
" the rectangle AD . DC, placing a point between the two sides of the 
" rectangle." 

A. In Geometry, the product of two lines means the same thmg as their 
reetangie, and this expression has passed into Arithmetic and Algebra, 
where it seires to designate the product of two unequal numbers or 
quantities, the expression square being employed to designate the pro- 
duct of a quantity multiplied by itself. 
The arithmetical squares of 



l,2,3,&c 
So likewise the square de- 
scribed on the double of 
a line is eridently four 
times the square described 
on a single one ; on a triple 
line nine times that on a 
single one, &,c. 



2, In every parallelogram, any of the 
parallelogrsms about a diameter, to- 
gether with the two complements, is 
called a Gnomon. " Thus the paral- 
" lelogram HG, together with the. 
" complements AF, FC, is the gno- 
" monof thepaTallelogram AG. This 
'' gnomon may also, for the sake of 
" brevity, be called the gnomon AGK 
"mEHC." 
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PROP. I. THEOR. 

If there be Una straight lints, one of which m divided into my mimW of 

parts ; the rectangle eoTitained by the tieo straight lines is equal to the 
rectangles contained by the undivided line, and the several parts oftha 
divided tine. 

Let A and DC be two straight lines ; and let BC be divided into any 
paria in the points D, E ; the lectangle A.BC is equal to the several rect- 
angles A.BD, A.DE, A.EC. 

From the point B draw {Prop. ILL) 
BF at right angles to BC, and make BG 
equal (Prop, 3. 1.) to A; and through 
G draw (Prop. 31. 1.) GH paraUel to 
BC ; and through D, E, C, draw DK, 
EL, CH paraUel to BG ; then BH, BK, 
BL, and £H are rectangles, and BH= 
BK+DL+EH. 

But BH = BG.BC= A.BC, because 
BG=A: Alao BK = BG.BD=A.BD, 
because BG=A; and DL=DK.DE = 
A.DE, because (34. L) DK=BG=A. 
Id like manner, EH=A.EC. Therefore A.BC=A.BD+A.DE+A.EC ; 
that is, the rectangle A.BC is equal to the several rectaDgles A.BD, A.DE, 
A.EC. 

SCHOLIUM. 

The properties of the sectionB of lines, demonstrated in this Book, are 
easily derived from Algebra. In this proposition, for instance, let the seg* 
ments of BC be deooted by b, c, and d; then, A(i+c+(i)=A6+Ac+A(J. 

PROP. II. THEOR. 

If a straight line be divided into my tioo parts, the rectangles contained by the 
whole and each of the parts, are together equal to the square of the whole Gtu. 

Let the straight tine AB be divided into any 
two parts in the point C ; the rectangle AB.BC, 
together with the rectangle AB.AC, is equal to 
the square of AB ; or AB.AC+AB.BC=AB». 

On AB describe (Prop. 46. 1.) the square 
ADEB, and through C draw CF (Prop, 3L 1.) 
parallel to AD or BE ; then AF+CE=AE. 
But AF=AD.AC=AB.AC, because AD=AB ; 
CE=BE.BC=AB.BC; and AE=AB«. There- 
fore AB.AC+AB.BC=ABi». 

SCHOLIUM. 

This property is evident from Algebra : let AB be denoted by a, and the 
segments AC, CB, by b and d, respectively; then, a=sb+d; therefore, 
midtiplyiiig both members of this equally by o, we shall have ^=ab+ad 
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PROP. III. THEOR. 

If a straight line be divided into any ttoo parts, the rectangh contained hy tie 
tekole and one of the parts, is equal to the rectangle contained by the Iw 
parts, together leith the square of the aforesaid part. 

Let the straight line AB be divided into two parts, in the point C ; the 
rectangle AB.BC is equal to the rect- 
angle AC.BC, together with BC^. 

Upon BC describe (Prop. 46, 1.) the 
square CDEB, and produce ED to F, 
and through A draw (Prop, 31. i.) AF 
parallel to CD or BE ; then AE=AD 
+CE. 

, But AE = AB.BE = AB.BC, be- 
cause BE=BC. So also AD=AC. 
CD=AC.CB; and CE=BC=; there- 
fore AB.BC=AC.CB-1-BC^. 

SCHOLIUM. 

In this proposition let AB be denoted by a, and the segments AC and 
CB, by b and c ; then a^h+c : therefore, multiplying both members of 
this equality by c, we shallhare ac=Jc+A 

PROP. IV. THEOR. 

If a straight line be divided iiUo any two parts, the square of the whole line is 
equal to the squares of the tvx) parts, together with twice the rectangle con- 
tained by the parts. 

Let the straight line AB be divided into any two parts in C ; the square 
of AB is equal to the squares of AC, CB, and to twice the lectaugle con- 
tained by AC, CB, that is, AB«=AC«H-CB=-|-aAC.CB. 

Upon AB describe (Prop. 46. 1.) the square ADEB, and join BD, and 
through C draw (Prop. 31. 1.) CGF parallel to AD or BE, and through O 
draw HK parallel to AB or DE. And becanse OF is parallel to AD, and 
BD falls upon them, the exterior angle BGC 
is equal (39. 1.) to the interior and ( 
angle ADB ; but ADB is equal (5. 1,) "t. 
^gle ABD, because BA is equai to AD, be- 
ing sides of a square ; wherefore the angle 
CGB is equal to the angle GBC ; and there- 
fore the side BC is equal (6. I.) to the side 
CG; but CB is equal (34. 1.) also to GK and 
CG to BK i wherefore the figure CGKB Js 
equilateral. It is likewise rectangular ; for 
the angle CBK being a right angle, the other 
angles of the parallelogram CGKB are also right angles (Cor. 46. I.) 
Wherefore CGKB is a aquaje, and it is upwt the side CB. For the same 
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KasDii HF also is 3. square, and it is upon the side HG, which is equal to 
AC : therefore HF, CK are the squares of AC, CB. And because the 
complement AG is equal (43. l.)to the complement G£ ; and because 
AG^AC.CG=AC.CB, therefore also GE=AG.CB, and AG+GE= 
:2AC.CB. Now, HF=Ae^ and CK=CB^ ; therefore, HF+CK+AG 
+ GE=AC2+CB'+2AC.CB. 

But HF+CK+AG+GE=the figure AE, or AB*; therefore AB«= 
AC^+CB^+2AC.CB. 

Cor. From the demonstration, it is manifest that tlie parallelograms 
about the diwneter of a square are likewbe squares. 

SCHOLIUM. 

This property is derived from the square of abinomial. For, let the two 

{BTts into which this line is divided be denoted by a and i; then, (0+6)* 

PROP. V. THEOR. 

tfa straigktlinebe dwidedintotmoequalparts, andalsointo ttDovneqvtdports; 
the rectangle contained by the uneyuirf parts, together with the square of the 
line between the points of section, is equal to the square of half the line. 

Let the straight line AB be divided into two equal parts in the point C, 
and into two unequal parts in the point D ; the rectangle AD.DB, together 
■with the squire of CD, is equal to the square of CB, or AD.DB+CD2= 
CB^ 

Upon CB describe (Prop. 46. 1 .) the square CEFB, join BE, and through 
D draw (Prop. 31.1.) DHG paraUel to CE or BF ; and through H draw 
KLM parallel to CB or EF ; and 
also through A draw AK parallel to 
CL or BM : Aadbecause CH=HF, 
if DM be added to both, CM=DF. 
But AL=(36. 1.} CM, therefore AL 
=DF, and adding CH to both, AH 
=gnomon CMG. But AH = AD. 
DH=AD.DB, because DH = DB 
f Cor. 4. 2.) ; therefore gnomon CMG 
=AD.DB. To each add LG=CDs, then, gnomon CMG+LG=AD.DB 
+CD^. But CMG+LG^BC^; therefore AD.DB +CD==BC«. 

" CoR. From this proposition it is manifest, that the difference of the 
" squares of two unequal lines, AC, CD, is equal to the rectangle contain- 
" ed by their sum and difference, or that AC=— CD*={AC+CD) (AC — 
" CD)." 

SCHOLIUM. 

In this proposition, let AC be denoted by a, and CD by b ; then, AD:s 
a+b, and DB=a— J; therefore, by Algebra, (a+b)x{a-~b)=a^—b'' ; 
that is, the product y the sum and difference of two quatitittes, is equivalent 
to tkt difference of their squares 
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PROP. VI THEOR. 

tfastraightlinebebiseeted,andprodticedto any point; the rectangle contained 
by the whole line thus produced, and the part of it produced, together trnth the 
a^areof half the line bisected, is e^ai to the square of the straight line which 
is made up of the half and the part produced. 

Let the straight line AB be bisected in C, and produced to the point D ; 
the rectangle AD.DB together with the square of CB, is equ^ to the 
square of CD. 

Upon CD describe (Prop. 46.1.) the square CEFD, join DE, and 
through B draw (Prop. 31. 1.) BHG parallel to CE or DF, and through H 
draw KLM parallel to AD or EF, Mid also through A draw AK parallel 
to CL or DM. And because AC is 
equal to CB, the rectangle AL is 
equal (36.1.) to CH ; but CH is 
equal (43. 1. ) to HF ; therefore also 
AL is equal to HF : To each of these 
add CM ; therefore the whole" AM is 
equal to the gnomon CMG. Now 
AM=AD.DM = AD.DB, because 
DM=DB. Therefore gnomon CMG 
»AD.DB, and CMG+LG=AD. 
DB+CB=. But CMG+LG=CF 
i=CD^ therefore AD.DB +CB!=CD». 

SCHOLIUM. 

This property is evinced algebraically ; thus, let AB be denoted by2o, 
&nd BD by b ; then, AD=2a+4, and CD=a+*. Now by multiplication, 

fe{2a+6)=2ai+4=; therefore, 
by adding b* to each member of the equality, wo shall hare, 
H2a+b)+a^=a^-\-2ab+P ; 
.:b{Za+b)+a'={a+&f. 

PROP. VII. THEOR. 

(fa straight line be divided into two parts, the squares of the whole line, and 
of one of the parts, are equal to twice the rectangle eontaimd by the whole and 
that part, together with the square of the other part. 

L et the stoaight line AB be dirided into any 
two parts in the point ; the squares of AB, 
BC, are equal to twice the rectangle AB.BC, 
together with the square of AC, or AB^+BC^ 
=2ABBC+AC'. 

Upon AB describe (Prop. 46. 1.) the square 
ADEB, and construct the figure as in the pre- 
ceding propositions : Because AG^GE, AG 
+CK = GE+CK, that is, AK = CE, and 
therefore AK+CE=2AK. But AK+CE 
sgnomon AKF+CK; and therefore AKF 
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+CK=2AK = 2AB.BK = 2AB.BC, because BK = (Cor. 4. 2.) BC. 

Since then. AKF+CK=2AB.BC, AKF+CK+HF=2AB.BC+HF; 
and because AKF+HF=AE=AB!', AB'+CK=2AB.BC+HF, that 
is, (since CK=CB2, and HF=AC^) AB2+CB2=2AB.BC+AC^. 

" Cor. Hence, the Bum of the squares of any two lines is equal to 
" twice the rectangle contained hj the lines together with the squaie of 
" tbe difisTence of the lines." 

SCHOLIUM. 

In this proposition, let AB be denoted by a, and the segmenks AC and 
CB by 6 and c ; 

then a^=b^+2be+<fl ; 
adding c* to each member of this equality, we shall have, 

a2+e2=J2+26<;+2c=; 

oi<i«+c2=2oc+^. 

CoR. From this proposition it is evident^ that the square deserihed on 
the differeTiee of two tines- is equivalent to the sum of the squares described on 
the lines respectively, minus twice Ike recl^ingle contained by the lines. For 
a — c=i ; therefore, by involution, o^ — 2oc+c'^=ib^. This may be also 
derived from the above algebraical equality, by transposition. 



PROP. VIII. THEOR. 

If a straight line be divided tnlo any two parts, four times the rectangle con- 
tained by the whole line, and one of the parts, together with the square of 
the other part, is eqiiol to the square of the straight line tekich is made up 
of the whole and tliejirst-iatntioned part. 

Let the straight line AB be divided into any two parts in the point C ; 
four times the rectangle AB.BC, together with the square of AC, is equal 
to the square of the straight line made up of AB and BC together. 

Produce AB to D, so that BD be equal to CB, and upon AD deBctibe 
the square AEFD ; and cons'nict two figures such as in the preceding. 
Because GK is equal (34. 1.) to CB, and CB to BD.and BD to KN.GK 
ia equal to KN. For the same reason, PR 
in equal to RO ; and because CB is equal 
to BD, and GK to KN, the rectangles CK 
and BN are equal, as also the rectangles 
GR and RN : But CK is equal (43. 1.) 
to RN, because they are the complements 
of the parallelogram CO : therefore also 
BN is equal to GR ; and the four rect- 
angles BN, CK, GR, RN are there- 
fore equal to one another, and so CK+ 
BN + GR + RN = 4CK. Again, be- 
cause CB ie equal to BD, and BD equal 
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<Cor. 4. 2.) to BK, that is, to CG ; and CB equal to GK, that is, to GP j 
iherefore CG is equal to GP ; and because CG is equal to GP, and PR to 
RO, the rectangle AG is equal to MP, and PL to HF : but MP is equal 
(43. 1.) to PL, because they are the complemeDls of the parallel ogiam 
ML ; wherefore AG ja equal aUo to RF. Therefore the four rectangles 
■ AG, MP, PL, HF, are equal to one another, and so AG+MP+PL+RF 
=4AG. And it was demonstrated, that CK+BN+GR+RN=40K ; 
wherefore, adding equals to equals, the whole gnomon A0H=4AK. 
Now AK=AB.BK=AB.BO, and 4AKa=4AB.BC ; therefore, gnomon 
A0H=4AB.BC; and adding XH, or (Cor. 4. 3.) AC», to both, gnomon 
A0H+XH=4AB.BC+AG'. But AOH+XH=AF = AD"i iherefore 
AD^=4AB.BC+AC^ 

" Cor. 1. Hence, because AD is the sum, and AC the difference of 
" the lines AB and BC, four times the rectangle contained by any two 
" lines, together with the square of their difference, is equal to the square 
" of the sum of the lines." 

" CoR. 2. From the demonstration it la manifest, that since the squars 
" of CD is quadruple of the square of CB, the sqaaie of any line is qua- 
" druple of Uie square of half that line." 

SCHOLIUM. 

In this proposition, let the line AB be denoted by a, and the parts AC 
and CB by c and b ; then AD=c+2ft. Now, since a=b-{-c, multiplying 
both members by 4(, wo shall have 

4ai=4b^+ihei 
and adding c^ to each member of this equality, we shall hare, 
4«i4.c«=c*+4Jc+4j», 
or4ot+c*t=(c4-2fi)». 

PROP. IX. THEOR. 

If a straight line he divided irtto two equid, and also into two ttnegual parts ; 

the squares of the tioo unequal parts are together double of the square of half 
the line, and of the square of the line between the points of section. 

Let the straight line AB be divided at the point C into two equal, and 
at D into two unequal parts ; The squares of AD, DB ate together double 
of the squares AC, CD. 

From the point C draw (Prop. 11.1. )CE at right angles to AB, and 
make it equal to AC or CB, and join EA, EB ; through D draw (Prop. 31 . 
1.) DP parallel to C£, and through F draw FG pari^el to AB; and join 
AF. Then, because AC is equal to CE, 
the angle EAC is equal (5. 1.) to the ^ 

angle AEC ; and because the ahglo ACE 
is a right angle, the two others AEC, y « i 

EACtoKethermakeonerightangle(Cor. / ^ ~ 

4. 32. l!); and they aro equal to one ano- 
ther; eachof them therefore is half of a 
rii^t angle. For the samo reason each 
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of the angles C£B, EBC is half a right aogle ; and therefore the whole 
AEB ia a right angle ; And because the angle GEF is half a right angle, 
and EGF a right angle, for it is equal (39. 1.) to the interior and opposite 
angle ECB, the remaining angle EFG is half a right angle ; therefore the 
angleGEFisequal to the angle EFG, and the side EG equal (6. 1.) to the 
side GF ; Again, because the angle at B is half a right angle, and FDB a 
right angle, fur it is' equal (29. 1.) to the interior and opposite angle ECB, 
the remaining angle BED is half a right angle ; therefore the angle at B is 
equal to the angle BFD, and the side DF to (6. 1.) the side DB. Now, be- 
cause AC=CE, AC^=CE^ and AC=+CE2=2AC*. But (47. 1.) AE^= 
AC^+CE= ; therefore AE2=2AC^. Again, becauBeEG=GF, EG2=GF», 
and EG2+GF==2GF^. But EF^sEG'+GF^ therefore, EF»=2GF» 
=2CD', because (34. 1.) CD=GF. And it was shown that AE«=2AC« ; 
therefore AE«+EF==2AC«+2CD». Bui (47. 1.) AF'=AE^+EF', 
andAD^+DF^=AF»,orAD'+DB"=AF»; therefore, also, ADa+DB»= 
2AC^-|-2CD^ 

SCHOLIUM. 
This proper^ is evident fiom the algobraicU expreasion, 
(o+i)»+(ff— 4)'=2a'+26» ; 
where a denotes AG, and b denotes CD ; hBnGe,'a+& =AD, a^-A=DB. 

PROP. X. THEOR. 

If a straight line hehistcted, and produced to ant/point, the square of the whole 
line thus produced, and the square of the part of it produced, are together 
double of the square of half the tine bisected, and of the square of the line 
made up of ths half and the part produced. 

Let the straight line AB be bisected in C, and produced to the poiot D ; 
the squares of AO, DB are double of the squares of AC, CD. 

From the point C draw (Prop. U,1 .) CE at right angles to AB, and make 
it equal to AC or CB ; join AE, EB ; through E draw (Prop. 31. 1.) EF 
parallel to AB, and through D draw DF parallel to CE. And because 
the straight Une EF meets ihe-parallels EC, FD, the angles CEF, EFD 
are equal (29. 1.) to two right angles ; and therefore the angles BEF, EFD 
are less tnan two right angles ; But straight lines, which niih another 
straight line make the interior angles upon the same aide less than two 
right angles, do meet (29. 1.), if produced far enough ; therefore EB, FD 
will meet, if produced, towards B, D : let them meet in G, and join AG. 
Then because AC is equal to CE, 
the angle CEA is equal (5. 1.) to 
the angle EAC ; and the angle 
ACE if a right angle ; therefore 
each of the angles CEA, EAC is 
half a right angle (Cor, 4. 32. 1.); 
For the same reason, each of the 
angles CEB, EBC is half a right 
angle; therefore AEB is a right an- 
gle i And because EBC is half t, 
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right angle, DBG is also (15. 1.) half a right Eingle, forthey are venically 
opposite : but BDG is a right angle, because it is equal (29. 1.) to the al- 
ternate angle DCB i therefore the remaining an^e DGB is half a right 
angle, and is therefore equal to the angle DBG ; wherefore also the side 
DB is equal (6. 1.] to the side DG. Again, because EGP is half a right 
angle, and the angle at F aright angle, being equal (34. 1.) to the 
opposite angle ECD, the remaining angle PEG is half a right angle, 
and equal to the angle £GF; wherefore also the side GF is equal 
(6. l.)to the. side FE. And because EC=CA, EC^ + CA* = 2CA«. 
Now AE^^ (47. 1.) AC''fCE*;therefore, AE*=::2AC!'. Again, be- 
cause EF=FG, EF^=FG^ and EFs+FG'=2EFi'. BulEG*^ (47. 1.) 
EF^+FG^; therefore EG*=:2EF«; and aince EF=CD, EG«^2CD^ 
And it was demonstrated, that AE^=2AC2 ; therefore, AE=+EG2=2AC' 
+2CD^ Now, AG2=:AE=+EG=, wherefore aG»^2AC*+2CD^. But 
AG' (47. l.)=AD'+DG*=AD»-t-DB', because DG=DB: Therefore, 
AD"+DB«=2AC2-|-2CD". 

SCHOLIUM. 

Let AC be denoted by a, asd BD, the part produced, by i ; then AD= 
2oH-*, andCU=a-l-6. 

Now, (2o+6)*+i*=4a*+4(ii+36*; but 4a*4.4o6+26»=2o'-f 2 {a+ 
b)'' ; hence, {2a+bf+b^=2a^+2{a+by, and the proposition is evident 
from this algebraical equality. 



PROP. XL PROB. 

To divide a given straight line into tjoo parts, so that the reetangle contained 
hytke whole, and one of the parts, may be e^al to the square of the other 

Let AB be the given straight line ; it is required to divide it into two 
parts, so that the rectangle contained by ^ A. 

the whole, and one of the parts, shall be ' ' 

equal to the square of the other part. 

Upon AB describe (46. 1.) the square 
ABDC ; bisect (10. I .) AC in E, and join 
BE ; produce CA to F, and make (3. 1.) 
£F equal to EB, and upon AF describe 
(46. 1.) the square FGHA, AB is divided 
in H, so that the rectangle AB, BH is equal 
to the square of AH. 

Produce GH to K: Because the straight' 
line AC is bisected in E, and produced to 
the point F, the rectangle CF.FA, to- 
gether with the square of AE, is equal 
(6. 2.) to the square of EF: But EF is 
equal to EB ; therefore the rectangle OF. 
FA, together with the square of AE, ia 




b, Google 



OF GEOMETHY. BOOK II. 67 

equal to the square of EB ; And the squares of BA, AG are equal 
(47. 1.) to the square of EB, because the angle EAB is a right an^e ; 
therefore the rectangle GF.FA, together with the square of AE, is equal 
to the squares of BA, AE : take away the square of AE, which is com- 
mon to both, therefore the remaining rectangle CF.FA is equal to the 
square of AB. Now the figure FK is the rectangle CF.FA, for AF is 
equal to FG ; and AD is the square of AB ; therefore FK is equal to AO : 
lake away the common part AK, and the remainder FH is equal to the 
remainder HD. But HD is the rectangle AB.BH for AB is equal to 
BD ; and FH ia the square of AH ; therefore the rectangle AB.BH is 
equal to the square of AH : Wherefore the straight line AB is dirided in 
B, BO thai the rectangle AB.BH is equal to the square <^ AH. 

PROP. XII. THEOR. 

In obtvae angled triangles, if a perpendicular be drawn from any of the acute 
angles to the opposite side produced, the square of the side subtending the 
obtuse angle is greater than the squares of the sides containing the obtuse 
angle, by twice the rectangle contained by the side upon which, when produced, 
the perpendicular falls, and the straight line interested beltoeen theperpen- 
dieutar and the obtuse angle. 

Let ABC be an obtuse an^ed triangle, having the obtuse angle ACB, 
and from the point A let AD be drawn (12. 1.) perpendicular to BC pro- 
duced : The square of AB is greater than the squares of AC, OB, by twice 
the rectangle BC.CD. 

Because the straight line BD is divided ,A, 

into two parts in the point 0, BD^=(4. 2.) " 

BC^+CD^+2BC.CD ; add AD' to both: 
Then BD^+AD^ ^ BC=+ CD»+ AD»+ 
2BC.CD. But AB==BD'+ADH't7. 1.), 
andAC2=CD^4- AD^ (47. 1.}; therefore, 
AB==BC2+AO^+2aC.CD ; that is, AB» 
is greater than-BC^+AC' by 2BC.CD. 



PROP. -XIII. THEOR. 

In every triangle the square of the side subtending any of the acute angles, is 
lest than the squares of the sides containing that angle, by twice the rectan- 
gle contained by either of these sides, and the straight line intercepted be- 
tween the perpendicular,ktfallupon it from the opposite angle,and the a&tte 
angle. 

Let ABC be any triangle, and the angle at B one of its acute angles, and 
upon BC, one of the sides containing it, let fall the perpendicular (12. 1.) 
AD from the opposite angle : The square of AC, opjxiBite to the angle B, 
is less than the squares of CB, BA by twice the rectan^e CB.BD. 
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First, let AD fall Within the triangle ABC ; 
and because the straight line GB is divided 
into two parta in the point D (7. 2-), BC'+ 
BD2=2BC.BD+CD^. Addtoesch AD»; 
lhenBC*+BD^+AD'=2BC.BD+CD^+ 
AD^ But BD^+AD^-AB', and CD»+ 
DA«= AC^ (47. 1.) i tkerefore BC^+ AB==: 
2BC.BD+AC= ; that is, AC is leas than 
BC'+ABi» by 3BC.BD. 

B n c 

Secondly, let AD fall without the triangle ABC :* Then because the 
angle at D is a right angle, the angle ACB is greater (16. 1.) than a right 
angle, and AB^= (12. 2.) AC'+BC'+2BC.CD. Add BC to each; 
then AB»+BC'=ACH2BC«+2BC.CD. But because BD is divided 
into two parts in C, BCHBC.CD=(3.2.) BC.BD, and 2BC^+3BC.CI> 
=2BC.BD: therefoie AB2+ BCa=ACs+ ZBC.BD ; and AC» is less 
than AB!'+BC^ by 2BD.BC. 

Lastly, let the side AC be perpendicular 
to BO ; then is BC the straight hne between 
the perpendicular and the acute angle at B ; 
and it is manifest that (47. l.)AB^+BC"= 
AC'+2BC«=ACH2BC.BC. 



PROP. XIV. PROB. 



To describe a square that shaU be egwal to a given TectHineal figure. 

Let A be the p^%a rectilineal figure ; it is required to describe a squ&e 

that shall be equal to A. 

Describe (45. 1.) the rectangular parallelogram BCDE equal to the 
rectilineal figure A. If then the sides of it, BE, ED are equal to one an- 
other, it is a square, and what was required is done ; but if they ate not 
equal, produce one of them, BE to F, and make EF equal to ED, and bi- 
sect BF in G; and from the centre G, at the distance GB, or GF, de- 
scribe the semicircle BHF, and produce DE to H, and join GH, There- 
fore, because the straight line BF is divided into two equal parts in the 
point G, and into two unequal in the point E, the rectangle BE.EF, to- 
gether with the square of EG, is equal (5. 2.) to the square of GF : 
but GF is equal to GH ; therefore the rectangle BE, EF, together 
with the square of EG, is equal to the square of GH : But the squares oi 
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HE and EG are equal (47. 
1.) to the square of GH : 
Therefore also the rectangle 
BE.EF, logeihet with the 
square of EG, is equal to 
the squares of HE and EG. 
Take away the square of 
EG, which is common to 
both, and the remaining 
rectangle BE.EF is equal 
to the square of EH : But 
BD is the recUngle con- 
tained by BE and EF, because EF is equal to ED ; therefore BD i 
to the square of EH ; and BD is also equal to the recdlineal fig 
therefore the rectilineal figure A is equal to the square of EH : ' 
fbre a square has been made equal to the given rectilineal figure 
the square described upon EH. 

PROP. A. THEOR. 

If one side of a triangle he bisected, thesvm of the squares of the other two 
sides is double of the square of half the «(fe bisected, and of the sipiart 
of the line dratcnfrom the point of bisection to the opposite angle of the 
triangle. 

Let ABC be a triangle, of which the side BC is bisected in D, and DA 
drawn to the opposite angle ; the squares of BA and AC are together 
double of the squares of BD and DA. 

From A draw AE perpendicular to BC, and because BEA is a right an- 
gle, AB^=(47. 1.) BEHAE^and AC^= 

CE^+AE'; wherefore AB2+AC'=BEs A 

+CE«+2AE2. But because the line 
BC is cut equally in D, and unequally 
in E, BE* + CE* = (9. 2.) 260=' + 
2DEi* ; therefore AB« + AC«=2BD' + 
2DEi*.2AE^ 

Now DE*+AE'=(47. 1.) AD», and 
2DE'+3AE^^2AD»; wherefore AB' + 
AC'=2BD=+2AD». 




PROP. B. THEOR. 

The snm of the sguares vf the diameters of any parallelogram is e^iuU t9 

the sum of the siptares of the sides of the parallelogram. 

Let ABCD be a parallelogram, of which the diameters are AC and BD ; 
the sum of the squares of AC and BD is equal to the sum of the squares 
of AB, BC, CD, DA. 

Let AG and BD intersect one another in E : and because the rertical 
angles AED, CEB are equal (15. 1^, and also the alternate angles EAD, 
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ECB (39. 1.), the trianglea ADE, CEB have two anglea in tli« one equal 

to two anglea in the other, each to each ; but the sides AD and BC, wtuch 

are opposite to equal angles in 

these triangles, are also equal 

(34. 1.); &erefoie the other 

aides which are opposite to the 

equal angles are also equal (26. 

1,), viz. AE to EC, and ED to 

EB. 

Since, therefore, BD is bi- 
sected in E, AB'+AD*=(A. 
2.) 2BE'+2AE"; and for the 
same reason, CD" + BC« = 

2BE'+2EC'=2BE"+2AE^ because EC=AE. Thetefore AB»+AD» 
+DC'+BC*=4BE»+4AE». But 4BEs=:BD«, and 4AE»=AC» (2. 
Cor. 8. 2.) because B D and AC are both bisected in E ; therefore A6'+ 
AD»+CD»+BC^=BD=+AC». 

Cor. From this demonstration, it is manifest that the diameters of every 
parallelogram bisect oue another. 

SCHOLIUM. 

In the case of the rhombus, the sides AB, 6C, being equal, the triangles 
BEC, DEC, hare all the sides of the one equal to the corresponding sides 
of the other, and are therefore equal : whence it follows that the angles 
BEC, DEC, are equal ; and, therefore, that the two diagonals of a tl^in- 
bus cut each other at right angles. 
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GEOMETRY. 



DEFINITIONS. 

A. The radiuB of & circle is the straight line drawn from the centre to the 
circmnfeience. 

1. A straight line is said to touch 
a circle, when it meets Uie cir- 
cle, and being prodnced does 

And that line which has but 
one point in common with 
the circum fere ace, is called a 
tangent, and the point in com- 
mon, the point of contact. , 

2. Circles are said to touch one 
another, which meet, hut do not 
cut one another. 

3. Straight lines are said to be equally dis- 
tant ^om the centre of a circle, when the 
perpendicuIaiB drawn to them from the centre 

4. And the straight line on which the greater 
pependicular falls, is said to be farther Irom 
the centre. 

B. Any portion of the circumference is called an arc. 

The cAord or m£f«utf of an arc is the straight line which joins its two ex- 
tremities. 

C. A straight line is said to be inseribedia a circle, when the extremities of 
il are in the circumference of the circle. And any straight line which 
meets the circle in two points, is called a. stcant. 

5. A segment of a circle is the figure con- 
tained by a straight line, and the arc which 
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€. An angle in a segment is the angle contained 
hj two straight linea drawn from luiy poinf,in 
the circumference of the segment, to ihe extre- 
mities of the straight hue which is the base of 
the segment. 
An inscribed triangle, is one which has its thiee 

angular points in the circumference. 
And, generally, an inscribed figure is one, of 

whichallthe angles are in the circumference. 

The circle is said toeircumscribeBach. afigure. 

7. And an angle is said ta insist or stand upon 
the arc intercepted between the straight lines 
which contain the angle. 

Thlsis usually called anan^feat (AerenCre. The 
angles at the circumference and centTe, are 
both said to be subtended by the chords or 
' arcs which their sides include. 

8. The sector of a circle is the figure contained 
by two straight lines drawn from the centre, and 
the arc of the circumference between them. 

9. Similar segments of a circle 
are those in which the angles arc 
equal, or which contain equal an' 
B^es. 




PROP. I. PROB. 
To find the centre of a given circle. 

Let ABC be the given circle ; it is required to find its centre. 

Draw within it any straight line AB, and bisect {10. 1.) it in D ; 
from the point D draw (II. 1.) DC at right angles to AB, and produce it 
to E, arid bisect CEinF: the point Fis the centre of the cirele ABC. 

For, if it be not, let, if possible, G be the centre, and join GA, GD, 6B : 
Then, because DA is equal to DB, and DG common to the two triangles 
ADG, BDG, the two.sides AD, DG are equal to 
the two BD, DG, each to each ; and the base 
GA is equal to the base GB, because they are 
ladii of the same circle : therefoie the angle 
ADG is equal (8. I.) to the angle GDB : But 
when a straight line standing upon another 
straight line makes the adjacent angles equal to 
one another, each of the angles is a right angle 
{7. def 1.) Therefore the angle GDB is a right 
angle : But FOB is likewise a right angle : 
'therefore the angle FDB is equal to the angle 
GDB, the greater to the less, which is impos- 
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sible : Therefore G is not the centre of the circle ABC : In the same 
maimeT, it can ^e shown that no other point but F is the centre : that is, 
F is the centre of the circle ABC. 

CoR. From this it is manifest that if in a circle a straight line bisect 
another at right angles, the centre of the circle is in the line which bisects 
the other. 

PROP. II. THEOR. 

If any two points be taken in tht eireumference of a circle, the straight line 

which joins them shall fall within the circle. 
. Let ABC be a circle, and A, B any two points in the circumference ; 
the straight line drawn from A to B shall fall 
within the circle. 

Take any point in AB as £ ; find D (1. 3.) 
the centre of the circle ABC; join AD, DB 
and DE, and let DE meet the circumference 
in F. Then, because DA is equal to DB, the 
angle DAB is equal (5. 1.) to the angle DBA ; 
and because AE, a side of the triangle DAE, 
is produced to B, the angle DEB is greater 
(16. I.) than the angle DAE ; but DAE is. 
equal to the angle DBE ; therefore the angle DEB is greater than the 
angle DBE : Now to the greater angle the ^eater aide is opposite (19. 
1.) ; DB is therefore greater than DE : but BD is equarto DF ; where- 
fore DF is greater than DE, and the point E is therefore within the circle. 
The same may be demonstrated gf any other point between A and B, 
therefore AB is within the circle. 

Cor. Evert/ point, moreover, in the production of AB, is farther from the 
centre than the circumference. 

PROP. III. THEOR. 
If a straight line drawn through the centre of a circle bisect a straight Utu in 
the circle, uhieh does not pass through the centre, it will cut that line at right 
angles ; and if it cut it at right angles, it loill bisect it. 

Let ABC be a circle, and let CD, a straight line drawn through the 
centre, bisect any straight line AB, which does not pass through the 
centre, in the point F ; it cuts it also at right angles. 

Take (1. 3.) E the centre of the circle, and join EA, EB. Then be- 
cause AF is equal to FB, and FE common to the 
two triangles AFE, BFE, there are two sides in the 
one equal to two sides in the other : but the base 
EA is equal to the base EB ; therefore the angle 
AFE is equal (8. 1.) to the angle BFE. And 
whetL' a straight line standing upon another makes 
the adjacent angles equal to one another, each of 
ttam is a right (7. Def. 1,) angle : Therefore each 
of the angles AFE, BFE is a right aogle ; where- 
fore the straight line CD, drawn through the centre 
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biaecting AB, which does not pus through the centre, cats AB at right 
angles. 

Again, let CD cut AB at right angles ; CD also bisects AB, that is, AF 
is equal to FB. 

The same construction being made, because the ladii EA, KB are equal 
to one another, the angle EAF is equal (5. 1.) to the angle EBF; and 
the right angle AF£ is equal Co the right angle BFE : Therefore, in the 
two triangles EAF, EBF, there are two angles in one equal to two angles 
in the other ; now the side EF, which is opposite to one of the equal an- 
gles in each, is common to both ; therefore the other sides are equal to 
(28.1,): AF therefore is equal to FB. 

Cor. 1 . Hence, the perpendicular through the middle of a chord, passes 
through the centre ; for this perpendicular is the same as the one let fall 
from the centre on the same chord, since both of them passes through the 
middle of the chord. 

Cor. 2. Tt likewise follows, thai the perpendicular drawn through the 
middle of a chord, and terminated both ways by the circumfeTenee of the circle, 
is a diameter, and the middle point of that diamet^ is therefore the centre of 
the circle. 

PROP. IV. THEOR. 

If in a circle two straight lines cut one another, which do not both pass through 
the centre, they do not bisect each other. 

Let ABCD be a circle, and AC, BD two straight lines in it, which cot 
one another in the point E, and do not both pass through the centre : AC, 
BD do not bisect one another. 

For if it is possible, let AE be equal to EC, and BE to ED; ifoneof the 
lines pass through the centre, it is plain that it 
cannot be bisected by the other, which does not 
pass through the centre. But if neither of them 
pass through the centre, take (1. 3.) F the centre 
of the circle, and join EF : and because FE, a 
straight line through the centre, bisects another 
AC, which does not pass through the centre, it 
must cut it at right (3, 3.) angles; wherafote 
FEA is a right angle. Again, because the 
straight line FE bisects the straight Une BD, which does not pass through 
the centre, it must cut it at right (3. 3.) angles ; wherefore FEB is a right 
angle : and FEA was shown to be a right angle : therefore FEA is equal 
lo'the angle FEB, the less to the greater, which is impossible ; therefore 
AC, BD, do not bisect one another. 

PROP. V. THEOR. 

If two circles cut one another, they cannot have Che same centre. 

Let the two circles ABC, GDG cot one another in the points B, C ; 
the; have not the same centre. 
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For, if it be possible, lei E be their 
centre : join EC, and draw any atmght line 
EFG meeting the circles in F and G : and 
trecauee E is the centre of the circle ABC, 
CE is equal to EF: Again, because E is 
the centre'of the circle CDG, CE is equal to 
EG : but CE was shown to be equal to EF, 
therefore EF is equal to EG, the less to the 
greater, which is impossible : therefore E 
is not the centre of the circles, ABC, CDG. 




PROP. TI. THEOR. 




If tuK) circles touch one another intendlly, they canTiot have the same centre. 

Let the two circles ABC, CDE, touch ooe another internally in the 

point C ; they have not the same centre. 

For. if they have, let it be F ; join FC, and 
draw any straight line FEB meeting the circles 
in E and B ; and because F is the centre of 
ihe circle ABC, CF is equal to FB ; also, be- 
cause F is the centre of the circle CDE, CF 
isequaltoFE: but CF wasahownto be equal 
to FB ; therefore FE is equal to FB, the less 
to the greater, which is impossible ; Where- 
fore F is not the centre of the circles ABC, 
CDE. 

PROP. VII. THEOR. 

Ifanypmntbe taken in the diameter of a circle which is not the centre, of all 

the straight lines which can be drawn from it to the circumference, the great- 
est tf that in which the centre is, and the other part of that diameter is the 
least ; and, of any others, that which is nearer to (he line passing through 
the centre is always greater than one more remote from it; And from the 
same point there can be drawn only two straight lities that are equal to one 
another, one upon each side of the shortest line. 

Let ABCD be a circle, and AD its diamef«r, in which let any point F 
be taken which is not the centre : let the centre be E ; of all the straight 
lines FB, FC, FG, &.c. that can be drawn from F to the circumference, 
FA is the greatest ; and FD, the other part of the diameter AD, is the 
least ; and of the others, FB is greater than FC, and FC than FG. 

Join tE, CE, GE ; and because two sides of a triangle are greater 
(30. 1.) than the third, BE, EF are greater than BF ; but AE is equal to 
EB ; therefore AE and EF, that is, AF, is greater than BF : Again, be- 
canse BE is equal to CE, and FE common to the triangles BEF, CEF, 
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tlie two sidea B£, EP are equal to the two 
CE,EF; butihe angTe BEF is greater than 
the angle CEP; therefore the base BF ia 
greatGr(34. 1.)than the base FC; for the same 
reason, CF is greater than GF. Again, be- 
cause GF, FE are greater (20. 1.) than EG, 
and EG is equal to E D ; GF, FE are greater 
than ED ; take away the common part FE, 
and the lemaindei GF is greater than the re- 
mainder FD : therefore FA is the greatest, and 
FD the least of all the straightlines from F to 
the circumference ; and BF is greater than CF, and CF than GF. 

Also there can be drawn only two equal straight lines from the point F 
to the circumference, one upon each side of the Bhortest line FD ; at the 
point E in the straight line EF, make (23. 1.) the angle FEH equal to the 
angle GEF, and join FH: Then, because GE is equal to EH, and EF com- 
mon to the two triangles GEF, HEF ; the two sides GE, EF are equal ■ 
to the two HE, EF ; and the angle GEF is equal to the angle HEF ; 
therefore 'the base FG ia equal (4. 1.) to the base FH : but besides FH, 
no straight Sine can be drawn from F to the circumference equal to 
FG : for, if there can, let it be FK ; and because FK is equal lo FG, and 
FG to FH, FK is equal to FH ; thai is, a line nearer to that which passes 
through the centre, is equal to one more remote, which ia impossible. 

PROP. VIII. THEOR. 

If any point be taken with'mt a circle, and straight lines he drawn from it to 
the etreumference, whereof one passes through the centre ; of those which 
fall vponthe concave cireumferenee, the greatest is that which passes through 
the centre ; and of the rest that which is nearer to that through the centre 
is always greater than the more remote ; But of those which fall upon the 
convex circumference, the least is that between the point without the circle, 
and the diameter ; and of the rest, that which is nearer to the least is al- 
ways less than the more remote : And only Ivjo equal straight lines can be 
drawn from the point unto the circumference, one upon each side of the least. 

Let ABC be a circle, and D any point without it, from which let the 
straight lines DA, DE, DF, DC be drawn to the circumference, whereof DA 
passes through the centre. Of those which fall upon the concave part of the 
circumference AEFC, the greatest is AD, which passes through the cen- 
tre ; and the line nearer to AO is always greater than the more remote, 
viz. DE than DF, and DF than DC ; but of those which fall -upon the con- 
vex circumference HLKG, the least is DG, between the point D and the 
diameter AG ; and the nearer to it is always less than the more remote, 
•viz. DK than DL, and DL than DH. 

Take (1. 3.) M the centre of the circle ABC, and join ME, MF, MC, 
MK, ML, MH : And because AM is equal to ME, if MD be added to 
each, AD ia equal to EM and MD ; but EM and MD are greater {20. 1 .) 
than ED : dierefore also AD is greater than ED. Again, because ME ia 
equal to MF, and MD common to the triangles EMD, FMD ; EM, MD 
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aigltt lines from the point D 



are equ^io FM, MD ; but the angle EMD i» greater than the angle 

FMD ; therefore the base £D is greater 

(24. 1 .) than the base FD. In like manner 

it may be shewn that FD is greater than 

CD. Therefore DA is the greatest ; and 

DE greater than DF, and DF than DC. 

And because MK, KD are greater (20. 
1.), than MD, and MK is equal to M6, the 
lemainder KD is greater (5. Ai.) than the 
remainder GD, that is, GD is less than 
KD : And because MK, DK are drawn to 
the point K within the triangle MLD from 
M, D, the extremities of its side MD ; MK, 
KD are less (2 1 .1 .) than ML, LD, whereof 
MK is equal to ML ; therefore the remaia- 
der DK is less than the remainder DL : 
In like manner, it may be shSwn that DL 
bless than DH : Therefore DG is the 
least, and DK less than DL, and DL 
than DH. 

Also there can be drawn only two equal a 
to the circumference, one upon each side of the least ; at the point M, in 
the straight line MD, make the angle DMB equal to the angle DMK, and 
join DB ; and because in the triangles KMD, BMD, the side KM is equal 
to the sido BM, and MD common to both, and also the angle KMD equal 
tothe angle BMD, the base DK is equal (4. l.)to the base DB, But, 
besides DB.nostraightline canbe drawn from D to the circumference, equal 
to DK ; for, if there can, let it be DN ; then, because DN is equal to DK, 
and DK equal to DB, DB is equal to DN ; that is, the line nearer to DG, 
the least, equal to the more remote, which has been shewn to be impossible. 

PROP. IX. THEOR. 

If a point be taken leithin a eiTele,from wkiek there fall more than tJBO equal 

straight lines upon the cireumferenee, that point is the centre of the circle. 

Let the point D be taken within the circle ABC, from which there fall 
on the circumference more than two equal straight lines, viz. DA, DB, DC, 
the point D is the centre of the circle. 

For, if not, let E be the centre, join DE, and produce it to the circum- 
ference in F, G ; then FG is a diameter of 
the circle ABC : And because in FG, the di- 
ameter of the circle ABC, there is taken the 
point D which is not the centre, DG is the 
greatest line from it to the circumference, and 
DC greater (7. 3.) than DB, and DB than 
Da ; but they are likewise equal, which is 
impossible : Therefore E is not the centre of 
the circle ABC : In like manner it may be 
demonstrated, that no other point but D is the 
centre : D therefore is the centre. 
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PROP. X. THEOE. 

Om eircU eannot cut unolAn- in more than two points. 

If it be possible, let the circumrerence FAB cot the circumference DEF 
in more thaa two points, viz. in B, G, F ; talce the centre K of the circlo 
ABC, and join KB, KG, KF ; and because within the circle DEF there 
is taken the point K, from which more than two A 

equal straight lines, viz. KB, KG, KF, fail on 
the circumference DEF, the point K is (9. 3.) 
the centre of the circle DEF ; but K is also the 
centre of the circle ABC ; therefore the same 
point is the centre of two circles that cut one 
another, which is impossible (5. 3.). There- 
fore one circumference of a circle cannot cut 
another in more than two points. 



PROP. XI. THEOR. 




If two eirchs towA each other internally, tht straight tine vihiek joint their 

centres being produced, teill pass through the point of contact. 

Let the two circles ABC, ADE, touch each other internally in the point 
A, and let F be the centre of the circle ABC, and G the centre of die cir- 
cle ADE ; the straight line which joins the cen- 
tres F, G, being produced, passes through the 
poirft A. 

For, if not, let it fall otherwise, if possible, as 
FGDH, and join AF, AG: And because AG, 
GF are greater (20. 1.) than FA, that is, than 
FH, for FA is equal to FH, being radii of the 
same circle ; take away the common part FG, 
and the remainder AG is greater than the re- 
mainder GH. But AG is equalto GD, there- 
fore GD is greater than GH ; and it is also leas, 
whicbis impossible. Thereforethe straightline 
which joins the points F and G cannot fall otherwise than o 
A ; that is, it must pass through A. 

CoR. 1 . If two circles touch each other internally, the distance be- 
tween their centre must be equal to the difference of their radii : for the 
circumferences pass through the same point in the line joining the centres. 

Cor. 2. And, conversely, if the distance between the centres be equal 
to the difference of the radii, the two circles wiU touch each other inter- 
luJty. 




point 
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PROP. XII. THEOR. 



if ttw anUs Umek each other externally, the straight lirie ahieh joins their 
centres will pass through the point of contact. 

Let tlie two circles ABC, ADE, touch each other externally in the point 
A ; and let F be the centre of the circle ABC, and G the cenire of ADE ; 
the straight line which joins the points F, G shall pass through the point 
of contact. 

For, if not, let it paaa otherwise, if possible, FCDG, and join FA, AG : 
and because F is the centre of the circle ABC, AF is equal to FC : Also 
because G is the centre of the 
circle, ADE, AG is equal to 
GO. Therefore FA, AG are 
equal to FC, DG ; wherefore 
the whole FG is greater than 
FA, AG ; but it la also less 
(20. 1 ,), which is impossible : 
Therefore the straight line 
which joina the points F, G 
cannot pass otherwise than 
through the point of contact A ; that Is, it pdsses through A. 

Cor. Hence, if two clrcies touch each other externally, (he distance 
between their centres will be equal to the sum of their radii. 

And, conversely, if the distance between the centres be equal to the sum 
of the radii, the two circles will touch each other externally. 




PROP. Xin. THEOR. 



!, whether it touehea 



For, if it be possible, let the circle EBF touch the circle ABC in more 
points than one, and first on the inside, in thp points 11, D ; join BD, and 
draw (10. 11. 1.) GH, bisecting BD at right angles : Therefore because 
*he points B, D are in the circumference of each of the circles, thestiaight 




line BD falls within each (2. 3.) of them: and therefore their centres are 
(C«r. 1. 3.) in the straight line GH which bisects BD at right an^es : 
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therefore GH passes through the point of contact (11. 3.); but it does 
not pass through it, because the points B,'D are without the straight line 
GH, which is absurd : therefore one circle cannot touch another in the 
inside in more points than one. 

Nor can two circles touch one another on the outside in more than one 
point : For, if it be possible, let the circle ACK 
touch the circle ABC in the points A, G, and join 
AC : therefore, because the two points A, C are 
in the circumference of the circle ACK, the straight 
line AC which joins them shall fall within the 
circle ACK : And the circle ACK is without the 
circle ABC : and therefore the straight line AC is 
also without ABC ; but, because the points A, C 
are in the circumference of the circle ABC, the 
straight line AC must be within (2. 3.) the same 
circle, which is absurd : therefore a circle cannot 
touch another on the outside in more than one 
point: and it has been shewn, that a circle cannot 
touch another on the inside in more than one point. 

PROP. XIV. THEOR. 

Egital straight lirtes tn a circle are equally distant from the centre; and these 
which are equally distant from the centre, are equal to one another. 

Let the straight hues AB, CD, in the circle ABDC, be equal to one 
another : they are equally distant from the centre. 

Take E the centre of the circle ABDC, and from it draw EF, EG, per- 
pendiculars to AB, CD ; join AE and EC. Then, because the straight 
line EF passing throngh the centre, cats (he 
straight line AB, which does not pass throu^ 
the centre at right angles, it also bisects (3. 

3.) it : Wherefore AF is equal to FB, and AL_^ — _— iC 
AB double of AF. For the same reason, '^ " — --7\ 

CD is double of CO : But AB is equal to 
CD ; therefore AF is equal to CG : And be- 
cause AE is equal toEC, the square of AE is 

«qua] to the square of EC : Now the squares ^ 

of AF, FE are equal (47. 1.) to the square B 

of AE, because the angle AFE is a right angle ; and, for the like reason, 
the squares of EG, GC are equal to the square of EC : therefore the 
equares of AF, FE are equal to the squares of CG, GE, of which the 
square of AF is equal to the square of CG, because AF is equal to CG ; 
therefore the remaining square of FE is equal to the remaining square of 
EG, and the straight line EFis therefore equal to EG: But straight lines 
in a cirde are said to be equally distant from the centre when the perpen- 
diculars drawn to them -from the centre are equal (3. Def. 3.) : therefore 
AB,'CD are equally distant from the centre. 

Next, if the straight lines AB, CD be equalljr distant irom the centre, 
that is, if F£ be equal to EG, AB is equal to CD. For, the same con- 
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stnictioii being made, it may, as before, be demonstrated, that AB is double 
of AF, aod CD double of CG, and that the squares of EF, FA are equal 
to the squares of EG, GO ; of which the square of FE is equal to the 
square of EG, because FE is equal to EG : therefore the remaining square 
of AF is equal to the remaining square of CG ; and the straight line AF 
is dierefore equal to CG : But AB is double of AF, and CD double of 
CG i wherefore AB is equal to CD. 

PROP. XV. THEOR. 

The diameter is t!te greatest straight line in a eifck ; and of aU others, 

that which is nearer to the centre is always greater than ona more remote ; 

and the greater is nearer tS the centre than the less. 

Let ABCD be a circle, of which the diame- 
ter b AD.and the centre E ; and let BO be near- 
er to the centre than FG ; AD is greater than 
any straight line BC which is not a diameter, and 
BC greater than FG. 

From the centre draw EH, EK perpendiculars 
to BO, FG, and join EB, EC, EF ; and because 
AE is equal to EB, and ED to EC, AD is equal 
to EB, EC : But EB. EC are greater {20. 1.) 
than BC ; wherefore, also, AD is greater' than 
BC. 

And, because BC is nearer to the centre than FG, EH is less (4. Def. 
3.) than EK ; But, as was demonstrated in the preceding, BC is double 
of BH, and FG double of FK, and the squares of EH, HB are equal to 
the squares of EK, KF, of which the square of £H is less than ihe square 
of EK, because Ellis less than EK; therefore the square of BH is greater 
than the square of FK, and the straight line BH greater than FK : and 
therefore BC is greater than FG. 

Next, let BC be greater than FG ; BC is nearer to the centre than FG : 
that is, the same construction being made, EH is less than EK ; because 
BC is greater than FG, BH likewise is greater than KF : but the squares 
of BH, HE are equal to the squares of FK, KE, of which the square of 
BH is greater than the square of FK, because BH is greater than FK ; 
therefore the square of EH ia less than the square of EK, and the straight 
hue EH less than EK. 

Cor. The shorter the chord is, the farther it is from the centre ; and, 
coHTcrsely, the faither the chord is from the centre, the shorter it is. 

PROP. XVI. THEOR. 

The straight 2i7ie drawn at right angles to the diameter of a circle, from tho 
extremity of it, falls iiiithout the circle ; and no straight line can be draion 
between that straight line and the cireumferenee,from the extremity of tha 
diameter, so as not to cut the circle. 
Let ABC be a circle, the centre of which is D, and the diameter AB : 

and let AE be drawn from A peipendiculai to AB, AE shall faU without 

dte circle. 
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In A£ take any point F, join DF and let DF meet the circle i 
Because DAF is a right angle, it is greater 
than the angle AFD (32. 1 .] ; but the greater 
angle of any triangie is subtended by the 
greater side (19. 1.), therefore DF is greater 
than DA : now DA is equal to DC, there- 
fore DF is greater than DC, and the point 
F is therefore without the circle. And F 
is any point whatever in the line AE, there- 
fore AE falls without the circle. 

Again, between the straight line AE and 
the circumference, no straight line can be 
drawn from the point A, wliich does not cut 
the circle. Let AG be drawn in the angle 
right angles to AGi and because the angle 
DHA is a right angle, and the angle DAH 
less than a right angle, the aide DH of the 
triangle DAH is less than the side OA (19. 
1.). The point H, therefore, is within the cir- 
cle, and therefore the straight line AG cuts 
the circle. 

Cor. 1. From this it is manifest, that the g L 
straight line which is drawn at right angles to ' 
the diameter of a circle from tha extremity of 
it, touches the circle ; and that it touches it 
only in one point ; because, if it did meet the 
circle in two, it would fall within it (2. 3.). 
Also it is evident that there can be but one straight Una which touches tJie 
circle in the same point. 

CoH. 2. Hence, a perpendicular at the extremity ofa diameter is a tan- 
gent to the circle ; anj, conversely, a tangent to a circle is perpendicular 
to the diameter drawn from the point of contact. 

CoH. 3. It follows, likewise, that tangents at each ex^emity of the 
diameter are parallel (Cor. 28. B- 1 .) ; and, conversely, parallel tangents 
are both perpendicular to the same diameter, and have their points of con- 
tact at its extremities. 

PROP. XVII. PROB. 

To draw a straight Uw from a given point either tnithout orintht eiream- 
ferencc, which shall touch a given circle. 

First, let A be a given point without the given circle BCD ; it is re- 
quired to draw a straight line from A which snail touch the circle. 

Find (1. 3.) the centre E of the circle, and join AE; and from the cen- 
tre. E, at the distance EA, describe the circle AFG; from the point D 
draw (11. I.) DF at right angles to EA, join EBF, and draw AB. AB 
touches the circle BCD. 

Because E is the centre of the circles BCD, AFG, EA is equal to 
, £F, and ED to £B ; therefore the two sides AE EB are equal to tho 
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two FE, ED, and they contain the angle at E common to the two trian- 
des AEB, FED; therefore the base DP 
IB equal to the base AB, and (he triangle 
FED to the triangle AEB, and the other 
angles to the other angles (4. 1.) ; there- 
fore the angle EBA is equal to the angle 
EDP; but EDF is a right angle, where- 
fore EBA is a right angle ; and EB is a 
line drawn from die centre : but a straight 
line drawn from the extremity of a diame- 
ter, at right angles to it, touches the circle 
(I Cor. 16.3.): therefore AB touches the 
circle ; and is drawn from the given poiiit A. * 

But if the given point be in the circumference of the circle, as the point 
D, draw DE to the centre £, and DF at right an^es to DE ; DF touches 
the circle (1 Cor. 16.3.) 

SCHOLIUM. 

When the point A lies without the circle, there viU evidently be always 
two equal tangents passing through the point A. Vor, by producing the 
tangent FD till it meets the circuoderence AG, aiid joining E and the point 
of intersectiou, and also A and the point where this last line will intersect 
the circumference DC ; there will be formed a right angled triangle equal 
to ABE (46. 1.). 




PROP. XVIII. THEOR. 



If a slraight lin* touch a circle, ihe straight line drawn from the centre to 
the point of contact, is porpendictilar to the line tokening the circle. 

Let the straight Hue DE touch the circle ABC in the point C ; take 
the centre F, and draw the straight line FC : FC is perpendicular to DE. 

For, if it be not, from the point F draw FBG perpendicular to D£ ; and 
because FGC is a right angk, GCF must « 

be(17. 1.) anacute angle ; and to the great- 
er angle the greater side (19. 1.) is oppo- 
site ; therefore FC is greater than FG ; 
but FC is equal to FB ; therefore FB is 
greater than FG, the less than the greater, 
which is impossible ; wherefore FG is not 
perpendicular to DE ; in the same manner 
it may be shewn, that no other line but FC 
can be perpendicular to DE ; FC is there- 
fore perpendicular to D£. 

10 
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PROP. XIX. THEOR. 

If a straight Un^ touch a dreU, and from the point of eontaet a straight line 
be drawn at right anglet to the touching line, the centre of the cirue is in 
that line. 

Let tlie straight line DE touch the circle ABC, in C, and from C let 
CA be drawD at right angles to DE ; the centie of the circle ia ia CA. 

For, if not, let F be the centre, if possible, 
and join CF. Because DE touphea the cir- 
cle ABC, and FC is drawn from the centra 
to the point of contact, FC is perpendicular 
(18. 3.) to DE ; therefore FCE b a right 
angles but ACE is also a right angle; 
therefore the angle FCE is equal U> the an- 
gle ACE, the less to the greater, which is 
impossible ; Wherefore F is not the centre 
of the circle ABC : in the same manner it 
may be shewn, that no other point which is 
not in CA, is the centre ; that ia, the centie 
is in CA. 

PROP. XX. THEOR. 

The angle at the centre of a circle is double of the angle at the eireitmfer- 
. ence, upon the same base, that is, upon thg same part of the circumfer- 




Let ABC be a circle, and EDO an angle at th« centre, and BAC an 
angle at the circumference which have the same circumference BC for 
the base ; the angle BDC is double of the angle BAC. 

First, let D, the centre of the circle, be within the angle BAC, and join 
AD, and produce it to E : because DA is equal 
to DB, the angle DAB ia equal (5. 1.) to the 
angle DBA : dierefore the angles DAB, DBA 
together are double of the angle DAB; but the 
angle BDE is equal (32. 1.) to the angles DAB, 
DBA ; therefore also the angle BDE is double 
of the angle DAB ; for the same reason, the an- 
gle EDC is double of the angle DAC ; there- 
fore the whole angle BDC is double of the whole 
angle BAC. .-^ 

Again, let D, the centre of the circle, be 
without the angle BAC; and join AD and pro- 
duce it to E. It may be demonstrated, as in 
the first case, that the angle EDC is double 
of the angle DAC, and that EDB, a part of 
the first, is double of DAB, a part of the 
other ; therefore the remaining angle BDC is 
doable of the remaining angle BAC. 
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PROP. XXI. THEOR. 
Th« angles in tha same segmeiU of a cireh are equal to dm anotitr. 

Let ABCD be a circle, and BAD, BED 
angles in the same eegment BAED : the an- 
gles BAD, BED are equal to one another. 

Take F the centre of the- circle ABCD : 
And, firat, let the se^ent BAED be greater 
than a semicircle, and join BF, FD : and be- 
cause the angle BFD is at the centre, and the 
angle BAD at the circuni fere nee, both having 
the same part of (he circumference, viz. BCD, 
far their base; therefore the angle BFD is 
double {20. 3.) of the angle BADr for the 
same reason, the angle BFD is double of ths 
angle BED : therefore the angle BAD is equal 
to the angle BED. 

But, if the segment BAED be not greater 
than a semicircle, let BAD, BED be angles 
in it ; these also are equal to one another. 
Draw AF to the centre, and produce to C, and 
Join CE: therefore the segment BADO is 
greater than a semicircle ; and the angles in 
ii, BAC, BEC are equal, by the first case : 
for the same reason, because CBED ia great* 
er than a semicircle, the angles CAD, CED 
are equal ; therefore the whole angle BAD is 
equal to the whole angle BED. 

PROP. XXII. THEOR. 

The opposiu angle* of any quadrilaleral fgure described in a circle, are 
together equal to two right angles. 

Let ABCD be a quadrilateral figure in the circle ABCD ; any two of 
its opposite angles are togetlKr equal to two right angles. 

Join AC, BD. The angle CAB is equal (31. 3.) to tha angle 
CDB, because they are in the same segment 
BADC, and the angle AGB is equal lo the an- 
gle ADB, because they are in the same seg- 
ment ADCB ; therefore the whole angle ADC 
is equal to the angles CAB, ACB : to each of 
these -equals ad<( tbe angle ABC ; and the an- 
gles ABC, ADC, are equal to the angles ABC, 
CAB, BCA. But ABC, CAB, BCA are equal 
to two right angles (32. 1.) ; therefore also the 
angles ABC, ADC are equal to two right an- 
gles \ in the same manner, the angles BAD, 
DCB may be shewn to be equal to two right an^es. 





b, Google 




78 ELEMENTS 

Cor- 1. If any side of a quadrilateral be produced, the exterior angle 
will be equal U> the interior opposite angle. 

Cor. 2. It follows, Ukewbe, that a quadrilateral, of which the op- 
posite angles are not equal to two right angles, cannot be inscribed in a 
circle. 

PROP. XXIII. THEOR. 

Upon the same straight lint, and upon tkt'same side of it, there cannot b« 
two simiiaf segments of circles, not (:oinciding milh one another. 

If it be possible, let the two similar segments of circles, m. ACB, ADB, 
be upon the same side of the same straight line AB, not coinciding with 
one another i then, because the circles ACB, ADB, cut one another in 
the two points A, B, they cannot cut one another in any other point (10. 
3.) : one of ihe segments must therefore fall 
within the other: lit ACB fall within ADB, 
draw the straight line BCD, and join CA, DA : 
and because the segment ACB la similar to the 
eegmeot ADB, and similar segments of circles 
contain (9. def. 3.) equal anglea, the angle 

ACB ia equal to the angle ADB, the exterior . . — _ 

to the interior, which is impossible (16. I.). ■** B 

PROP. XXIV. THEOR. 
Simiiar segments of eireles upon equal strmght lines are equal to one another. 

Let A EB, CFD be similar segments of circles upon the equal straight 
lines AB, CD ; the segment AEB is equal to the segment CPD. 

For, if the segment AEB be apphed to the segment CFD, so as the 
point A be on C, and the 
straight line AB upon CD, 
the point B shall coincide 
with the point D, becauae 

AB is equal to CD ; there- — — , 

fore the straijght hne AB A. ^ B C JJ 

coinciding mth CD, the segment AEB must (23. 3.) coincide with the 
segment CFD, and therefore is equal to it. 

PROP. XXV. PROB. 

A segment of a circle being given, to rleseribe the circle of loAtcA ti is the 
segment. 

Let ABC be the given segment of a circle ; it is required to describe 
the circle of which it is the segment. 

Bisect (10. 1.) AC in D, and from the point D draw (11. 1.) DB at 
right angles to AC, and join AB : Firsts let the angles ABD, BAD b« 
equal to one another; then the straight line BD is equal (6. 1.) to DA, 
and therefore to DC ; and because the three straight liues DA, DB, DC, 
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are all equal ; D ia the centre of the circle (9. 3.) ; from the centre D, at 
the distance of any of the three DA, DB, DC, describe a circle i this shall 
pass Lhrough the other points ; and the circle of wliich ABC ia a segment 



^TX-^ 




D 

ia described : agd because the centre D ia in AC, the segment ABC is « 
aemicircle. Next, let the angles ADD, BAD be unequal ; at the point A, in 
the straight line A8, make {33. 1.) the angle BAE equal to the angle ABD, 
and produce BD, if necessary, to E, and join EC : and because the &ngle 
ABE is equal to the angle BAE, the straight line B£ is equal (6. 1.) to 
EA : and because AD is equal to DC, and DE common to the triangles 
ADE, CDE, the two siaes AD, DE are equal to the two CD, DE. each 
to each ; and the angle ADE is equal to the angle CDE, for each of them 
is a right angle ; therefore the base AE is equal (4. 1.) to the base EC : 
but AE was she^vq to be equal to EB, wherefore also BE is equal to EC : 
and the three straight lines AE,EB, EC are therefore equal lo one another; 
wherefore (9. 3.) E ia the centre of the circle. From the centre E, at 
the distance of any of the three AE, EB, EC, describe a circle, this shall 
pass through the other points ; and the circle of which ABC is a segment 
is described : also, it is evident, that if the angle ABD be greater than the 
angle BAD, the centre E falls without the segment ABC, which therefore 
is less than a semicircle ; but if the angle ABD be less than BAD, the cen* 
tre B falls within the segment ABC, which ia therefore greater than a semi- 
circle : Wherefore, a segment of a circle being given, the circle is do- 
scribed of which it is a segment. ' 

PROP. XXVI. THEOa. 

In equal eireUs, equal angles stand upon equal arcs, whether they be at the 

* centrfS or circumferences. 

Let ABC, DEF be equal chrcles, and the equal angles BGC, EHF at 
their centres, and BAG, EDF at their circumferences : the arc BKC is 
equal to the arc ELF. 
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Join 6C, EF ; aod because th« circles ABC, DEF are equal, the straight 
lines drawn from their centres ar.e equal : liierefore ihe two sides BO, 
GC, are eqoai to the two EH, HP ; and the angle at G is equal to the an- 
gle at H ; therefore the base fiC is equal (4. I.) to the base EF : and be- 
cause the angle at A is equal to the angle at D, the segmeat BAG is similar 
{9, def. 3.) to the segment EDF ; and they are upoa equal straight lines 
BC, EF ; but similar segments of circles upon equal straight lines are 
equal (24. 3.) to one another, therefore the segment BAG is equal to ihe 
segment EDF : but the wbole circle ABC is equal to the whole DEF ; 
therefore the remaining segment BKC is equal to the rentaining segment 
ELF, and ihe arc BKG to the arc ELF. 

PROP. XXVIL THEOB. 

In equal circles, the angles ahieh stand upon equal ares are equal to onB 
another, whether they be at the centres or eircumferenees. 

Let the angles BGC, EHF at the centres, aud BAG, EDF at the cir- 
cumferences .of the equal circles ABU, DEF stand upon the equal arcs 
BC, EF : the angle BGG is equal to the angle EHF, and the angle BAC 
to the angle EDF. 

If the angle BGC be equal to the angle EHF, it is manifest (30. 3.) 
that the angle BAC is also equal to EDF. But, if not, one of ihem is the 
greater ; let BGC be the greater, and at the point G, in the straight line 
BG, make the angle (33. 1.) BGK equal to the angle EHF. And because 
equal angles stand upon equal arcs (26. 3.), when they are at the centre^ 




the arc BK is equal to the arc EF : but EF is equal to BC ; therefore 
also BK is equal to BC, the less to the greater, which is impossible. There- 
fore the angle BGC is not unequal to the angle EHF; that is, it is equal 
to it : and the angle at A is half the angle BGG, and the angle at D half 
of die angle EHF ; therefore the angle at A is equal Ut the angle at D. 

PROP. XXVIII. THEOR. 

In equal eireles, equal straight lines cut off equal ares, the greater equal to 

the greater, and the less to the less. 

Let ABC, DEF be equal circles, and BC, EF equal straight lines la 
ihem, which cut off the two greater arcs BAC, EDF, and the two less 
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BGC, EHF : the greater BAG is equal to iha greater EDF, and the lesa 
BGC to the less EHF. 

Take (1. 3.) K, L, the centres of the circles, and join BK, KC, EL, 
LF ; and because the circles are equal, the straight lines from their centres 




are equal ; therefore BK, KC are equal to EL, LP ; but the base BC is 
also equal to the base EF ; therefore the angle BKG is equal (S, 1.) to the 
angle ELF : and equal angles stand upon equal (26. 3.) arcs, when they 
are at the centres; therefore the arc BGC is equal (o the arc EHF. 
But the whole circle ABC is equal to the whole EDF ; the remaining part, 
therefore, of the circumference viz. BAG, is equal to the remaining part ' 
EDF. 

PROP. XXIX. THEOR. 

In equal circles equal ares are subtended by equal straight lints. 

Let ABC, DiSF be equal circles, and let the area BGC, EHF also be 
eqnal ; and join BO, EF : the straight Une BC is equal to the straight line 
EF. 

Take (I. 3.) K, Lthe centresof the circles, and jomBK, KG, EL, LF : 
and because the arc BGC is equal to the arc EHF, the angle BKO is 
equal (27. 3.) to the angle ELF : also because the circles ABC, DEF are 
equal, their radii are equal : therefore BK, KC are equal to EL, LF : and 




thejr contain eqn&l angles ; therefore the baio BG is equal (4'. 1.) to the 
baseEF. 
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PROP. XXX, THEOR. 
To bisect a given arc, that is,' to divide it into turn aqualpartt. 

Let ADB be the given &tc ; it is required to bisect it. 

Join AB, and biaect(10. 1.) it in C ; from the point Cdnw CD at right 
angles to AB, and join AD, DB : the arc ADB is bisected in the point D. 

Because AC ia equal to CB, and CD common to the triangle ACD, 
BCD, the two sides AC, CD are equal to the ~ 

two BC, CD ; and the angle ACD is equal to 
the angle BCD, because each of them is s 
right angle ; therefore the base AD is equal 

(4. 1.) to the base BD, But equal straight -j 

lines cut off equal arcs, (28. 3.) the greater ji. C B 

equal to the greater, and the leas to the less ; and AD, DB are each of 
them less than a semicircle, because DC passes through the centre (Cor. 
1 . 3.) i wherefore the arc AD is equal to the arc DB : and therefore the 
given arc ADB is bisected in D. 

SCHOLIUM. 

By the same construction, each of the halves AD, DB may be divided 
into two equal parts ; and ihua, by successive subdivisions, a given arc 
may be divided into four, eight, sixteen, &c. equal parts. 

PROP. XXXI. THEOR. 

/tt a circle, the angle in a semxcireU is a right angle ; but the angle in a seg- 
ment greater than a semicircle is less then a right angle ; and the angle m 
a segment less than a semicircle is greater than a right angle. 

Let ABCD be a circle, of which the diameter is BC, and centre E ; 
draw CA dividing the circle into the segments ABC, ADC, and join BA, 
AD, DC ; the angle in the semicircle 6AC ia a right angle ; and the an- 
gle in the segment ABC, which is greater than a semicircle, is less than a 
right angle ; and the angle in the segment ADC, which is leas than a semi' 
circle, is greater than a right angle. 

Join AE, and produce BA to F ; and because BE is equal to £A, the 
angle EAB is equal (5. 1.) to EBA : also 
because AE is equal to EC, the angle EAC 
is equal to ECA ; wherefore the whole an* 
gle BAC is equal to the two angles ABC, 
■ ACB. But FAC, the exterior angle of the 
triangle ABC, is also equal (33. 1.) to ihe 
two angles ABC, ACB ; therefore the an- 
gle BAC is equal to the angle FAC, and 
each of them is therefore a right angle (7. 
def.l.); wherefore the angle BAC in a semi- 
urcle is a right angle. 
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And because the two angles ABC, BAG of the triangle ABC are to- 
gether leas (17. 1.) than two right angles, and BAG is a right angle, ABG 
must be less than a right angle ; and therefore the angle in a segment 
ABG, greater than a semicircle, is leas than a right angle. 

Also because ABCD is a quadrilateral figure in a circle, any tro of its 
opposite angles are equal (22. 3.) to two right angles ; therefore the angles 
ABC, ADC are equal to two right angles ; and ABC is leas than a right 
angle ; wherefore the other ADC is greater thaa a right angle. 

Cor. From this it is manifest, that if one angle of a triangle be equal to 
the other two, it is a right angle, because the angle adjacent to it is equal 
to the same two ; and when the adjacent angles are equal, they are right 
angles. 

PROP. XXXII. THEOR. 

If a straig}it ItTie touch a circle, and from tht pottii of contact a straight 
line be drawn cutting the eircU, the angles made by this line with the line 
tehieh touches the eirele, shaB bi equal to the angles in tie alternate seg- 
ments of the circle. 

Let the straight line EF touch the circle ABCD in B, and from the 
point B let the straight line BD be drawn cutting the circle: the angles 
nhich BD makes with the touching line EF shall be equal to the angles 
in the ahernate segments of the circle : that is, the angle FBD is equal to 
I the angle which is in the segment DAB, and the angle DBE to the angle 
in the segment BCD. 

Ffom the point B draw (11. l.)BA at fight angles to EF.andUke any 
point C in the arc BD, and join AD, DC, GB ; and because the straight 
hne EF touches the circle ABCD in the [loint B, and BA is drawn alright 
angles to the touching line, from the point of contact B, the centre of the 
circle is (19. 3.) in BA ; therefore the an- 
gle ADB in a semicircle, is a right an- 
gle (31. 3.), and consquently the other two 
angles, BAD, ABD, are equal (33. 1.) to 
a right angle ; but ABF is likewise a right 
angle ; therefore the angle ABF is equal 
to the angles BAD, ABD: take from 
these equals the common angle ABD, 
and there will remain the angle DBF 
equal to the angle BAD, which is in the 
alternate segment of the circle. And be- 
cause ABCD is a quadrilateral figure in 
a circle, the opposite angles BAD, BCD are equal (22. 3.) to two right 
angles ; therefore the angles DBF, DBE, being likewise equal(13. 1.) to 
two right angles, are equal to the angles BAD, BCD i and DBF has been 
proved equal to BAD : therefore the remaining angle DBE is equal to the 
angle BCD in the alternate segment of \ho circle. 
11 
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Upon agiven straight line to describe a segmtnt of a etreh, containing a 
angle equal to agiven rectUinetU angle. 



i\V I DIU13(;i IIU. l..f JXU lU X , lull 



Let AB be tte given straight line, and the angle at C the given recti- 
lineal angle ; it Is requited to describe upon the given straight line AB a 
oegmenl of a circle, containing an angle equal to the angle C. 

First, let the angle at C be a right angle ; bisect (10. 1.) AB in F, and 
from the centre F, at the distance FB, 
describe the semicircle AHB ; the an- 
gle AHB being in » semicircle is (31. 
3.) equal to the right angle at C. 

But if the angle C be not a right an- 
gle at the point A, in the straight line 
AB, make (23. 1.) ttie angle BAD equal 

to the angle C, and from the point A draw (II. 1.) AE at right angles t< 
AD ; bisect (10, 1.) AB in F, and j- 

from F draw (II. 1.) FG at right 

angles to AB, and join Gp : then 
because AF is equal to FB, and 
FG common to the triangles AFG, 
BFG, the two sides AF, FG tiro 
equal to the two BF, FG ; bat tho 
angle AFG is also equal to tfle 
angle BFG ; therefore the base AG 
is equal (4. 1.) to the base GB; and 
the circle described from the centre 

G, at the distance GA, shall pass 

through the point B ; let this be the circle AHB: and because from the 
point A the extremity of the diameter AE, AD la drawn at right angles to 
AE, therefore AD {Cor. 1. 16. 3.) touches 
the circle ; and because AB, drawn from 
the point of contact A, cuts the circle, 
the angle DAB is equal to tiie angle in , 
the alternate segment AHB (32. 3.) ; 
but the angle DAB is equal to the angle 
C, therefore also the angle C is equal to 
the angle in the segment AHB : Where- 
fore, upon the given straight line AB 
the segment AHB of a circle is describ- 
ed which contains an angle equal to the ^rea angle at C. 
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PROP. XXXIV. PROB. 

To eat off a segment from a given circle lohieh- shall contain an angle equal 
to a given reetiltneal angle. 

Let ABC be the given circle, and D the given rectiline^ angle ; it ia 
required to cut off a segment from the circle ABC that shall contain an 
angle equal to the angle D. 

Drav(17. 3.) the straight line EF touching the circle ABC in the point 
B, and at the point B, in the straight 
line BF make (23. 1.) the angle FBC 
equal to the angle D ; therefore, be- 
cause the straight line £F touches 
the circle ABC, and BC is drawn 
from the point of contact B, the an- 
^e FBC is equal (32. 3.) to the an- 
gle in the alternate segment BAG; 
but the angle FBC is equal to the an- 
gle D : therefore the angle in the 
segment BAC is equal to the angle 
D : wherefore the segment BAC is cut off from the gjren circle ABC 
containing an angle equal to the given angle D. 

PROP. XXXV. THEOR. 

Ifttoo straight lines vnihin a circle cut one another, the rectangle contained 
by the segments of one of them is equal to the rectangle contained by the 

segments of the other. ^ 

Let the two straight' lines AC, BD, within the circle ABCD, cut one 
another in the point E ; the rectangle contained hy AE, EC is equal to 
the rectangle contained by BE, ED. 

If AC, BD pass each of them through the cen- 
tre, so that E is the centre, it is evident that AE, 
EC, BE, ED, being aU equal, the rectangle AE. 
EC is likewise equal to the rectangle BE.ED. 

But let one of them BD pass through the cen- Br" 
tre, and cut the other AC, which does not pass 
through the centre, at right angles in the point E ; 
then, if BD be bisected in F, F is the centre of 
the circle ABCD ; join AF : and because BD, which f 
centre, cuts the straight line AC, which does not 
pass through the centre at right angles, in E, AE, 
EC are equal (.'). 3.) to one another ; and because 
the straight line BD is cut into two equal parts 
in the point F, and into two unequal in the ^int 
E, BE.ED (5. 2.) + EF^ = FB^ = AF=. But 
AF^ = AE» + (47. 1.) EPi.therefore BE.ED + 
EF', = AE' + EF', and taking EF^ from each, aV 
BE.ED=AE==AE.EC. -^N 

Next, let BD, which passes through the centre, 
cut tho other AC, which does not pass through 
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the c«nlie, in E, but not at right angles ; then, as before, if BD be bisect- 
ed in F, F is the centre of the circle. Join AF, 
and from F draw (12. 1.) FG perpendicular to 
AC ; therefore AG is equal (3. 3.} to GC ; where- 
fore AE.EC + (5. 2.) EG' = AG', and adding 
GPa to both, AE.EC+EG'+GF»^AG^+GF«. 

Now EG'+GF2=EF', and AG'+GF^-AF«; ^ ^ , x^ , 
therefore AE.EC+EF'=AFi'=FB=. ButFBi' AV HN /*' 

=BE.ED+(5. 2.) EF», therefore AE,EC+EF* 
=BE.ED-i-EF*, and taking EF» from both,, AE. 
ECi^BE.ED. 

Lastly, let neither of the straight lines AC, 
BD pass through the centre : take the centre F, 
and through E, the intersection of the straight 
bnes AC, DB, draw the diameter GEFH : and 
because, as baa been shown, AE.EC=GE.EH, 
and BE.ED=GE.EH; therefore AE.EG=:BE. 
ED. 



PROP. XXXVI. THEOR. 



Jfjrom any point tuithctil a circle ttno straight lines be drawn, otn of which 

cuts the circle, and the other touches it ; the rectangle contained by the vshote 
line which cuts the circle, and the part of it without the circle, is eqaal to the 
square of the line which touches it. 




Let D be any point without the circle ABC, and DCA, DBtwo straight 
lines drawn from it, of which DCA cuts the circle, and DB touches it : 
the rectangle AD.DC is equal to the square of DB- 

Either DCA passes through the centre, or it 
does not ; first, let it pass through the centre E, 
and join EB ; therefore the angle EBD is a 
right an^le [18. 3.) : and because the Etraight 
line AC is bisected in E, and produced to the 
point D, AD.DC+EC«=ED« (6. 2.). But 
EC = EB, dierefore AD.DC + EB= = ED*. 
Now ED!= (47. 1.) EBH BD«, because EBD 
is a right angle ; therefore AD.DC + EB* = 
EB* -(- BD*, and taking EB* from each, AD.DC 
=BD=. 

But, if DCA does not pass through the cen- 
tre qf the circle ABC, take (I. 3.) the centre E, 
and draw EF perpendicular(12. l.)to AC,ancl 

CEB, EC, ED ; aitd because the straight 
EF, which passes Umnigh the c«ntre, cuts 
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the straight line AC, which does not paaa 
thiough the centre, at right angles, it likewise 
bisects it (3. 3.) ; therefore AF is equal to PC ; 
lud because the straight line AC is bisected in 
F, and produced to D (6. 3), AD.DC+FC= 
. FD^ add FE^ to both, then AD.DC+FC=+ 
FE=^FD'+FE2. But (47. 1'.) EC2~F0'+ 
FE', and ED^=FD»+FE', because DFE is 
aright angle; therefore AD.DC + EC==ED^ 
Now, because EBD is a right angle, ED*= 
EB*+BD»=EC>+BD', and therefore, AD. 
DC+EC«=!EC^+BDS and AD.DC=BD». 

Cor. 1. If from any point without a circle, 
there be drawn two straight lines cutting it, as 
AB, AC, the rectangles contained by the whole 
lines and the parts of them without the circle, 
are equal to one another, viz. BA.AE=CA. 
AF i for each of these rectangles is equal to 
the square of the straight line AD, which touch- 
es the circle. 

Cor. 2. It follows, moreoTer, that tioo tan- 
gents drawn from the tame point are equal. 

Cor. 3. And since a radius drawn to the 
point of contact is perpendicular to the tangent, 
it follows that the angle inchtdtd by (too tangents, 
dravm from the same point, is bisected by <Aine 
draam from the centre of thaeirele to that point ; 
tat this line forms the hypoteni 
two equal right angled triangles 




PROP. XXXVII. THEOR. 

If from a point mlhout a eireh there he drawn two straight lines, one of 
which cuts the circle, and the other meets it ; if the rectangle contained by 
the whole line, which cuts the circle, and the part of it without the circle, 
be equal to the sqxiare of the line which jneets it, the line which meets shall 
touch the circle. 

Let any point D be taken without the circle ABC, and from it let two 
Btraight lines DCA and DB be drawn, of which DCA cuts the circle, and 
DB meets it ; if the rectangle AD. DC, be equal to the squaxe of DB, DB 
touches the circle. 

Draw {17. 3.) the straight line DE touching the circle ABC ; find the 
centre F, and join FE, FB, FD ; then FED is a right angle (18. 3.) : and 
because OE touches the circle ABC, and DCA cuts it, the rectangle AD. 
DC is equal (36. 3.) to the square of DE ; but the rectangle AD.DC is. 
by hypothesis, equal to th« squan of DB : therefore the square of DE la 
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equal to tbe square of DB ; and the straight line 
DE equal to the straighl line DB : but F£ is 
equal to FB, wherefore DE.KF are equal to DB, 
BF ; and the base FD is common to the two trian- 
gles DEF, DBF ; therefore the angle DEF is 
equal (8. 1.) to the angle D'BF; and DEF is a 
right angle, therefore also DBF is a right angle : 
butFB, if produced, is a dianieter,andUie straight 
line which is drawn at right angles to a diame- 
ter, from the extremity of it, touches {16. 3.) the 
circle : therefore DB touches the circle ABC. 




ADDITIONAL PROPOSITIONS. 

PROP. A. THEOR. 

A diameter divides a circle and its eireamferenee into two equal parts ; and, eon- 
versely, the Une which divides the circu into two eqtuU parts is a diameter. 

Let AB he a diameter of the circle 
AEBD, then A.EB, ADB are equal in 
surface and boundary. 

Now, if the figure AEB be jipplied to 
the figure ADB, their common base AB 
retaining its position, the curve line AEB 
must fall.on the curve line ADB ; other- 
wise there would, in the one or the other, 
he points unequally distant from the cen- 
tre, which is contrary to the definition of 
a circle. 

Conversely. The line dividing the circle into two equal parts is a diameter. 

For, let AB divide the circle into two equal parts ; then, if &e centre is 
not in AB, let AF be drawn through it, which is therefore a diameter, and 
consequently divides the circle into two equal parts ; hence the portion 
AEF is eqUal to the portion AEFB, which is absurd. 

Cor. The arc of a circle whose chord is a diameter, is a semicircum- 
ferencB, and the included segment is a semicircle. 

PEOP. B. THEOR. 

Through three given points which are not in the same straight Une, one cir- 
cwnference of a circle may be made to pass, and hitt one. 

Let A, B, C, be three points not in the same straight Hue: they ibaU 
all lie in die saua circumference of a circle. 
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For, let th« dutances AB, BC be bisected by die peipendicalua DF, 
EF, which must meat in some point F ; for if they were panllel, the lines 
DB, CB, perpendicular to them would also be parallel (Cor. 3. 29. 1.), or 
else form but one straight line : but they meet in B, and ABC is not a 
straight hne by hypothesis. 

Let then, FA, FB, and FC be drawn ; then, B 

because FA, FB meet AB at equal distances 
from the perpendicular, they are equal. For 
similar reasons FB, FC, are equal ; hence 
the points A, B, C, are all equally distant 
from the point F, and consequently lie in the 
circumference of the circle, whose centre is 
F, and radius FA. 

It is obvious, that besides this, no other 
circumference can pass [hiough the same 
points ; for the centre, lying in the perpen- 
dicular DF bisecting the chord AB, and at the same time in the perpen- 
dicular EF bisecting the chord BC (Cor, 1. 3. 3.), must be at the intersec- 
tion of these perpendiculars ; so that, as there is but one centte, there can 
be but one circumference. 

PROP. C. THEOR. 

If ttno circles cut each other, the line whieA passes through their centres wiil be 
perpendicular to the chord which joins the points of intersection, and wUt 
divide it into two equal parts. 

Let CD be the line which passes through the centres of two circles cut- 
ting each other, it will be perjwndicular to the chord AB, and will divide it 
into two equal parts. 

For the line AB, which joins the points of intersection, is a chord com- 

^^/ " - AZ 




mon to the two circles. And if a perpendicular be erected from the middle- 
of this chord, it will pass (Cor, 1. 3. 3.) through each of the two centres C" 
and D. But no more than one straight line can be drawn through two- 
points ; hence, the straight line which passes through the centres will bi- 
sect the chord at right angles. 

Cor. Hence, the line joining the interseeti/ms of the circumferences of' 
two circles, tetll be perpendicular to the Une which joins their centres- 

SCHOLIUM. 

1. If two circles cnt each other, the distance between their centres wilt 

be less thin the sum of theii radii, and the greater radius will be also lees- 
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than tlie sum of the smaller and the distance between the centres. For, 
■ CD is less (20. 1.) than CA+AD, and for the same reason, AD/AC+ 
CD. 

2. And, conversely, if the "distance between the centres of two circles 
be less than the sum of their radii, the greater radiuB being at the same lime 
less than the sum of the smaller and the distance between the centres, 
the two circles wilt cut each other. 

For, to make an intersection possible, the triangle CAD roust be possi- 
ble. Hence, not only must we have CD^C^'^'t'^^i ^^^ ^'^o the greater 
radius AD<AC-(-CD ; And whenever the triangle CAD can be con- 
structed, it is plain that the circles described irom the centres C and D, 
will cut each other in A and B. 

Cor. 1. Hence, if the diatance between the centres of two circles be 
greater than the sum of their radii, the two circles will not intersect each 
other. 

Cor. 2. Hence, also, if the distance between the centres be less than 
the difference of the radii, the two circles will not cut each other. 

For, AC+CD>AD; therefore, CD>AD-AC ; that is, any aide of 
, a triangle exceeds the difference between the other two. Hence, the tri- 
angle is impossible when the distance between the centres ia less than the 
difference of the radii ; and consequently the two circles cannot cut each 
other. 

PROP. D. THEOR. 

/» the same circle, e^al angles at the centre are subttnded by equal arcs ; 
and, eonv^stly, equal ares subtend equal angles at the centre. 

Let C he the centre of a circle, and let the angle ACD be equal to the 
angle BCD ; then the arcs AFD, DGB, subtending these angles, are 

Join AD, DB ; then the triangles ACD, " 

BCD, having two sides and the included an- 
gle in the one, equal to two sides and the 
included angle in the other, are equal : so 
that, if ACD be applied to BCD, there shall 
be an entire coincidence, the point A coin- 
ciding with B, and D common to both arcs ; 
the two extremities, therefore, of the arc 
AFD, thus coinciding with those of the arc 
BGD, ail the intermediate parts must coin- 
cide, inasmuch as they are all equally dis- 
tant from the centre. 

Conversely. Let the arc AFD be equal to the arc BGD ; then the an- 
gle ACD is equal to the angle BCD. 

For, if the arc AFD be applied to the arc BGD, they would coincide ; 
so that the extremities AD of the chord AD, would coincide with those of 
the chord BD ; these chords are therefore equal : hence, the angle ACD 
is equal to the angle BCD (8. 1.). 

Cob. I. Itfollows, moreorer, that equal angles at the centre are snb- 
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tended by equal chords : and, converaely, equal chords subtend equal an- 
gles at the centre. 

Cor, 2. It is also evident, that equal chords subtend equal arcs ; and, 
conversely, equal arcs are subtended by equal chorda. 

Cor. 3, If the angle at the centre of a circle be bisected, both the arc 
and the chord vhich it subtends shall also be bisected. 

Cor. 4. It follows, likewise, that, a perpendicular through the middle 
of the chord, bisects the angle at the centre, and passes through the middle 
of the aic subtended by that chord. 

SCHOLIUM. 

The centre C, the middle point E of the chord AB, and the middle point 
D of the arc subtended by this chord, are three points situated in the same 
line perpendicular to the chord. But two points are sufficient to determine 
the position of a straight line ; hence every straight line which passes 
through two of the points just mentioned, will necessarily pass through the 
third, and be perpendicular to the chord. 

PROP. E. THEOR. 

The ares of a circle intercepted by two paralleU are egwai ; and, converady, if 
two straight lines intercept equal arcs of a circle, and do not cut each other 
■within the circle, the lines imll bt paridUl. 

There may be three cases : 

First. If the parallels are tangents 
to the circle, as AB, CD ; then, each 
of the arcs intercepted is a semi-cir- 
cumference, as their points of contact 
(Cor. 3. 16. 3,) coincide with the ex- 
tremities of the diameter. 

Second. When,of the two parallels 
AB, GH, one is a. tangent, the other 
a chord, which being perpendicular to 
FE, the arc GEH is bisected by FE 
{Cor. 4. Prop, D. Book 3.) ; so that in 
this case also, the inter 
GE, EH are equal. 

Third. If the two parallels are chords, as GH, JK ; let the diameter 
FE be perpendicular to the chord GH, it will also be perpendicular to JK, 
since they are parallel ; therefore, this chameter must bisect each of the 
arcs which they subtend : that is, OE=EH, and JE=EK ; therefore, 
JE— GE=EK— EH ; or, which amounts to the same thing, JG is equal 
toHK. 

Conversely. If tho two lines be AB, CD, which touch the circumfer- 
ence, and if, at the same time, the intercepted arcs EJF, EKF are equal, 
EF must be a diameter {Prop, A. Book 3.} ; and therefore AB, CD (Cor. 
3. 16. 3.), are parallel. 

But if only one of the lines, as AB, touch, while the other, GH, cuts the 
oiicumference, making the arcs EG, EH equal ; then the diameter FE, 
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whicli bisects the arc GEH, is perpendicular (Schol. D. 3.) to its chord 
GH : it is also peipendicular to the tangent AB ; therefore AB, GH aia 
parallel. 

If both lines cut the circle, as GH, JK, and intercept equal area GJ, 
HK ; let the diameter FE bisect one of the chords, as GH : it will also 
bisect the arc GEH, so that EG is equal to £H ; and Bince GJ b (by hyp.) 
eq^al (o HK, the whole arc £J is equal to the whole arc EK ; therefore 
the chord JK is bisected by the diameter FE : hence, as both chords are 
bisected by the diameter FE, they are perpendicular to it ; that is, they are 
parallel {Cor. 28 1.). 

SCHOLIUM. 



The restriction in the enunciation of the converse proposition, namely, 
that the lines do not cut each other within the circle, is necessary ; for 
lines drawn through the points G, K, and J, H, will intercepfequal arcs 
GJ, HK, and yet not be parallel, since they will intersect each other within 
the circle. 

PROP. F. PROB. 

To draw a tangent to any point in a dreidar are, without jindmg th» centrm. 



From B the given point, take two equal 
distances fiC, CD on the arc ; join BO, 
and draw the chords BC, CD : make (23. 
1 ,) the angle GBG=CBD, and the suaight 
line BG will be the tangent required. 

For the angle CBD=CDB ; and there- 
fore the angle GBC (32. 3.) is also equal 
to CDB, an angle in ^e alternate segment ; 
hence, BG is a tangent at B. 



G 
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DEFINITIONS. 

1 A RECTILINEAL figuie IS said to be inscribed in another rectilineal 
figure, when all the angles of the inscribed 
figure are upon the sides of the figure iq which 
it is inscribed, each upon each. 

2 In like manner, a figure is aud to be described 
about another figure, when all the sides of the 
circumscribed figure pass through the angidar 
paints of the figure about which it is described, 
each through each. 

3 A rectilineal figure is said to be inscribed in 
a circle, when all the angles of the inscribed 
figure are upon the ciiciunference of the cir- 
cle. 

4. A rectilineal fignre is said to be described 
about a circle, when each side of the circum- 
scribed figure touches the circumference of the 
circle. 

5. In like manner, a circle is said to be inscrib- 
ed in a rectilineal figure, when the circuni' 
ference of the circle touches each side of the 
figure. 

6. A circle is said to be described about a ijecti- 
Lneal figure, when the circumference of the 
circle passes through all the angular points of 
the figure about which it is described. 

7. A straight line ia said to be placed in a circle, 
when the extremities' of it are in the circum- 
ference of the circle. 
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8. Polygons of five sides are called pentagons ; Umae of aix sides, Aaco- 
gons ; those of seven sides, heptagons ; those of eight sides, octagons ; 

9. A polygmt, which is at once equilateral and equiangular, is caUed & 
regular polygon. 

Regular polygons may have any number of sides ; the equOateral tri- 
angle IS one of three sides ; and the square is one of four sides. 

LEMMA. 

Any regular polygon may he insanbed in a eircU, and areumaerihed (Soutane. 

Let ABODE, ftc. be a regular polygon : describe a circle throngh the 
three points A, B, C, tbe centre being 0, and OP the perpendicular let fail 
from il, lo the middle point of DC : join AO and OD. 

If tha quadrilateral OPCD be placed upon 
the quadrilateral OPBA, they will coincide ; 
for tbe side OP is common : the angle OPC= 
OPB, being riglu ; henco the side PC will ap- 
ply to its equu PB, and the point C will fall 
on B i besides, from the nature of the polygon, 
the angle PCD=PBA; henco CD will take 
the direction BA, and since CD=BA,tl}e point 
D will fall on A, and the two quadrilaterals 
will entirely coincide. 

The distance OD is therefore equal to AO ; 
and consequently the circle which passes through the three points A, B, C, 
will also pass through the point D. By tbe same mode of reasoning, it 
might be shown that the circle which passes through the points B, C, D, 
wiU, also pass through the point £ ; and ao of all the leat : hence the cir- 
cle which passes through the points A, B, C, passes throngh the vertices 
of all the angles in the polygon, which is therefore inscribed in this circle. 

Again, in reference to this circle, all the sides AB, BO, CD, &c. are 
equal chords ; they are therefore equally distant from the centre (Th. 14. 
3.) : hence, if from the point with the distance OP, a circle be describ- 
ed, it will r«uch the side BO, and all tbe other sides of the polygon, each 
in its middle point, and the circle will be inscribed in the polygon, or the 
polygon circumscribed about the circle. 

CoK. 1. Hence it is evident that a circle may be inscribed in, or cir- 
cumscribed about, any regular polygon, and the circles so described have a 
common centre. 

Cor. 2. Hence it likewise follows, that if from a common eentrf, dreUs 
can be inscribed in, and eireumscribed about a polygon, that polygon is regu- 
lar. Por, supposing those circles to be descnbed, the inner one will touch 
all the ^des of the polygon ; these sides are therefore equally distant from 
its centre ; and, consequently, being chords of the circumscribed circle, 
they are equal, and therefore include equal angles. Hence the polygon is 
U once equilateral and eqniaiignlar ; that is (Def. 9. B. IV.), it is regular. 
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SCHOLIUMS. 

1 . The point O, the common centre o( the inacribed uid circumscribed 
circles, may also be regarded as the centre of the polygon ; and upon this 
principle the angle AOB is called the angle at tht emtre, being formed by 
two radii drawn to the extremities of the same side AB. 

Since all the chords are equal, all the angles at the centre must evident- 
ly be equal likewise ; and ^erefore the value of each will be found by di- 
viding four light angles by the number of the polygon's sides. 

2. To inscribe a regular polygon of a certain number of sides in a given 
circle, we have only to divide fabe circumference into as many equal parts 
as the polygon has sides: for the arcabeing equal (see fig. Prop. XV. B. 4.), 
the chords AB, BC, CD, &,c. will also be equal ; hence, likewise, the tri- 
angles ABG, BGC, CGD, &c. must be equal, because they are equian- 
gular ; hence all the angles ABC, BOD, CD£, &c. will be equal, and con- 
sequently the figure ABCD, &c. will be a regular polygon. 

PROP. I. PROB. 

In a given eirde to place a ttratght line equal to a given straight line, not 
greater than the diameter of the circle. 

Let ABG be the given circle, and D the given straight line, not greater 
than the diameter of the circle. 

Draw BC the diameter of the circle 
ABC ; then, if BC is equal to D, the 
thing required is done ; for in the circle 
ABC a straight line BC is placed equal 
to D ; Bui, if it is not, BC is greater 
than D ; make CE equal (Prop. 3. 1,) 
to D, and from the centre C, at the dis- 
tance CE, describe the circle AEF, and 
join CA : Therefore, because C is the 
centre of the circle AEF, CA is equal 
to CF ; but D is equal to CE ; there- 
fore D is equal to CA : Wherefore, in the circle ABC, a straight line is 
placed, equal to the given straight line D, which is not greater than the 
diameter of the circle. 



PROP. II. PROB. 
In aginen drele to ittseribe a triangle equiangular to a given tnangle. 

Let ABC he the given circle, and DEF the given tnangle ; it is re- 
quired to inscribe in the circle ABC a triangle equiangular to the triangle 

Draw(Prop. 17. 3.) the straight line GAH touchingthe circle in the point 
A, and at the point A, in the straight line AH, make (Prop. 23. 1.) the an- 
^e HAG equal to the angle DEF ; and at the point A, in ihs straight line 
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AG, make the angle GAB equal 
to ^e angle DFE, and join 
BC. Therefore, because HA.G 
touches the circle ABC, and AC 
is drawn Irom the point of con- 
tact, the angle HAC is equal 
(32. 3.') to the angle ABC in the 
alternate segment of thecii'cle : 
But HAG is equal to the angle 
DEF ; therefore also the angle 
ABC is equal to DEF ; for the 
same reason, the angle A^B is 
equal to the angle DFE ; therefore the remuning angle BAG is equal 
(4> Cor. 32. 1.) to the remaining angle EDF : Wherefore the triangle ABC 
is equiangular to the triangle DEF, and it is inscribed in the circle ABC- 




PROP. III. PROB. 
About a givea circle to describe a triangle equiangular to a given triangM 

Let ABC be the given circle and DEF the given triangle ; it is requir- 
Qd to describe a triangle about the circle ABO equiangular to the triangle 
DEF. 

Produce EF both ways to the points G, H, and find the centre K of the 
circle ABC, and from it draw any straight line KB ; at the point K in the 
straight tine KB, make (Prop.23 1.) the angle BKA equal to the angle 
DEG, and the angle BKC equal to the angle DFH ; and through the 
points A, B, C, draw the straight lines LAM, MBN, NCL touching (Prop. 
17.3.)the circle ABC : Therefore, because LM, MN, NL touch the circle 
ABC in the points A, B, C, to which from the centre are drawn KA, KB, 
KC, the angles at the points A, B, C, are right (18. 3.) angles. And be- 
cause the four angles of the quadrilateral figure AMBK are equal to four 
right angles, for it can be divided into two triangles ; and because two of 




them, KAM, KBM, are right angles, the other two AKB, AMB a 
" It lie angles DEG, DEF a '"' " 



e equal 
to two right angles : But &e angles DEG, DEF arelikewise equal(13.1.) 
to two right angles ; therefore the angles AKB, AMB are equal to the an- 
gles DEG, DEF, of which AKB isequal to DEG ; wherefore theremain- 
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ing angle AMB ia equal to ths remaining angle DEF. In like manner, 
the angle LMN may be demonstrated to be equal to DFE ; and therefore 
the remaining angle MLN is equal (32. 1.) to the remaining angle £DP : 
Wherefore the triangle LMN is equiangt^ to the triangle DEF : and it 
is described about the circle ABC. 

PROP. IV. PROB. 



To inscribe a circle it 



I given triangle. 

3 required to inscribe i 



circle in 




Let the given triangle be ABC ; 
ABC. 

Bisect (9. 1.) the angles ABC, BCA by the sttaight lines BD, CD meet- 
mg one anothei in the point D, from which draw (12. 1.) DE, DF, DG 
perpendiculars to AB, BC, CA. Then be- 
cause the angle EBD is equal to the angle 
FBD, the angle ABC being bisected by 
BD ; and because the right angle BED, is 
equal to the right angle BFO, the two tri- 
angles EBD, FBD have two angles of the 
one equal to two angles of the other ; and 
the side BD, which is opposite to one of 
the equal angles in each, is common to 
both i therefore their other sides are equal 
(26. 1.); wherefore DE is equal to DF. 
For the same reason, DG ia equal to 
DF , therefore the three straight lines DE, DF, DG, are equal to one 
another, and the circle described from the centre D, at the distance of any 
of them, will pass through the extremities of the other two, and will touch 
the straight lines AB, BC, CA, because the angles at the points E, P, G, 
are right angles, and the straight line which is drawn from the extremity 
of a diameter alright angle's to it, touche9{lCor.I6.3.)thecircle. There- 
fore the straight lines AB, BC, CA, do each of them touch the circle, and 
the circle EFG is inscribed in the triangle ABC- 
PROP. V. PROB. 
To describe a circle about a given triangle. 

Let the given triangle be ABC ; it is required to describe a circle about 
ABC. 

Bisect (10. 1.) AB, AC in the points D, E, and from these points draw 
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DF, EF at right angles {U. l.JtoAB, AC; DF, EF produced will meet 
one another ; *br, if they do not meet, they are parallel, wherefore, AB, 
AC, which are at right angles to them, are parallel, which is absurd : let 
them meet in F, and join FA ; also, if the point F be not in BC, join BF, 
CF ; then, because AD is equal to BD, and DF common, and at right an- 
gles to AB, the base AF is equal (4. 1.) to the base FB. In like manner, 
it may be shewn that CF is equal to FA ; and therefore BF is equal to 
FC ; and FA, FB, FC are equal to 3ne another ; wherefore the circle de- 
scribed from the centre F, at the distance of one of them, will pass 
through the extremities of the other two, and be described about the trian- 
gle ABC. 

Cor. When the centre of the circle falls within the triangle, each of 
its angles is less than a right angle, each of them being in a segment great- 
er than a semicircle ; but when the centre is in one of the sides of the 
triangle, the angle opposite to this side, being in a semicircle, is a right an- 
gle : and if the centre falls without the triangle, the angle opposite to the 
side beyond which it is, being in a segment less than a semicircle, is greater 
than a right angle. Wherefore, if the given triangle be acute angled, the 
centre of the circle falls within it ; if it be a right angle triangle, the cen- 
tre is in the side opposite to the right angle ; and if it be an obtuse angled 
triangle, the centre falls without the triangle, beyond the side opposite to the 
obtuse angle. 

SCHOLIUM. 

1. From the demonstration it is evident that the three perpendiculars 
bisecting the sides of a triangle, meet in the same point ; that is, the centre 
of the circumscribed circle. 

2, A circular segment arch of a given span and rise, may be drawn by 
a modification of the preceding problem. 

Let AB be the span and SR the rise. 

Join AR, BR, and at their respective points of bisection, M, N, erect 

the perpendicular MO, NO to AR', BR ; they 

will intersect at O, the centre of the circle. .<^ \Rf 

That OA = OR=OB, is proved as before. 

The joints between the arch-stones, or 
voussoirs, are only continuations of radii _ 

drawn from the centre O of the circle. B W' "JL 



PROP. VI. PROB. 
To inscribe a square in a given eircJe. 

Let ABCD be the nvea cbcle ; it is required to inscribe a square in 
ABCD. 

Draw the diameters, AC, BD at right angles to one another, and join 
AB, BC, CD, DA ; becanae BE is equal to £D, E being the centre, and 
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because EA. ia at right angles to BD, and 
common to the trian^ea ABE, ADE ; the 
base BA is equal [4. l.)to the base AD ; and, 
for the same reason, BC, CD are each of 
them equal to B A or AD; therefore the quad- 
rilateral figure ABCD is equilateral. It is 
also rectangular ; for the straight liue BD be- 
ing a diameter of the circle ABCD, BAD is 
a semicircle ; wherefore the angle BAD is a 
right angle (31. 3.]; for the same reason each 
of the angles ABC, BCD, CDA is a right an- 
gle; therefore the quadrilateral figure ABCD 
is rectangular, and it has been shewn to be 
equilateral; therefore it ia a square; and it is inscribed in the circle 
ABCD. 

SCHOLIUM. 

Since the triangle AED is right angled and isosceles, we hare (Cor. 2. 
47. 1) AD : AE : : v'2 ; 1 ; hence the side of the inserted square is to 
the radius, as the square root of 2, is to unity. 

PROP. VII. PROB. 

To deterib* a sqtiare about a given circle. 

Let ABCD be the given circle ; it is required to describe a square about it. 

Draw two diameters AC, BD of the circle ABCD, at right angles to 
one another, and through the points A, B, C, D draw (17. 3.) FG, GH, HK, 
KF touching the circle ; and because FG touches the circle ABCD, and 
EA is drawn from the centre E to the point of contact A, the angles at A 
are right angles (18. 3.}; for the same reason, the angles at the points B, 
C, D, are right angles ; and because the angle AEB is a right angle, as 
likewise is £BG, GH is parallel (28. 1.) to AC ; for the same reason, AC 
ia parallel to FK, and in like manner, GF, 
HK may each of them be demonstrated to be 
parallel to BED ; therefore the figures GK, 
GC, AK, FB, BK are parallelograms; and 
GF ia therefore equal (34. 1 .) to HK, and GH 
to FK ; and because AC is equal to BD, 
and alao to each of the two GH, FK ; and 
BD to each of the two- GF, HK : GH, FK 
are each of them equal to GF or HK ; there- 
fore the quadrilateral figure FGHK is equi- 
lateral, it is also rectangular; for GBEA 
being a parallelogram, and AEB a right an- 
gle, AGB (34. 1.) is likewise a right angle : 
in the same manner, it may be shewn that the angles at H, K, F are right 
angles; therefore the quadrilateral figure FGHK is rectangular; and it 
waa demonstrated to be equilateral ; dierefore it is a square ; and it is de- 
scribed about the circle ABCD. 

13 
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PROP. VIII. PROB. 
To iiwcnis a wcU in a given s^are. 

Let ABCD be the giTen aqaaie ; it is required to inscribe a circle in 
ABCD. 

Bisect (10. 1.) each of the sides AB, AD, in the points F, E, and 
through £ draw (31. 1.) EH parallel to AB or DC, and through F draw 
FK parallel to AD or BC ; therefore each of the figures, AK, KB, AH, 
HD, AG, GC, BG, CD is a parallelogram, and their opposite sides are 
equal (34. 1 .) ; and because that AD is equal to AB, and that AE is the 
half of AD, and AF the half of AB, AE is equal to AF; wherefore the 
sides opposite to these are equal, viz. FG to GE ; in the same manner it 
may be demonstrated, that GH, GK, are each 
of ihera equal lo FG or GE ; therefore the 
■ four straight lines, GE, GF, GH, GK, are 
equal to one another ; and the circle described 
from the centre G, at the distance of one of 
them, will pass through the extremities of the 
other three ; and will also touch the straight 
hues AB, BC, CD, DA, because the angles 
at the points E, F, H, K, are right angles 
(29. I.), and because the straight line which 
is drawn from the extremity ef a diameter at 
right angles to it, touches the circle (16. 3.) ; 
therefore each of the straight lines AB, BC, 
CD, DA touches the circle, which is therefore inscribed in the squares 
ABCD. 

PROP. IX. PROB. 
To detcribe a circle about a given square. 

Let ABCD be the given square ; it is required to describe a circle 
about it. 

Join AC, BD, cutting one another in E ; and because DA is equal to 
AB,'and AC common to the triangles DAC, BAC, the two sides DA. AC 
are equal to the two BA, AC, and the base DC is equal to the baae BC ; 
wherefore the angle DAC is equal (8. 1.) to the 
angle BAC, and the angle DAB is bisected by 
the straight line AC. In the same manner it may 
be demonstrated, that the angles ABC, BCD, 
CDA are severally bisected by the straight lines 
BD, AC ; therefore, because the angle DAB ia 
equal to the angle ABC, and the angle EAB is 
the half of DAB, and EB A the half of ABC ; the 
angle EAB is equal to the angle EBA : and the 
side EA (6. 1.) to the side EB. In the same 
manner, it m^ be demonstrated, that the straight 

lines EC, ED are each of them equal to EA, or EB ; therefore the four 
straight lines EA, EB, £0, £D, are equal to one ano^er ; and the circle 
described from the centre E, at the distance of one of them, must pasB 
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througli the ezOremities of the other three, and be described about the 
square ABCD. 

PROP. X. PROB. 

To describe an isosceles triangle, having each of th» angles at the hose double 
of the third angle. 

Take any straight lino AB, and divide (11. 2.) it in the point C, so 
that the rectangle AB.BC may be equal to the square of AC ; and from 
the centre A, at the distance AB, describe the circle BDE, in which 
place (1. 4.) the straight line BD equal to AC, which is not greater 
than the diameter of the cbcle BDE ; join DA, DC, and about the tri- 
angle ADC describe (5. 4,) the circle ACD ; the triangle ABD is such 
as is required, that is, each of the angles ABD, ADB is double of the an> 
gle BAD. 

Because the rectangle AB.BG is equal to the square of AC, and AC 
equ^ to BD, the rectangle AB.BC is 
equal to the square of BD ; and because 
from the point B without the circle ACD 
two straight lines BCA, BD are drawn 
to the circumference, one of which cuts, 
and the other meets the circle, and the 
rectangle AB.BC contained by the whole 
of the cutting line, and the part of it 
without the circle, is equal to the square 
of BD, which meets it ; the straight line 
BD touches {37. 3.) the circle ACD. 
And because BD touches the circle, and 
DC is drawn from the point of contact 
D, the angle BDC is equal (32. 3.) to 
the angle DAC in the alternate segment 
of the circle, to each of these add the angle CDA ; therefore the whole 
angle BDA is equal to the two angles CDA, DAC ; but the exterior angle 
BCD is equal (32. 1.) to the angles CDA, DAC ; therefore also BDA is 
equal to BCD ; but BDA is equal (5. 1.) to CBD, because the side AD 
is equal to the side AB ; therefore CBD, or DBA is equal to BCD ; and 
consequently the three angles BDA, DBA, BCD, are equal to one another. 
And because the angle DBC is equal to the an^e BCD, the side BD is 
equal (6. 1.) to the side DC ; but BD waa made equal to GA ; therefore 
also CA ia equal to CD, and the angle CDA equal (5. 1.) to the angle 
DAC ; therefore the angles CDA, DAC together, are double of the angle 
DAC; but BCD is equal to the angles CDA, DAC (32. 1.) ; therefore 
also BCD is double of DAC. But BCD is equal to each of the angles 
BDA, DBA, and therefore each of the angles BDA, DBA, is double of 
the angle DAB ; wherefore an isosceles triangle ABD is described, hav- 
ing each of the angles at the base double of the third angle. 

" Cor. 1. The angle BAD is the fifth part of two right angles. 
" For since each of the angles ABD and ADB is equal to twice the an- 
" gle BAD, they are together equal to four times BAD, and therefore all 
" Sie three angles ABD, ADB, BAD, taken together, are equal to fire 
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" times the angle 6A.D. But the three angles ABD,.ADB, BAD aie 
" equal to two light angles, therefore five times ihe angle BAD is equal to 
" two right angles ; or BAD is the fifth part of two right angles." 

" Cor. 2. Because BAD is the fifth part of two, or the tenth pan of 
" four right angles, all the angles about the centre A are together equal to 
" ten times the angle BAD, and may therefore be divided into ten parts 
" each equal to BAD. And as these ten equal angles at the centre, must 
" stand on ten equal arcs, therefore the arc BD is one-tenth nf the cir- 
" cumference ; and the straight tine BD, that is, AC, is therefnre equal to 
" the side of an equilateral decagon inscribed in the circle BDE." 

PROP. XI. PROB. 

To inser3>t an equilateral and equiangular pentagon in a given cirde. 

Let ABCDE be the given circle, it is required to inscribe an equilateral 
and equiangular pentagon in the circle ABCDE. 

Describe (10. 4.) as isosceles triangle FGH, having each of the angles 
at G, H, double of the angle at F ; and in the ritcle ABCDE inscribe (2. 
4.) the triangle ACD equiangular to the triangle FGH, so that the angle 
CAD be equal to the angle at F, and each of the angles ACD, CDA equal 
to the angle at G or H : where- 
fore each of the angles ACD, 
CDA is double of the angle 
CAD. Bisect (9. 1.) the angles 
ACD, CDA by the straight lines 
CE, DB ; andjoinAB.BC.ED, 
EA. ABCDE is the pentagon 
required. 

Because the angles ACD, 
CDA are each of them double 
of CAD, and are bbected by the 
straight liues CE,DB, the five angles DAC, ACE, ECD, CDB, BDA are 
equal lo one another; but equal angles stand upon eqiul arcs (26. 3.) ; 
therefore the five arcs AB, BC, CD, DE, EA are equal to one another ; and 
equal arcs are subtended by equal (39- 3.) straight lines ; therefore the 
five-straight hues AB, BC, CD, DE, EA are equal to one another. Where- 
fore the pentagon ABCDE is equOateral. It is also equiangular; be- 
cause the arc AB b equal to the arc DE ; if to each be added BCD, the 
whole ABCD is equal to the whole EDCB ; and the angle AED stands 
on the arc ABCD, and the angle BAE on the arc EDCB : therefore the 
angle BAE is e^,ual (27. 3.) to the angle AED : for the same reasen, each 
of the ui^es ABC, BCD, CDE is equal to the angle BAE or AED : there- 
fort the pentagon ABCDE is equiangular ; and it has been shewn that It 
is equilateral. Wherefore, in the given circle, an equilateral and equian- 
gular pentagon has been inscribed. 

Otherwise. 

" Divide the radius of the given circle, so ih^ the rectangle coniainecl 
" by the whole and one of the parts may he equal to the square of the other 
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(II. 2.). . Applf in the circle, on each side of a given point, a line 
equal to the greater of these parts ; then (2. Cor. 10. 4.), each of the 
arcs cut off will be one-tenth of the circumference, and therefore the 
arc made up of both will be one-fiAh of the circnmference ; and if the 
straight line subtending this arc be drawn, it will be the side of an 
" equilateral pentagon inscribed in the circle." 

PROP. XU. PROS. 

To fteterihe an trilateral and equiangular pentagon about a given eireU. 

Let ABODE be the given circle, it is required to describe an equilateral 
and equiangular pentagon about the circle ABODE. 

Let the angles of a pentagon, inscribed in the circle, by the last pro- 
posilion, be in the points A, h, C, D, E, so that the arcs AB, BO, CD, 
DE, £A are equal (11. 4.) ; and through the points A, B, 0, D, E.draw 
GH, HK,.KL, LM, MG, touching (17. 3.) the circle ; take the centre F, 
and join FB, FK, PC, PL, FO. And because the straight line KL unich- 
es the circle ABODE in the point 0, to which FC is drawn irom the cen- 
tre F, FC is perpendicular (18. 3.) to KL ; therefore each of the tmgles 
at C is a right angle ; for the same reason, the angles at the points B, D are 
ri^t angles ; and because FOK is a right angle, the square of FK is equal 
(47. 1.) lo the squares of FC, CK. For the same reason, the square of 
FK is equal to the squares of FB, BK : therefore the squares of FC, CK 
are equal to the squares of FB, BK, of which the square of FC is equal to 
the square of FB ; the remaining square of CK is therefore equal to the 
remaining square of BK, and the straight line CK equal lo BK : and be- 
cause FB is equal to FC, and FK common to the triangles BPK, CFK, 
the two BP, FK are equal to the two CF, FK ; and the base BK is equal 
to the base KG ; therefore the angle BFK b equal (8. 1 .) to the angle 
KPC, and the an^e BKF to FKC ; wherefore the angle BFC is double 
of the angle KPC, and BKC double of PKC : for the same reason, the an- 
gle CFD is double of the angle CPL, and OLD double of CLF : and be- 
cause the arc BC is equal to the arc CD, the angle BFC is equal (37. 3.) 
10 the angle CFD : and BFC is double of the angle KFC, and CFD 
double of CFL ; therefore the angle 
KFC is equal to the angle CFL : 
now the right angle FOK is equal to 
the right angle FCL ; and therefore, 
in the two triangles FKC, PLC, there 
are two angles of one eqiul to two an- 
gles of the other, each to each, and the 
side FC, whiclk is adjacent to the 
equal angles in each, is common to 
both ; therefore the other sides are 
equal (26. 1 .) to the other Bides,and the 
diird angle to the third angle ; there- 
fore the straight line KG is equal Co 
CL, and the angle FKC to the angle 
PLC : and because KG is equal to CL, KL is double of KG ; in the some 
manner, it may be shewn that HK b double of BK ; and because BK is 




b, Google 



103 ELEMENTS 

equal to KG, OB was demonstrated, and KL is double of EC, and HK double 
of BK, HK is equal toKL ; in like manner, it may be shewn that GH, GM, 
MLareeachof ihemequal toHKorKL: therefore the pentagon GHKLM 
is equilateral. It is also equiangular ; for, since the angle FKC is equal to 
the angle FLC, and the angle HKL double of the angle FKC, and KLM 
double of FLC, as was before demonstrated, the angle HKL is equal to 
KLM; and in like manner it may be shewn, that each of the angles KHG, 
HGM, GML is equal to the angle HKL or KLM ; therefore Sie five an- 
gles GHK, HKL, KLM, LMG, MGH being equal to one another, the pen- 
tagon GHKLM is equiangular ; and it is equilateral as was demonstra- 
ted : and it is described about the circle ABCDE. 

PROP. Xin. PROB. 

To inscribe a cirele in a given equilateral and eqwiangvMr pentagon. 

Let ABCDE be the given equilateral and equiangular pentagon ; it is 
required to inscribe a circle in the pentagon ABCDE. 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, DF, and 
from the point F, in which they meet, draw the straight lines FB, FA, 
FE ; therefore, since BC is equal to CD, and CF common to the trian- 
gles BCF, DOF, the two sides BC, CF are equal to the two DC, CF ; 
and the angle BCF is equal to the angle DCF ; therefore the base BF is 
equal (4. 1.) to the base FD, and the other angles to the other angles, to 
which the equal aides are opposite ; therefore the angle CBF ia equal, to 
the angle CDF : and because the angle CDE is double of CDF, aod CDE 
equal to CBA, and CDF to GBF ; CBA is also double of the angle CBF ; 
therefore the angle ABF is equal to the 
angle CBF ; wherefore the angle ABC 
ia bisected by the straiglu line BF : in 
the same manner, it may be demonstra- 
ted that the angles BAE, AED, are bi- 
sected by the straight lines AF, £F : 
from the point F draw (13. 1.) FG, 
FH, FK, FL, FM perpendiculars to 
the straight lines AB, BC, CD, DE, 
EA ; and because the angle HCF is 
equal to KCF, and the right angle 
FHC equal to the right angle FKC ; in 
the triangles FHC, FKC there are two 
> angles of one equal to two angles of the other, and the side FC, which is 
opposite to one of the equal angles in each, is common to both ; therefore, 
the pther sides shall be equal (26. 1.], each to each ; wherefore the per- 
pendicular FH is equal to the perpendicular FK : in the same manner it 
may be demonstrated, that FL, FM, FG are each of them equal to FH, or 
FK ; therefore the fire straight lines FG, FH, FK, FL, FM are equal to 
one another ; wherefore the circle described from the centre F, at the dis- 
tance of one of these five, will pass through the eztremitiea of the other 
four, and touch the straight lines AB, BC, CD, DE, EA, because that the 
angles at the points G, H, K, L, M are right angles, and that a straight line 
drawn from dke ex^emity of the diameter of a cbcle at right angles to it. 
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(ouches (I. Cor. 16. 3.) the circle; theiefoTe each of the straight lines AB, 
BC, CD, DB, EA touches the ciicle; wherefore the ciicle is inscribed in 
ihe pentagon ABCDE. 

PROP. XIV. PROB. 
To describe a eirele ofrout a given equilateral and eqtitangtilar pentagon. 

Let ABODE be the giren equilateral and equiangular pentagon ; it is 
required to describe a circle about it. 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, FD, and 
from tlie point F, in which they meet, draw 
the straight lines FB, FA, FE to the points 
B, A, E. It may be demonstrated, in the 
same manner as in the preceding proposition, 
thattheanglesCBA,BAE,AED are bisect- -nZ 
ed by the straight lines FB, FA, FE : and ""^ 
because that the angle BOD is equal to the 
angle CDE, and that FCD is the half of the 
angle BCD, and CDF the half of CDE ; the 
angle FCD is equal to FDC ; wherefore the 
side CF is equal (6. 1.) to the side FD : in 
like manner it may be demonstrated, that FB, 
FA, FE are each of them eqnal to FC, or FD ; therefore the five straight 
lines FA, FB, FC, FD, FE are equal to one another; and the circle de- 
scribed from the centre F, at the distance of one of them, wUt pass through 
the extremities of the other four, and be described about the equilateral 
and equiangular pentagon ABODE. 

PROP. XV. PROB. 
To iTtscribe an equilateral and eqiiiangvlar hexagon m a given eirele. 

Let ABCDEF be the given circle ; it is required to inscribe an equi- 
lateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw the diameter AGD : 
and from D, as a centre, at the distance DG, describe the circle EGCH, 
join EG, CG, and produce them to the points B, F ; and join AB, BC, 
CD, DE, EF, FA : the hexagon -ABCDEF is equilateral and equiangular. 

Because G is the centre of the circle ABCDEF, GE is equal to GD : 
and because D is the centre of the circle EGCH, DE is equal to DG ; , 
wherefore GE is equal to ED, and the triangle EGD is equilateral; and 
therefore its three angles EGD, GDE, DEG are equal to one another 
{Cor. 5. 1.) ; and die three angles of a triangle are equal (32. 1.) to two 
right angles ; therefore the angle EGD ia the third part of two right an- 
gles : in the same manner it may be demonstrated that the angle DGC is 
also the third part of two right angles ; and because the straight line GO 
makes with EB the adjacent angles EGC, CGB equal (13. 1.) to two 
right angles; the remaining angle CGB is the third part of two right 
angles ; therefore the angles EGD, DGC, CGB, are equal to one an- 
other; and also the angles vertical to Uiem, BGA, AGF, FGE (15. 
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I.); therefore the six angles EGD, DGC, 
CGB, BGA, AGF, FGE are equ&l to one an- 
othei. But equal angles at the centre stand 
upon equal area (26. 3.) : therefore the six 
arcs AB, BC, CD, DE, EF, FA are equal 
to one another : and equal arcs are subtend-^ 
ed b^ equal (29. 3.) straight lines ; there- 
fore the six straight lines are equal to one 
another, and the hexagon ABCDEF is 
equilateral. It is also equiangular ; for, 
since the arc AF is equal to ED, to each of 
these add the arc ABCD ; therefore the 
whole arc FABCD shall be equal to the 
whole EDGBA : and the uigle FED stands 
upon the arc FABCD, and the angle AFE 
upon EDGBA; therefore the angle AFE 
is equal to FED : in the same manner it may be demonstrated, that the 
other angles of the hexagon ABCDEF are each of them equal to the 
angle AFB or. FED ; therefore the hexagon is equiangular ; it is also 
equilateral, as was shown ; and it is inscribed in the giTen circle ABCDEF. 

Coa. From this it is manifest, that the side of the hexagon ia equal to 
the straight line from the centre, that is, to the radius of the circle. 

And if through the points A, B, C, D, E, F, there be drawn straight 
Unes touching the circle, an equilateral and equiangular hexagon shall be 
described aboiA it, which may be demonstrated from what has been said 
of the pentagon ; and likewise a' circle may be inscribed in a giren equi- 
lateral and equiangular hexagon, and circuzuscribed about it, by a method 
like to that used for the pentagon. 

PROP. XVI. PROB. 

To inaerihe am equilateral and equiangular qumdeeagon in a given 

Let ABCD be the given circle ; it is required to Inscribe an equilateral 
and equiangular quindecagon in the circle ABCD. 

Let AC be the side of an equilateral triangle inscribed (2. 4.) in the 
circle, and AB the side of an equilateral 
and equiangular pentagon in3cnbed(U. 4.] 
in the same ; therefore, of such equal parts 
as the whole circumference ABCDF con- 
tains fifteen, the arc ABC, being the third 
part of the whole, contains five ; and the 
arc AB, which is the fifUipart of the whole, 
contains three ; therefore BC their differ- 
ence contains two of the same parts : bi- 
sect (30. 3.) BC in E; therefore BE, EC 
are, each of them, the fiiWenth part of the 
whole circumference ABCD : therefore, if 
the straight lines BE, EC be drawn, and 
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Btnught lia«8 equal to them be placed (1. 4.) aroond in the' whole ciicle, 
an equilateral and equiangular quiadecagan will be inscribed in it. 

And in the same manner as was done in the pentagon, if through the 
points of division made by inscribing the quindecagon, straight lines be 
%awu touching the circle, an equilateral and equiangular quindecagon may 
be described, about it : and likewise, as in the pentagon, a circle may be 
inscTibed in a given eijuilateral and equiangular quindecagon, and cir- 
cumscribed about it. 

SCHOLIUM. 

Any regular polygon being inscribed, if the arcs subtended by its sides 
b6 saveraUy bisected, ihe chords of those semi-arcs will form a new regu- 
lar polygon of double the number of sides : thus, from having an inscribed 
square, we may inscribe in succession polygons (if 8, 16, 32,64, besides; 
from the hexagon may be formed polygons of 12, 24, 48, 96, &c. sides ; 
from the decagon polygons of SO, 40, 80, &,c. sides ; and from the pente- 
decagon we may inscribe polygons of 30, 60, &c. sides ; and it is plain 
that each polygon w'll exceed the preceding in surface or area. 

It ia obvious that any regular polygon whatever might be inscribed in a 
circle, provided that its circumference could be divided into any proposed 
number of equal parts ; but such division of the circumference like the tri- 
section of an angle, which indeed depends on it, is a problem which has 
not yet been effected. There are no means of inscribing in a circle a regu- 
lar heptagon, or which is the same thing, the circumference of a circle can- 
not be divided into seven equal parts, by any method hitherto discovered. 

It was long supposed, that besides the polygons above mentioned, no 
other could 1m inscribed by the operations of elementary Geometry, or, 
what amounts to the same thing, by the resolution of equations of the first 
and second degree. But M. Gauss, of Gdttingen, at length proved, in a 
work entitled Disquisitionta Arichmetics, Lipsie, 1801, that the circumfer- 
ence of a circle could be divided into any number of equd parts, capable 
of being expressed by the foimula 3'-|- 1, provided it be a prime number, 
thu is, a number that cannot be resolved into factors. 

The number 3 is the simplest of this kind, it being the value of the 
above formula when it= 1 ; the next prime number is 5, and this is also 
contained in the formula ; that is, when n=2. But polygons of 3 and 5 
sides have already been inscribed. The next prime number expressed by 
the formula is 17 ; so that it is possible to inscribe a regular polygon of 
17 sides in a circle. 

For the investigation of fiauaa's theorem, which depends upon the the- 
OTV of algebraical equations, the student may constdt Barlon^i Theory of 
Numbers. 

14 



b, Google 



ELEMENTS 



GEOMETRY. 



Itf the demonatiattoiiB of thU book there are certain " tigns or eharaettrs" 
which it has been found couTenient to employ. 

' 1. The letters A, B, C, •fee. ate used to denote magnitades of onjldod. 

"The letters m, n, p, q, are used to denote numbers only. 

It la to be observed, that in speaking of the magnitudes A, B, C, &c., 
we mean, in reality, those which these letters are employed to repre- 
sent; they may be either lines, surfaces, or solids. 

" 3. When a number, or a letter denoting a number, is written close to 
" another letter denoting a magnitude of any kind, it signifies that the 
" magnitude is multiplied by the number. Thus, 3A signifies three 
" times A ; mB, m times B, or a multiple of B by m. When the num- 
*'beris intended to multiply two or more magnitudes that follow, it is 
" written thus, >n(A+B), wluch signifies the sum of A and B taken m 
"times; »i(A— B) is m times the excess of A abore B. 

" Also, when two letters that denote numbers are written close to one an- 
" other, they denote the product of those numbers, when multiplied into 
"one another. Thus, mn is the product of m into n ; and sinA is A mnl- 
" tiplied by the product of m into n. 

DEFHJITIONS. 

1. A less magnitude is said to be a part of a greater magnitude, when tha 
less measures the greater, that is, when the less is contained a certsio 
number of times, exactly, in the greater. 

2. A greater magnitude is said to be a multiple oC a less, when the greater 
is measured by the less, thatis, when the greater contains the less a cer- 
tain number m times exactly. 

3. Rado is a rontosl relation of two magnitudes, of the same kind, to one 
another, in respect of quantity. 
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4. Magnitudes are said to be of the same kind, wh«n tlie leas can be mul- 
tiplied so as to exceed tbe greater ; and it is Only such magnitades that 
are said to have a latio to one another. 

• 5. If there be four magnitudes, and if any equimultiples whatsoever b« 
taken of the first and third, and any equimultiples whatsoeTer of the se* 
cond and fourth, and if, according as the multiple of the first is greater 
than the multiple of the second, equal to it, or less, the multiple of the 
third is also greater than the multiple of the fourth, equal to it, or Less ; 
then the first of the m^;nltudeB is said to have to the second the same 
rado that the third has to the fourth. 

6. Magnitudes are said to be proportionals, when the first has the same 
ratio to the second that the third baa to the fourth ; and the third to the 
fourth the same ratio which the fifth has to the sixth, and so on whatever 
be their Dumber. 

" When four, magnitudes, A, B, C, D are proportionala, it is usual to say 
"that A is to B as C to D, and to write them thus. A: B::C : D,or 
" thus, A : B=C : D." 

7. When of the equimultiples of four magnitudes, taken as in the fiAh 
definition, the multiple of the first is greater than that of the second, 
but the multiple oflhe^ird is not greater than the multiple of the fourth : 
then the first is said to have to the second a greater ratio than the third 
magnitude has to the fourth : and, on the contrary, the third is said to 
have to the fourth a less ratio than the first has to the second. 

8. When there is any number of magnitudes greater than two, of which 
the first has to the second the same ratio that 'the second has to the 
third, and the second to the third the same ratio which the third has to 
the fourth, and so on, the magnitudes are said to be continual propor- 
tionals. 

0. When three magnitudes are continual proportionals, the second is said 
to be a mean proportional between the other two. , 

10. When there is any number of magnitudes of the same kind, the first 
is said to have to the last the ratio compounded of the ratio which the 
first has to the second, an^ of the ratio which the second has to the 
diird, and of the ratio which the tUrd has to the fourth, and so on mito 
the last magnitude. ' 

For example, if A, B, C, D, be foni magnitudes of the saine^kind, the 
first A is said to Lave to the last D, the ratio compounded of the ratio 
of A to B, and of the ratio of B to C, and of the ratio of C to D ; or, 
the ratio of A to D is said to be componnded of the ratios of A to B, 
B to G, and C to D. 

Andif A : B::E : F; and B : C::G : H,andC : D::K : L, then, since 
by this definition A has to D the ratio compounded of the ratios of A to 
B, B to C, C to D ; A may also be said to have to D the ratio compounded 
of the ratios which are the same with the ratios of E to P, G to H, 
and K to L. 
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In like mumer, the ume things behig suppoaed, if M has to N tlie sams 
ntio which A has to D, then, for shorlnesa' sake, M. is said to have to 
N a ratio compounded of the same TStios which compound the ratio of 
A to D ; that is, a ratio compounded of the ratios of £ to F, G to H, 
andK toL. 

11. If three magnitudes are continual proportionals, the ratio of the first 
to the third is said to be duplicate of the ratio of the first to the second. 

" Thus, ifAbetoBss BloC, the ratio' of A to C is said to be duplicate 
" of the ratio of A to B. Hence, since by the last definition, the ratio 
" of A to C is compounded of the ratios of A to B, and fi to C, a ratio, 
" which is compounded of two equal ratios, is duplicate of either of 
" these ratios." 

12. If four magnitudes are continual proportitmals, the ratio of the first 
to the fourth is said to be triplicate of the ratio of the firat to the second, 
or of the ratio of the second lo the third, Slc. 

" So also, if there are five continual proportionsls ; the ratio of the first 
" to the fifth is called quadniphcate of the ratio of the first to the ae- 
" cond 1 and so on, according to the number of ratios. Hence, a ratio 
" compounded of three equal ratios, is triplicate of any one of those ra- 
" tioB ; a ratio compounded of four equal ratios quadruplicate," &c. 

13. Id proportionals, the antecedent terms are called homologous to one 
aaodier, as also the consequents to one another. 

Gflometen make lue of the following technical words to signify certain 
«rays of chan^ng either the order or magnitude of proportionals, so as 
that they contmue still to be proportionals. 

14. Pennntando, or altomando, by permutation, or alternately ; this word 
is used when there are four proportionals, and it is inferred, that the first 
has the same ratio to the third which the second has to the fourth ; or 
that the first is to the third as the second lo the fonrth : See Prop. 16. 
of this Book. 

15. Invertendo, by inversion : When there are four proportionals, and it is 
infened, that the second is to the first, as the fourth to the third. Prop 
A. Book 5. 

16. Compiniendo, by composition : When there are four proportion's, and 
it is inferred, that the first, together with the second, is to the second as 
the third, together with the fourth, is to the fourth. IBth Prop. Book 5. 

17. Dividendo, by diviBion ; when there are four proportionalB, and it is 
inferred that the excess of the first above the second, is to the seeond, 
as the excess of the third above the fourth, is to the fourth. 17th Prop. 
Books. 

18. Convertendo, by convenion ; when there are four proportionals, and 
it is inferred, that the first is to its excess above the second, as the third 
to its excess above the fointh. Prop. D. Book 9. 
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19. Ex ttqnali (ic. distantiii), or ex nqno, &om eqiuility of diBtance ; 
when there is any number of magnitudes more thait two, and aa many 
others, so that they are proportionals when taken two and two of each 
lank, and it is inferred, diat the first is to the last of the first rank of 
magnitudes, as the first is to the last of the others ; Of this there are the 
two following kiuls, which arise from the different oidai in which die 
magnitudes are taken two and two. 

30. Ex Kquali, from equality ; this term is used simply fay itself, when 
the firat magoiiude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other ; and so on in order, and 
the inference is as mentioned in the preceding definition ; whence this 
is called ordinate proportion. 

It is demonstrated in the 22d Prop. Book 5. 

21. Ex ffiquali,'in proportibne pertnrbsta, sen inordinata : from equality, in 
perturbate, or disorderly proportion ; this term is used when the first 
magnitude is to the second of the first rank, as the last but one is to the 
last of the second rank ; and as the second is to the' third of the first 
rank, so is the lest but two to the last but one of the second rank ; and 
as the third is to the fourth of the first rank, so is the third from the last, 
to the last but two, of the second rank ; and so on in a cross, or inverte, 
order; and the inference is as in the 19th definition. It is demonstrated 
m the 33d Prop, of Book 5. 

AXIOMS. 

1. E^vrnDLTiFLBs of the same, or of equal magnitudes, are equal to one 
another. 

2. Those magnitudes of which the same, or equal magnitudes, are equi- 
multiples, are equal to one another. 



4. That magnitude of which a multiple is greater than the same midd- 
ple of anoUter, is greater than that other mt^nitnde. 

PROP. I. THEOR. 

If any nunAer <>f magnitudes be equimultiples of as many others, eaeA of 
each, lohat midiiple soever any one of the first is of its part, the same mul' 
t^U ia the mm of ail the first of the rum of all the rest. 

Let any number of magnitudes A, B, and C be equimultiples of as many 
others, D, £, and F, each to each, A+B+O is the same multiple of D-|- 
B+F.that Aisof D. 

Let A contain D, B contain E, and contain P, each the same number 
of times, aa, for instance, three times 
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Theii, because A conlainB D three times, A=D+D+ D. 

For the same reason, B=:E+E+E ; 

And aUo, C=F+F4-F. 

Theieforo, adding equals to equals (Ax. 2. 1.), A+B+C is equal to 

D+E+F, taken three tiroes. In the same manner, if A, B, and C were 

each any other equimultiple of D, E, and F, it would be shown that A-^ 

B + C was the same multiple of D + E + F. 

CoR. Hence, if m be any number, mD+inE+mF=in(D+E+F). 
For tnD, mE, and mF are multiples of D, E, and P by m, ttorefore their 
sum is also amultiple of D+E+F by m. 

PROP. II. THEOR. 

If to a multtpls of a magnitude hy any nwnher, a maltipU of ike same mag- 
nitude hy any njanber be added, the svm mil he the same multiple of that 
magnitude that the svTii of the two nutabers is of unity. 

Let A=fflC, and B=»C ; A+B={m+n)C. 

For, since A=mC, A=C+C+C+<fcc. C being repeatedtn times. For 
the same reason, B=C+C+&c. C being repeated n times. Therefore, 
adding equals to equals, A+B ia equal to G taken m+n times ; that is, 
A+B=(>n+»1C. Therefore A+B contains C as oA as there are units 
mm+n. 

Cor. 1. In the same way, if there be any number of multiples what- 
soever, as A=fflE, B=nE, C=pE, it is shown, that A+B+C=(fn+>» 
+p)E. 

Cor. 2. Hencealso,sinceA+B+C=(m+n+ji)E,audsinceAs=fl)E, 
B=nE, and C=pE, fflE+nE+;£=(ra+n+p)E. 

PROP. III. THEOR. 

If the first of three magnitudes contain the second as often as there are units 
in a certain number, and if the second contain the third also, as often as 
there are units in a certain nuitJier, the first will contain the third as often 
as there are units in the product of these two nvmbers. 

Let A^mB, and B^nC ; then A^mnC. 

Since B=nC, )nB=nC4-nC+&c. repeated nt times. But tiC+nC, 
&c. repeated m times is equal to C (2. Cor. 2. 5.), multiplied by n+n+&c. 
n being added to itself m times ; but n added to itself m times, is n multi- 
plied by m, or mn. Therefore »C+nC+&c. repeated m times=mnC; 
whence also mB=mnC, sitd by hypothesis A=niB, dierefore A=mnC 
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PROP. IV. THEOR. 



If tlu first effoar magnitudes has the same ratio to the second vAieh tie third 
has to the fourth, and if any equimultiples whatever he taken of the first and 
third, and any whatever of the stamd and fourth ; the multiple of the first 
shall have the same ratio to the multiple of the second, that the mi^iple of 
the third has to the multiple of the fourth. 

Let A : B : : C : D, and let m and n be any two numbers ; mA : nB : : 
mC : nD. 

Take of mA and mC equimultiples by any number p, and of rB and nD 
eqnimaltiplee by any numbei g. Then tbe equinmlttpleB of mA, and mC 
by p, are equimultiples also of A and C, for they contain A and C ba oA as 
there are units in fm (3. 5.), andare equalto^miAand pmC. For the same 
reason the mnltiples of nB and nD by 5, are ynB, ynD. Since, therefore, 
A : B : : G : D,andof A and C there are taken any equimultiples, Tiz.pmA 
' and pmC, and of B and D, any equimulUples fnB, ^D, if ^mA be greater 
than ^B, ^C must be greater than ^D (def. 5. 5.) ; if equal, equd ; and 
if less, less. BMtpmA,pmC are also equimultiples of mA and mC, and 
^nB, jnD are equimultiples of nB and nD, therefore (def. 5. 5.), mA : nB 
: : mC : nD. 

GoR. In the same manner it may be demonstrated, that if A : B : : G : 
D, and of A and G equimultiples be taken by any number m, viz. mA and ' 
inC, mA : B : : mC : D. This may also be considered as included in the 
proposition, and as being the case when n=l. 

PROP. V. THEOR. 

Jf one magnitude be the same multiple of another, which a magnitude taken 
from the first is of a magnitude taken from the ether ; the remainder isthe 
sdme multiple of the remainder, that the whole is of the whole 

Let mA and mB be any equimultiples of the two magnitudes A and B, 

■ of which A is greater than B ; mA — mB is the same multiple of A — B 

■ thai mA is of A, that is, mA— mB=m(A— B). 

Let D be the excess of A above B, then A— B=D, and adding B to 
both, A=D+B. Therefore (1. 5.) mA=mD+mB ; take mB from both, - 
and mA— mB=mD ; but D=A— B, therefore mA— mB=m(A— B). 

PROP. VI. THEOR. 

Iffroma nmiiipleefa magnitude by any number a multiple of the same mag- 
nitude by a less number be taken away, the remainder will be the same mul- 
tiple of that magnitude that the difference of the numbers is of unity. 

Let mA and nA be multiples of the magnitude A, by the numbers m and 
n, and let m be greater than n; mA— nA contains A as ofi' as m—n con- 
tains unity, OT mA— nA=(m— n)A. 
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Let m—n=g ; then m=n+j. Therefore (2. 5.) fflA=nA-f ;A ; take 
■A from both, and mA—nAasfA. Therefore mA— nA contuns A as oft 
u there are unite in q, that is, in m— n, or mA— »iA=(m— n)A, 

Cor. When the difference of the two numbers is equal to unity oim— 
11=1, then iRA~nA=A. 

PROP. A. THEOK. 

Jfftmrmagnitudetbepnpcrtumals, tkev an pnportionaU alto when taken 
woerseiy. 

If A : B : : C : D, then also B : A : : : C. 

Let fflA and tnC be any equimultiples of A and C ; nB and nD any eqni- 
multipUs of B and D. Then, because A : B : : C : D, if mA be less than 
itB, mC will be less than nD (def. 5. 5.), that is, if nB be greater than mA, 
nD will be greater than mC. For the same reason, if nB=:mA, nD=mC, 
and if nB ^ mA, nD ^ mC. But nB, nD are any equimultiples of B and D, 
and ffiA, mC any equimultiples of A and C, therefore (def. 5. 5.}, B : A - 
D:C. 

PROP. B. THEOB. 

If the first he the samemtiltipU of the aeeond, or the same part of it, that the 
third is of the fourth ; the first is to the second as the llUrdto the fourth. 

First, if mA, mB be equimuldpleaofthe magnitudes A and B,mA : A :; 
mB :. B. 

Take of mA and mB equimultiples by any number n ; and of A and B 
equimultiples by any numtwi p ; these wiUbe nmA{3. 5.},jiA,nmB (3. 5.), 
pB. Now, if nmA be greater than pK, nm is also greater than p ; &nd if 
nm is greater than p, nmB is greater than pR, therefore, when nmA is great- 
er than pA, n>nB is greater than pB. In the same manner, if ninA=pA, 
nmB^pB, and if nmA^pA, nmB^pB. Now, nmA, nmB are any equi- 



Next, Let C be' the same part of A that D is of B ; then A is the same 
multiple of C that B is of D, and therefore, as has been demonstrated, A : 
C : : B : D and inreraely (A. 5.) C : A : : D : B. 

PROP. C. THEOR. 

Ifthefirstbe to th* second asthethirdto the fourth; and if the first be a 
muitipU or a part of the second, the tMrd it the same mvltiple or the same 
part of the fourth. 

Let A : B : : C : D, and first, let A be a jnultdi^e. of B, C is die same 
mrdtiple erf D, that is, if A=mB, C=niD. 

Take of A and C equimultiples by soy number as 2, tiz. 2A and 2C ; 
and of B and D, take equimultipleB by the number 2m, viz. 2mB, 2mD (3. 
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5.);then,b6causeA=mB,2A=3mB; andsinceA:B :: C : D, and since 
2A=2mB, therefore 2C=2mD (def. 5. 5.), md C=mD, that is, C contains 
D, m times, or as ofien as A contains B. 

Next, Let A be a part ot B, C is the same part of D. For. since A : B 
: : C : D, inversely (A. 5.), B : A : ; D : C. But A being a part of B, B is 
a multiple of A ; and therefore, aa is shewn above, D is the same multiple 
of G, and therefore C is the same part of D that A is of B. 

PROP. Til. THEOR. ^ 

me ratio to the same magnitade ; and the same 
ie ratio to equal magnitudes,. 

Let A and B be equal magnitudes, and C any other; A : C : : B : C. 

Let mA, mB, be any equimultiples of A and B ; and nC any multiple 
of 0. 

Because A=B, mA=niB (Ax. 1.5.); wherefore, if mA be greater than 
»C, mB is greater than nC ; and ifmA=nC, mB=»C ; or,ifmA/nC, wiB 
^nC. But niAandmB are any equimultiples of A and B, and nC is any 
multiple of C, therefore (def. 5. 5.) A : C : : B : C. 

Again, if A=B, C : A : : C : B ; for, aa has been proved, A : C : ; B: 
C, and inversely (A. 5.), C ; A : : C ; B. 

PROP. VIII. THEOR. 

Of unequal magnitudes, the greater has a greater ratio to the same than the less 
has ; and the same magnitude has a greater ratio to the less than it has to 
the greater. •• 

Let A -(- B be a magnitude greater than A, and C a third magnilude, 
A+B has to C a greater ratio than A has to C ; and C has a greater ratio 
to A than it has to A+B. 

Let m be such a number that mA and mB are each of them greater than 
C; and let nC be the least multiple of C that exceeds n»A+mB ; then nO 
~C, that is (n— 1}C (1. 5.} will be less than mA'+mB, or mA+mB, that 
is, m(A+B)i3 greater than (n — 1)C. But because nC is greater than 
wlA-j-mB, and C less than mB, nC — C is greater than mA, or mA is less 
than nC— C, that is, than (n— 1)C. Therefore the multiple of A+B by 
m exceeds the multiple of C by n—1, but the multiple of A by m does not 
exceed the multiple of C by n — 1 ; therefore A+B has a greater ratio to 
C than A has to C (def 7. 5.), 

Again, because the muhiple of C by n— 1, exceeds the multiple of A by 
m, but does not exceed the miUtiple of A+B by m, C has a greater ratio to 
A than it has to A+B (def. 7. 5.). 

15 
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PROP. IX. THEOR. 



Magnitudes lohteh have the same ratio to the sam» magnitude are eqtud to one 
another ; and those to vihieh the same magnitude has the same ratio are equal 
to one another. 

IfA:C::B:C,A=B. 

For if not, let A be greater than B ; then because A is greater than B, 
two numbeTB, m and n, may be found, as in the last proposition, such that 
ffiA shall exceed nC, while mB does not exceed nC. But because A : G 
: : B : G; andifmA exceed nC, mB must dso exceed nG(def 5. 5.): and 
it is also shewn that mB does not exceed nC, which is impossible. Theie- 
fore A is not greater than B ; and in the same vrny it is demonstrated that 
B is not greater than A ; therefore A is equal to B. 

Next,letC : A :' : B, A=B. For by ioTersion (A. 5.) A : C : : B : 
C J and therefore, by the first case, A=B. 

PROP. X. THEOR. 

That magnitude, tohieh has agreater ratio than another has to the stone magni- 
tude, is the greatest of the two: And that magnitude, to which the same has 

a greater ratio than it has to another magnitude, is the least of the two. 

If the ratio of A to C be greater than that of B to C, A is greater than B. 

Because A : C ^B : C, two numbers m and n may be found, such that 
fflA7nG,and mB^nG (def. 7. 5.). Therefore also mAJfflB.andA/B 
{Ax. 4. S.). 

Again, let C : B7C : A; B/A. For two numbers, tn andn maybe 
found, such that mC/nB, and mC/nA (def. 7. 5.). Therefore, since nB 
is less, and nA greater than the same magnitude n)C,nB/nA, and there* 
fOTeBZA. 

PROP. XI. THEOR. 

Ratios Inat are equal to the same ratio are equal to one another. 

If A : B : : C : D ; and also C : D : : E : F ; then A : B : : E : F. 

Take mA, mC, mE, any equimultiples of A, G, and E ; and nB, nD, nF, 
any equimultiples of B,D,andF. Because A : B :: C : D.ifmA/nB, 
uiC/nD (def. 5.5.}; butif mO/nD, mE7nF(def. 5. 5.), because C :D 
: : E : F ; therefore if mA 7nB, mE 7nY. In the same manner, if mK= 
nB,inE=nF; and if tnA^nfi, niE^nF. Now, ntA, mE are any equi- 
multiples whatever of A and E ; and bB, nFany whatever of B and F ; 
tlierefore A : B ; : E : F (def. 5. 5.). 
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PROP. XII. THEOR. 



If any number of magnitudes he proportionals, tu ime of ike anteeedenU is to 
its consequent, so are all the antecedents, taken together, to ail the const- 

If A: B::C:D,andC: D::E : Fj thenslao, A : B : : A+C+E : 
B+D+F. 

Take mA, mC, mE any equimultiples of A, C, and E ; and nB, nD, bF, 
any equimultiples of B, D, and F. Then, because A : B : : C : D, if mA 
7nB,mC7».D{def. 5. 5.); and when mC/nD.oiE/nF, because C : D 
:: E : F. Therefbre,if mA7nB,mA+mC+mE7nB+»D+nF: Inthe 
same manner, if niA=nB, oiA+mC+mE=nB+nD+nF ; and if mA/_ 
«B, mA+mC + mE^nB + nD+nlf. Now, mk + mC + mE=m{A+C + 
£) (Cor. 1. 5.), so that mA and mA-{-inC-|-inE are any equimi^tiples of 
A, and of A+C+E. And for the same reason nB, and nB+«D+»F are 
any equimultiples of B, and of B+D+F ; therefore (def. 5. 5.) A ; B : : 
A+C+E :B+D+F. 

PROP. XIII. THEOR. 

If the first haoe to the second the same ratio loAicA the third has to the fourth, 
hut the third to the fourth a greater ratio than the fifth has to the sixth ; 
the first has also to the second a greater ratio than the fifth has to the sixth. 

IfA: B ::C:D; bntC:D7E:F; then also, A : B^E : F. 

Because C : D 7 E : F, there kre two numbers m and n, such that tnC 7 
nD,butfflE/nF(def. 7.5.). Now,ifmC7nD,mA7nB, because A : B 
: : C : D. Therefore mA7nB, and mE/nF, wherefore, A ; B7E : F 
(def. r. 5). 

PROP. XIV. THEOR. 



If the first have to the second the same ratio whieh the third has to the fourth, 
iifthe first be greater than the third, the st • ■ " ' ... 

fourth; if equal, equal; andifless, less. 



If A:B.:: C: D; theu if A7C, B/D ; if A=C,B=D; and if A/ 
C.B/D. 

FirBt,letA7C; then A : B7C : B (8. 5.), but A : B :: C : D, there- 
fore C : D7C : B (13. 5.), and therefore B7D (10. 5.). 

In the same manner, it is proved, that if A=C, B=D; and if 'A/ C, 
B/D. 

PROP. XT. THEOR. 

Jiagnitttdes haoe the same ratio to one another uihieh their equimultiples have. 

tf A and B be two magnitodes, and m any number, A : B . : mA : mB. 
BecaniieA : B : : A : B (7. 5.); A ; B : : A+A : B+B(I2. S.),or A : 
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B : : 2A : 3B. And in the same manner, since A : B : : SA : 2B, A : B 
: : A+3A : B4-2B (12. 5.), or A : B : : 3A ; 3B ; and bo on, for all the 

etjui multiples of A and B. 

PROP. XVI. THEOR. 

If four magnitudes of tkt same kind he proportUmaU, tkey mU also be pro- 
portionals when taken altemately. 
If A : B : : C : D, then alternately, A : C . : B : D. 
Take mA, mB any equimultiples of A and B, andnC, nD any eqiumul 
tiples of C and D. Then (15. 5.) A : B : : mA ; mB ; now A : B : : C : 
D, therefore (i I. 5.) C : D ; : mA : mB. ButC : D : : nC : bD (15. 5.); 
therefore mA : mB : : nC : nD (11. 5.) : wherefore if mA/nC, raB/nD 
(14.5.); if mA=»C,»nB=»D,or if »iA/bC, »nBZ«D; therefore (def. 
5. 5.) A : C : : B : D. 

PROP. XVII. THEOR. 

If magnitude^, tatoi jointly, he proportionals, they mB also be proportionala 
when taken separately ; that is, if the first, together mth the iecond, haoe 
to the second the same ratio which the third, together with the fourth, has to 
the fourth, the first unll have to the second the same ratio u^ch the third 

has to the fourth. 

If A+B : B :: C+D : D, then by diriBion A : B : : C : D. 

Take mA and nB any multiplea of A and B, by the numbers m and n; 
and first, let mA/nB : to each of them add mB, then mA-f-mB7>nB+nB. 
But mA-|-mB=m(A+B) (Cor. 1. 5.), and mB+nB={n»+n)B {2. Cor. 2. 
5.), therefore m(A+B}7(m+n}B. 

And because A + B ; B :: C+D ; D, if fn(A+B)7(m+n)B, m(C+D) 
7(m+n)D, or mC+mD7mD+nD, that is, taking mD from bcth,mC7 
nD. Therefore, when m.\ is greater than nB, rnC is greater than »D. In 
like manner it is demonstrated, that if mA=nB,wiC=»D, and if wiA^nB, 
that mD^nD ; therefore A : B : : C : D (def. 5. 5.). 

PROP. XVIII. THEOR. 

If magnitudes, taken separately, be proportionals, they will also beproportioa- 

' aiswhentaken jointly, that is, if the frst be to the second as the third to the 
fourth, the frst and second together mil- be to the' second as the third and 
fourth together to the fourth. 

If A : B : : : D, then, by composition, A+B : B : r C+D : D. 

Take m(A+B), and nB any multiples whatever of A+B and B ; and 
lirst, let m he greater than n. Then, because A+B is also greater than 
B,m(A+B)7nB. For the same reason, m(C+D)7nD. In this case, 
therefore, that is, when myn, ni(A+B) is greater than nB, andm(C+D) 
is greater thui nD. And in the same manner it may be proved, that when 
m=n, m(A+B) is greater than nB, and !n(C+D) greater than nD. 
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Next, let m^n,oi!tytn, thea tn(A-{-B) maybe greater than nB, or may 
be equal toil, or maybe less; first, let m(A-{-B] be greater than nB ; then 
i\ao,mA-{-mBynB i take mB, which is less than rB, from both, and mA 
7nB~mB, or mA7(n~m)B (6. 5.). But if mA7(n— m)B, mC 7(n— m) 
D, because A : B : : C : D. Now, (n— m)D=nD— mD {6. 5.), therefore 
mC7nD— mD, and adding mD to both, mC+mD'/nD; that is (1. 5.), 
D.(C + D)7nD. If, therefore, m(A+B)7nB.m(G+D)7»D. 

In the same manner it will bepTOved, that irt7t(A+B)=nB, tR(C+D) 
=nD; andif m(A+B)/»B, m(C+D)/nD ; therefore (def. 5.5.),A+ 
B:B :: C+D : D 

PROP. XIX. THEOR. 

If a whole magnitude be to a tchoU,as a magnitude taken from thefrsttatoa 
magnitude taken from the other; the remainder mill be to the remainder as 
the whole to the whole. 

If A : B : : C : D, and if C be leas than A, A— C : B— D : r A : B. 

Because A ; B :: C : D, alteniately(16.5,), A : C : : B: D; and there- 
fore by division (17. 5.) A— C : C ; : B— D : D. Wherefore, again alter- 
nately. A— C : B— D :: C L D ; butA : B r : C : D, therefore (11.5.) A 
-C : B— D : : A : D. 

Cor. a— C : B— D : : : D. 

PROP. D. THEOR. 

If four magnitxtdei be proportumals, they are also proportionals by conversion, 
that is, the first is to its excess above the second, as the third to its excess 
above the fourth. 

If A : B : : C : D, by conversion, A : A— B : : C : C— D. 

For, since A : B : : C : D, by division (17. 5.), A— B : B : : 0— D : D, 
and inversely (A. 5.) B : A— B : : D : C— D ; therefore, by composition 
{18.5.),A: A— B;:C: C— D. 

Cor. Iq the same way, it may be proved that A : A-|-B : : C : C-f D. 

PROP. XX. THEOR. 

If there be three magnitudes, and other three, which taken two and two, have 
thesame ratio; ^the first be greater than the third, the fourth is greater 
than the sixth ; if equal, equal ; and if less, less. 

If there be three magnitudes. A, B, and C, and other three D, £, and F ; 
andif A ; B : : D : E; and also B : C :: E : F,then [ — i — 5 — p-i 
if A7C,D7F; if A=C, D = F; andif A/C,D ^^ ^' ^' ] . 



First,letA7Ci then A : B7C : B(8. 5.). ButA: B : : D i E, there- 
fore also D : E7C : E (13.5.). NowB : C ;:E : F, and inversely (A. 
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S.)>C : B : : P :E; and it has been shewn that D : E/C : B, therefore 
D : E 7F : E (13. 5.), and consequenay D/F (10. 5.). 

Next.letA=C; thenA: B:: C : B(7.5.),butA : B : : D: E ; there- 
fore, C : B : : D : E, but C : B : : F : E, therefore, D : E : .- F : E (U. 
5.), and D=F{9. 5.). Lastly, let A^C. Then C 7 A, and because, as 
was abeady shewn, G : B : : F : E,audB : A : : E : D; therefore, by the 
fir8tcase,if C7A, F7D, that is,if A/C, D/F, 

PROP. XXL THEOR. 

If there be three ma^itudes, and other three, w/uek have the same ratio taken two 
andtmOjbutma cross order; if the first magniiade be greater than the third, 
the fourth is greater than the sixth ; if eguai, equal ; and if less, lest. 

If there be three magnitudea, A, B, C, and other three, D, E,uid F, 
anchthatA ; B : l E r F,andB : C : : D : E ; ifA7C,D7F; if A=C, 
D=F; andifA/C.DZF. 

First, let A 7 C. Then A : B 7 C : B (8. 5.), but r~X — B C — 1 

A:B :: E : F, therefore E ; F7C: B (13. 5.). Now, p' e' f' 

B : C : : D : E, and inyersely, C ; B : : E : D ; there- ' '- '- '-^ 

fore,E : F7E : D (13. 5.), wherefore, D7F (10. 5.). 

Next, let A=C. Then (7. 5.) A : B : : C : B ; but A : B ; : E ; F, 
therefore, C : B : ; E ; F (11. 6.) ; bnt B : C : : D : E, and inversely, C : 
B : : E : D, therefore (11. 5.), E : F : : E : D, and. consequendy, D=F 
(9. 5.). 

Lastly, let A/C. Then C 7 A, and, as was &k«ady proved, C : B : : 
E:DiandB;A::F: E, therefore, by this &st case, since C/ A, F7 

D, thatis,D^F. 

PROP. XXIl. THEOR. 

If there be any number of magnitudes, and as many others, tokieh, taken Itpo ana 
tKO in order, have the same ratio ; the first will have to the last of the first 
magnitudes, the same ratio which the first of the other has to the hutr 

First, let there be three mag^iitudes, A, B, C, and other three, D, E, F, 
which, taken two and two, in order, have the same ratio, viz, A : B : : D : 

E, and B : C : : E : F ; then A : C : ; D : F. • 

Take of A and D any equimultiples whatever, mA, tnD ; and of B and 
D any whatever, »B, nP : and of C and F any whatever, gC, qF. Because 
A : B : : D : E, mA : nB : : mD : nE (4. .5.) ; and 
forthesame reason, nB ; ^ : : n£ 1 ^F. Therefore 
(20. 5.) according as tnA is greater than gC, equal to 
U, or less, mD is greater than qT, equal to it, or 
less; butmA, mD are any equimultiples of A and D; 
and gC, jF are any equimultiples of C and F ; therefore (def. 5. 5.), A : C 
: : D : F. 

Again, let there be four magnitudes, and other four which, taken two 

•N. B. ThiipiapMitiwiuatull7eit»dt7^void*"eiBqasIi,"or"ciBiiio.'' 



A, 


B. C, 


D, 


E, F, 


mA, 


»B, }C, 


■»D, 


«E, jF.. 
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and two in order, liave the HBjne ratio, viz. A:B:: E:F; B:C::F: 

G ; C : D : ; G : H, iheE A : D : : E : H. 

For, since A, B, C are three magnitudes, and I X, W, C] W, ) 

E, F, G other three, which, taken two and two, E, F G h' 

have the SEune ratio, by the foregoing case, A : ' 

G ; : £ : G. And because also : D : ; G : H, by that same case, A ': D 
: : £ : H . In the same manner is the demonstration extended to any num- 
ber of magnitudes. 

PROP. XXIII. THEOR. 

If there he any nmnber of magnitudes, and as many others, lehieh, taken ttoo 
and two, in a cross order, haee the same ratio ; the first will have to the last 
of the Jirst magnitudes the same ratio vifuch the first of the others has to 
the last.* 

First, Let there be three magnitudes. A, B, 0, and other three, D, E, and 

F, which, taken two and two in a cross order, have the same ratio, viz. A 
: B ; : E : F, and B : C : : D : £, then A : C : : D : F. Take of A, B, 
and D, any equimultiples mA, mB, mD ; and of C, E, F any equimtiltiples 
nC, »E, nF. 

Because A : B : : E : F, and because also A : B : : mA : tnB (15. 5.), 
and E : F : : »E : nF ; therefore, fnA : mB : : nE : nF (11. 5.). Again, 
because B : : : D : E, mB : nC : : mD : nE (4. 
5.) ; and it has been just shewn that mA : mB : : 
nfi ; «Fi therefore,ifTOA7nC,mD7nF(2I.5.); 
ifmA=nC,mD=nF; and if mA^nC, mD/bF. 
Now, mA. and mD are any equimultiples of A and 
D, and nC, mF any equimultiples of C and F ; therefore, A : : l D : F 
(def. 5. 5.). 

Next, Let there be four iqagnitudes. A, B, C, and D, and other four, E, 
F, G, and H, which, taken two and two in a cross order, hare the same 

ratio, viz. A : B ; : G : H ; B : C : : F : G, and , , 

C: D :: E : F,then,A:D : : E : H. For.since I A, B, G, D, I 
A, B, C, are three magnitudes, and F, G, H, other | E, F, G, H. | 
three, which, taken two and two, in a cross order, 

have the same ratio, by the first case, A : C : : F : H. But C ; D : : E : 
F, therefore, again, by the first case, A : D : : £ : H. Tn the same manner 
may the demonstration be extended to any number of magnitudes. 

PROP. XXIV. THEOR. 

If the first has to tht second the same ratio which the third has to the fourth f 
andtheffih to tha second, the same ratio lohieh the sixth has to the fourth ; 
the first and Jlfth together, shidl have to the second, the same ratio lehich 
the third and sixth together, have to the fourth. 

Let A : B : : C : D, and also £ L B : : F : D, then A+E : B : : C+F : D. 

* K. B. Tkis propo^tuHi i« luaallj cited by the vordm'^ex asqaHli in proportions pertur 
bil»;" or, " ai »)uo UwrMly." 
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Because E : B : : F : D, by mTereion, B : E : ; D ; F. But by hypo- 
thesis, A : B : : C : D, therefore, ez ffiqnali (22. 5.), A : E : : C : F ; and 
by composition (18. 5.), A+E : E : : C+F : F. And agftin by hypothe- 
sis, E : B : ; F :D,therefoie, ex squall (22.51), A-|-E:B :: C-f-F : D. 

PROP. E. THEOR. 

If four magnitudes he proportionals, the sum of the first Uco is to their diff»- 
renee as the aam of the other too to their difference. 

LetA: B :; C : D; ihenifA/B, 

A+B : A-B :: C+D : C— D; orlfA^B 

A-J-B:B-A:: C+D : D-C. 
FOT,ifA7B, then because A : B :: C : D, by dirision (17. 5.), 

A-B : B . : C-D : D, aod by inTewJon (A. 5.), 

B : A— B : : D : C— D. But, by composition (18. 5.), 

A-l-B : B : : C-|-D : D, therefore, ex squali (22. 5.), 

A+B: A-B::C-t-D:C-D. 
In the same manner, if B 7 A, it is proved, that 

A+B : B-A : : C+D : D— C. 

PROP. F. THEOR. 
Ratios vA.iek are eompovruUd of^wU ratios, are equal to one another. 

Let the ratios of A to B, and of B to C, which compound the ratio of A 
to 0, be equal, each to each, to the ratios of D to E, and E to F, which com- 
pound the ratio of D to F, A : C : : D : F. _^__ 

For, first, if the ratio of A to B be equal to that of I "X, BJ C^ I 
D to E, and the ratio of B to C equal to that of E to d' e' f' I 
F, ex tequali (22. 5.), A : C : : D : F. ' '—' 

And next, if the ratio of A to B be equal to that of E to F, and the ratio 
of B toC equal to that of D to E, ex «equaU inversely (23. 5.), A : C :: D 
: F. In the same manner may the proposition be demonstrated, whatever 
be the number of ratios. 

PROP. G. THEOR. 

If a magnitude measure each of ttoo others, it will also measure their sum and 

difference. 

Let measure A, oi be contained in it a certain number of times ; 9 timea 
for instance : let C be also contained in B, suppose 5 times. Then A=9C, 
and B=5C ; consequently A and B together must be equal to 14 times C, 
so that C measures the sum of A and B ; likewise, since the difl'erence of 
A and 6 is equal to 4 times C, C also measures this difference. And had 
any other numbers been chosen, itisplain that the results would have been 
■imilar. For, let A=mC, and B=»C ; A+B={m+n)C, and A— B= 
(«-«)C. 

Cor. IfC measure B, and also A— 'B, or A+B, tC must measure A, lor 
thesumof Band A— Bis A, and the difference of B and A+B is also A. 
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ELEMENTS 



GEOMETRY. 



DEFINITIONS 

1. Similar rectiliaeal figures are 
those which have their Beveral 
ang[es eqnal, each to each, and 
the sides about the equal angles 

proponitmals. 

In two similai figures, the sides which lie adjacent to equal angles, are 

called homologous sides. Those angles themselvee are called homo- 
logous angles. In different circles, simtlar arcs, sectors, and segments, 
are those of which the arcs subtend equal angles at the centre. Two 
equal figures are always similar ; but two siimlar figures may be very 
unequal. 

2. Two sides of one figure are said to be reciprocally proportional to two 
aides of another, when one of the sides of the first is to one of the 
sides of the second, as the remaining side of the second is to the re- 
maining side of the first. 



3. A straight line is said to be cul 
whole is to the greater segment, 



i and mean ratio, when the 
a the greater segment is to the less. 




4. The attitude of a triangle is the straight line 

drawn from its vertex perpendicular to the base. 

The altitude of a parallelogram is the perpendicu- 
lar which measures the distance of two oppo- 
site sides, taken as bases. And the altitude of 
a trapezoid is the perpendicular drawn between 
its two parallel sides. 

PROP. I. THEOR. 

TruaigUa «nd paratUiograms, of the same altitttde,an o 

Let the triangles ABC, ACD, and the parallelograms EC, CF have the 
nme altitude, viz. the perpeadicular drawn from the point A to BD : Then, 



'aaaotker as their 
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u the base BC, is to the base CD, so is the triangle ABC to the triuigle 
ACD, and the panllelogram EC to the puallelograin CF. ^ 

Produce BD both ways to the points H, L, and take soy number ol 
BtTughtlinea BG, GH, each equal lo the base BCi and DK, KL, any 
BQinber of them, each equal to the base CD ; and join AG, AH, AK, AL. 
Then, because CB, BG, GH are all equal, the triangles AHG, AGB, ABC 
are all equal (38.1.) ; Therefore, whatever multiple the base HC is of the 
base BC, the same multiple is the triangle AHC of the triangle ABC. For 
the same reason, whatever the baae LC is of the base CD, the same mul- 
tiple is the triuigle ALC of 
the triangle ADC. But if 
the base HC be equal to the 
base CL, the triangle AHC 
is also equal to the triangle 
ALC (38. 1.) ; and if the 
base HC be greater than the 
base CL, likewise the trian- 
gle AHC is greater than the 
triangle ALC ; and if less, 
lessl Therefore, since there 
are font magnitudes, viz. the two bases BC, CD, and the two triangles 
ABC, ACD; and of the base BC and the triangle ABC, the first and third, 
any equimultiples whatever have been taken, viz. the base HC, and the 
triangle AHC ; and of the base CD and triangle ACD, the second and 
fourth, have been taken any equimultiple" whatever, viz. the base CL and 
triangle ALC; and since it has been shewn, that if the base HC be greater 
than the base CL, the triangle AHC is greater than the triangle ALC ; 
and if equal, equal ; and if less, less ; Therefore (def. 5. 5.), as the base 
BC is to the base CD, so is the triangle ABC to the triangle ACD. 

And because the parallelogram CE is double of the triangle ABC (41 . 
1.), and the parallelogram CF double of the triangle ACD, and because 
magnitudes have the same ratio which their equimultiples have [15. 5.) ; 
as the triangle ABC is to the triangle ACD, so is the parallelogram EC to 
the paiallelogram CF. And because it has been shewn, that, as the base 
BC is to the base CD, so is the triangle ABC to the triangle ACD ; and 
as the triangle ABC to the triangle ACD, so is the parallelogram EC to 
the paiallelogram CF ; therefore, as the base BC is to the base CD, so is 
(II. &.) the parallelogram EC to the parallelogram CF. 

CoR. From this it is plun, that triangles and parallelograms that have 
equal altitudes, are to one another as their bases. 

Let the figures be placed so as to have their bases in the same straight 
line ; and having drawn perpendiculars from the vertices of the triangles to 
the bases, the straight line which joins the vertices is parallel to that in 
which their bases ate (33. 1 .), because the perpendiculars are both equal 
and parallel to one another. Then, if the same construction be made as in 
the proposition, the demonstratioa will be the same. 
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PROP. II. THEOR. 

Ij a stToigit Jine be drmmparaikl to one of the sides of a triangle, it wHl cot 
the other sides, or the other sides produced, proportionally : And if the 
sides, or the sides produced, he eat proporlionaily, the straight line tnkiei 

I joim the points of section toill be parallel to the remaining side of the tri- 
angle. 

Let D£ be drawn parallel to BC, one of the eidea of the triangle ABC : 
BD is to DA as CE to EA. 

Join BE, CD ; then the triangle BDE is equal to the triuigle CDE (37. 
1.), because they are on the same base DE and between die same paral- 
lels DE, BC : but ADE is another triangle, and equal magnitudes have, 
to the same, the same ratio (7. 5.) ; therefore, as the trian^e BDE to the 
triangle ADE, »> » the triangle CDE to the biangle ADE ; but as the 
triangle BDE to the triangle ADE, so is ( 1 . 6.) BD to DA, because, bar- 
ing the same altitude, viz. the perpendicular drawn (torn the point E to AB, 
thejr are to one another as their bases ; aitd for the same reason, as the 
triangle CDK to the triangle ADE, so is CE to EA. Therefore, as BD 
to DA, 80 is CE toEA (11.5.). 

Next, let the sides AB, AC of the triao^e ABC, oi dwM sides produced, 




B B C 

that BD be to DA, as 



"C D 

be cut proportionally in the points D, £, that is, t 
CE to EA, and join DE ; DE is parallel to BC. 

The same construction being inade, because as BD to DA, so is CE to 
EA ; and as BD to DA, so is the triangle BDE to the triangle ADE (I . G.) : 
and as CE to ElA, so is the triangle CDE to the triangle ADE ; therefore 
the triangle BDE, is to the triangle ADE, as the triajigle CDE to the tri- 
angle ADE ; that is, the triangles BDE, CDE have the same ratio to the 
triangle ADE ; and therefore (9. 5.) the triangle BDE is equal to the tri- 
angle CDE : And they are on the same base DE ; but equal triangles on 
the same base are between the same parallels (39. 1.) ; therefore D£ is 
parallel to BC. 
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^titangleofatrianglebebieectedbifastnnghllinevAiehalsoeutsthebttM; 
the segments of the base shell have the same ratio lahich the other sida of 
the truaigie have to one another ; And if the segments of the base have tM 
same ratio v>hich the other sides of the triangle have to one another, the straight 
Une drawn from the vertex to the point of section, bisects the vertical atigle. 

Let the angle BAG, of soy triangle ABC, be dirided into two equal aa- 
gles, by the straight line AD ; BD is to DC aa BA to AC. 

Through the point C draw C£ parallel (Prop. 31. I.) to DA, aod let BA. 
produced meet C£ io E. Because the straight line AC meets the paral- 
lels AD, EC, the angle ACE is equal to the altenlate angle CAD {29. 1.) : 
But CAI>, by t^e hypothesis, is equal to the angle BAD ; wheiefora BAIf 
is equal to the angle ACE. Again, 
because the straight line BAE meets 
the parallels AD, EC, the exterior an- 
g^e BAD is equal to the interior and 
opposite angle AEG ; But the angle 
ACE has been proved equal (o the an- 
gle BAD ; therefore dao AGE is 
equal to the angle AEG, and conse- 
quently the side AE is equal to the 
side (6> 1 .) AC. And because AD is 
drawn parallel to one of the sides of 
the triangle BCE, viz. to EG, BD is 
to DC, as BA to AE (2. 6.) ; btU AE is equal to AC ; therefoie, as BD to 
DC, so is BA to AC (7. 5.). 

Next, let BD be to DC, as BA to AC, and join AD ; the angle BAG is 
divided into two equal angles, by the straight line AD. 

The same coaatructioa being made - because, as BD to DG, bo is BA 
to AC ; and as BD to DC, so is BA 
to AE (2. 6.], because AD is paral- 
lel to EC : therefore AB is to AG, as 
AB to AE (11. 5.) : Ceosequeutly 
AC is equal to AE (9. 5.), and the 
angle AEC is therefore equal to the 
angle ACE (5. 1.). But the angle 
AEG is equal to the exterior and op- 
posite angle BAD ; tuid the angle 
AGE is equal to the alternate angle 
CAD {29. 1.) : Wherefore also the 
angle BAD is eqoal to the angle 
CAD : Therefore the angle BAG is col into two equal angles by the straight 
line AD. 
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PROP. A. THEOR. 



If ih« exterior angle of a Oiangle be Uaeeted by a straight line iphiek also eutt 
the base produced ; the segments belioeen the bisecting line and the extremities 
of the base have the same ratio which the other sides of the triangles have to 
one another ; And if the segments of the base produced have the same ratio 
tnhich the other sides of the triangles have, the straight line, drawn from the 
vertese to the point of section, bisects the exterior angle of the triangle. 

I^et the ezterior angle CAE, of any triuif^e ABC, be bisected by the 
straight line AD which meets the base produced in X> ; BD is to DC, as 
BA to AC. 

Through C draw CF parallel to AD (Prop. 31. ].): and because the 
atraight line AC meets the parallels AD, FC, the angle ACF is equal to 
the alternate angle GAD (29. 1.]: But CAD is equal to the angle DAE 

Slfp.) : therefore also DAE is equal to the angle ACF. Again, because 
e straight line FAE meets the parallels AD, FG, the exterior angle DAE 
is equal to ihe interior and opposite angle CFA ; But the angle ACF has 
been proved to be equal to the an- 
gle DAE ; therefote also the angle 
ACF is equal to the angle CFA, 
and consequently the side AF is 
equal to the side AC (6. 1-); and, 
because AD is parallel to FC, a 
Bide of the triangle BCF, BD is to 
DC, as BA to AF (2. 6.) ; but AF 
is equal to AC; iherefoie as BD 
is to DC, so is BA to AC. 

Now let BD be to DC, as BA to AC, and join AD ; ihe angle CAD is 
equal to the angle DAE- 

The same consmiction being made, because BD is to DC as BA to AC ; 
uidalso BDloDC, BA to AF(2. 6.)i therefore BA is to AC, as BAto 
AF (11. 5.), wherefore AC is equal to AF (9. 5.), and the an^le AFC 
equal (5. 1.) to the angle ACF : but the angle AFC id equal to the exte- 
rior angle EAD, and the angle ACF to the alternate angle CAD ; there- 
fore also EAD is equal to the angle CAD 

PROP. IV. THEOR. 

The sides about the eqtuil angles of equiangular triangles are proportionals; and 
those Khieh are opposite to the equed angles are homologous sides, that is, are 
the antecedents or consequents of the ratios 

Let ABC, DCE, be equiangular triangles, having the angle ABC equal 
to the angle DCE, and the angle ACB to the angle DEC, and conse- 
quently (4. Cw. 32. 1.) the angle BAC equal to the angle CDE. The 
sides about the equal angles of the triangles ABC, DCE are proportionab , 
and those aro the homologous sides which are opposite to the equal an- 
gles. 
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Let the trian^e DCE be placed, ao that its aide CE mavbe contiguoiu 
to BC, and in the same strai^t line with it : Aad because Uke angles ABC, 
ACB are together loss than two right angles (17. 1.), ABC and DEC, 
which is equal to ACB, are also less than -n. 
two right angles i wherefore BA, ED pro- ■'^1 
ducedshallmeet(l Or. 29.1.) ;let them be pro- 
duced and meet in the point P ; and because 
the angle ABC is equal to the an^e DCE, 
BF is paraUel {28. 1.) to CD. Again, be- 
cause the angle ACB is eq^al to* the ^gle 
DEC,ACiaparalieltoFE{28.1.): There- 
fore FACD is a parallelogram ; and conse- 
quently AF is equal to CD, and AC to FD 
(34. I.) : And because AC is parallel to FE, 
one of the sides of the triangle FBE, BA : AF : : BC : CE (2. 6.) : bnt 
AF is equal to CD ; therefore (7. 5.) BA : CD : : BC : CE ; and alter- 
nately, BA : BC : : DC : CE (16. 5.) : Again, because CD is parallel to 
BF, BC : CE ; : FD : DE (2. 6.) ; but FD is equal to AC ; therefore BO 
• : CE : : AC : DE ; and ahernately, BC : CA : : CE : ED. TherefOT«, 
because it has been proved that AB : BC : : DC : CE ; and BC : CA : : 
CE : £D,ex squali, BA : AC : : CD : DE. 

PROP. V. THEOR. 

If the sidts of two trvntgles, about taeh of tlttir angles, be proportionaU, tha 
triangles shall he eqaiaagalar, and have their equal angles opposite to the 
homofogi^e sides. 

Let the triangles ABC, DEF have their sides proportioiiab, so that AB 
is to BC, as DE to EF ; and BC to CA, as £F to FD ; and consequently 
ex »quali, BA to AC, as ED to DF ; the triangle ABC b equiangular to 
thetrian^e DEF, and their equal angles are opposite to the homologous 
sides, viz. the angle ABC being equal to die angle DEF, and BCA to 
EFD, and also BAC to EDF. 

At the points E, F, in the straight 
line EF, make (Prop. 23. l.)the an- 
gle PEG equal to the angle ABC, 
and the angle EFG equal to BCA, 
wherefore &e remaining angle BAC 
is equal to the remaining angle 
EOF (4. Cor. 32. 1.), and the trian- 
gle ABC is therefore equiangular to 
the triangle GEF ; and consequently 
they have their aides opposite to the 
eqiul angles proportionals (4. 6.). 
Wherefore, 

AB : BC : : GE : EF ; but by SDj^tion, 

AB : BC : : DE : EF, therefore, 

DE:EF:: GE : EF. Therefore(11.5.) DE and GE hare 
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the same ratio to EP, and conaequentty are equal (9. 5.). ' For th« same 
reason, DF is equal to FG : And because, in the triangles DEF, GEF, 
DE is eqnal to EG, and EF common, and also the base DF equal to the 
base GF; therefore the angle DEF is equal (8. I.) to the angle GEF, and 
the oiher angles to the other angles, which are subtendod by the equal 
sides (4. 1.). Wherefore the angle DFE is equal to the angle GFE, and 
EDF to EGF : and because the angle DEF is equal to the angle GEF, 
and GEF to the angle ABC ; therefore the angle'ABC is equal to the an- 
gle DEF : For the same reason, th« angle ACB is equal to the angle 
DFE, and the angle at A to the angle at D. Therefore the triangle ABC 
is equiaognlai to ue triangle DEF. 



PROP. VI. THEOR. 

If two triangles have ontaitglt of the one equal to ont angle of the other, and 
the sides about the equal angles proportumals, the triangles shall be equian- 
guiar, and shall have those angles equal uhieh are opposite to the homolo- 
gous sides. 

Let the triangles ABC, DEF have the angle BAG in the one equal to 
the angle EDF in the other, and the sides about those angles . proportion- 
als ; that is, BA to AC, as ED to DF ; the triangles ABC, DEF are equi- 
angular, and have the augle ABC eqnal to the angle DEF, and ACB to 
DFE. 

At the poinie D, F, in the 
straight line DF, make (Prop- 
33. 1.) the angle FDG equal to 
eitheroftheanglesBACEDF; - 
and the angle IfFG equal to the 
angle ACB ) wherefore the re- 
maining angle at B is equal to 
the remaining one at G (4- Cor. 
32. 1.), and consequently the 
triangle ABC is equiangular to 
the triangle DGF ; and therefore 

BA : AC : : GD (4. 6.) : DP. But by hypothesis, 
BA : AC : : ED : DF ; and therefore 

ED : DF : : GD : (U. 6.) DF ; wherefore ED is equal (9. 5.) to 
DG ; and DF is common to the two triangles EDF, GDP ; therefore the 
two sides ED, DFare equal to the two sides GD, DF; hut the angle 
EDP is also equal to the angle CDF ; wherefore the base EF ia equal lo 
the base FG (4. 1.), and the triangle EDF to the triangle GDP, and the 
remaining angles to the remaining angles, each to each, which are sub- 
teaded by the equal sides : Therefore the angle DFG is equal to the angle 
DFE, and the angle at G to the angle at E : But the angle DFG is equal 
to the angle ACB; therefore the angle ACB is equal the angle DFE, and 
the angle BAG is equal to the angle EDF (Hyp.) ; wherefore also the re- 
maining angle at B ia equal to the remaining angle at E. Therefore the 
triangle ABC is equiangular to the triangle DEF. 
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PROP. VII. THEOR. 

IftwotriOTighshavtoiu angle of the one equal to orie angle of the other, and 
the sides about two other angles proportionals, then, if each of the remaining 
angles be either less, or not less, than a right angle, the triangles s/iatl be 
tqttiangular, and have those angles equal about which the sides are propor- 
tionals. 

Let the twotriangles ABC, DEF have one angle in the ontf equal to one 
angle in the other, viz. the angle BAG to the angle EDF, and the aides 
about two other angles ABC, DGF propoTtionala, ao that AB ft to BC, as 
DE.to EF; and, in the first case, let each of the remaining angles at C, F, 
be less than a. right angle. The triangle ABC is equiangular to the tri- 
angle DEP, that is, the angle ABC is equal to the angle DEF, and the 
remaining angle at C to the remaining angle at F. 

For, if the an^ea ABC, D£F be not equal, one of them is greater than 
.the other : Let ABC be the greater, and at the point B, in the straight 
line AB, make the angle ABG equal 
to the angle (Prop.23.1.)DEF: and 
because &e angle at A is equal to the 
angle at D, and the angle ABG to 
. the angle DEF; the remaining an- 
gle AGB is equal {4. Cor. 32. 1.) to 
uie remaining angle DFE ; There- 
fore the triangle ABG is equiangular 
to the triangle DEF ; 

wherefore (4. 6.), AB : BG : ; DE : EF ; but, 
by hypothesis, DE : EF : : AB : BC, 
therefore, AB ; BC : : AB : BG (11. 5.), 

and because AB has the same ratio to each of the lines BC, BG ; BC is 
equal (9. 5.) to BG, and therefore the angle BGC is equal to the angle 
BCG (5. 1.) ; But the anglo BCG is, by hypotheaia, less than a right an- 
gle ; therefore abo the angle BGC is less uan a right angle, and the adja- 
cent angle AGB must be greater than a right angle (13. 1.). But it was 
proved that the angle AGB is equal to th« angle at F ; therefore the angle 
at F is greater than a right angle : But by the hypothesis, it is less than a 
right angle ; which is absurd. Therefore the angles ABC, DEF are not 
unequal, that is, they are equal : And the angle at A is equal to the angle 
at D ; wherefore the remaining an^le at C is equal to the tetnaining angla 
lU F ; Therefore the triangle ABC la equiangular to the triangle DEF. 

Next, let each of the angles at C, F be not leas than a right angle ; the 
triangle ABC is also, in this case, equiangular to the triangle DEP. 

The same constniction being 
made, it may be proved, in like 
manner, that BG is equal to BG, 
and the angle at C equal to the 
angle BGC : But the angle at C 

is not leas than a right angle ; ■ •^\____. — V^ 
therefore the angle BGC is not ^ 

less than a right angle : Where- O 
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fore, two angles of the triangle BGC are together not leas ihaa two right 
sn^ea, which is impossible (17. 1.) ; and therefore the triangle ABC majr 
ke proved to be equiangular to the triangle D£F, as in the first case. 

PROP. Vni. THEOR, 

la a right at^Ud triangle if a perpendicalar be drawn from thertgkt artgle to 
the base ; the triartgles on each side of it are similar to the whole triangle, 
attd to one another. , 

Let ABC be a right angled triangle, having the right angle BAG ; and 
from the point A let AD be drawn perpeadiciilar to the base BO : the irian- 
^es ABD, ADC are similar (o the whole triangle ABC, and to one another. 
Because the angle BAC is equal to the angle ADB, each of them being 
a right angle, and the angle at B com- 
mon to the two triangles ABC, ABD ; 
the remaining angle AOB is equal to 
the remaining anglo BAD (4. Cor. 32. 
1.); therefore the triangle ABC is 
equiangular to the triangle ABD, and 
the sides about their equal angles are 
proportionals (4. 6.) ; wherefore the 
triangles are similar (def. 1. 6.]. In 
likemannei,itmaybe demonstrated,tbat the triangle ADC is eqaiangnlai and 
similar to the triangle ABC : and tho triangles ABD, ADC, being each equi- 
angular and similar to ABC, and equiangular and similar to one, another. 

Cor. From this it is manifest, that the perpendicular, drawn from the 
right angle of a right angled triangle, to the base, is a mean proportional 
between the segments of the base ; and also that each of the sides iaamean 
proportional between the base, and its segment adjacent lo that side. For 




in the triangles BDA, ADC, 



triangles 



BD : DA 
ABC, BDA, BC : BA 
ABC, ACD, BC : CA 



DA : 



DC (4. 6.) i and in the 
BD (4. 6.) ; and in the 
CD {4. 6.). 



PROP. IX. PROB. 



From a given 'straight line to eut off any part required, that is, a part iehieh 
shall he contained in it a given number of times. 

Let AB be the given straight line ; it is required 
tocutoff from AB, a part which shall be contained 
in it a given number of times. 

From the point A draw a straight line AC mak- 
ing any angle with AB ; and in AC take any point 
D, and take AG such that it shall contain AD, as 
oli as AB is to contain the part, which is to be out 
offfrom it ; join BC, and draw DE parallel tu it: 
then AE is the part required to be cut off. 

BeoausQ ED is parallel to one of the sides of the 
17 
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tnanrie ABC, m. to BC, CD : DA : : BE : EA (2. 6.) ; and by composi- 
tion (18. 5), CA : AD :: BA : AE: ButCAis a mulUple of AD ; there- 
fore (C. 6.) BA is the same multiple of AE, or cwitains AE the same nunt 
ber of times that AC conidns AD ; and therefore, whatever part AD is of 
AC, AE is the same of AB ; wharefoie, from the straight line AB the par 
required is cat off. 

PROP. X. PROB. 

To divide a gtmen straight hne similarly to a ytuen divided straight Uite, that it. 

into parts that shall have the same ratios tc •'■ '■"'■ "■ -*' "' 

the divided given straight liiU have. 

Let AB be the straight line given to be divided, and AC the divided line, 
it is required to divide AB Bimilarly to AC. 

Let AC be divided in the points D, E ; and let AB, AC be placed so as 
to contain any angle, and join BC, and through the points D, E,draw 
(Prop. 31. 1.) DF, EG, parallel to BC ; and 
through D draw DHK, parallel to AB ; there- 
fore each of the figures FH, HB, is a parallelo- 
gram : wherefore DH is equal (34. 1.) to FG, 
and HK to GB : and because HE is parallel 
to KC, one of the sides of the triangle DKC, 
CE : ED : : (3. 6.) KH : HD; But KH=BG, 
and HD = GF ; therefore CE : ED : : BG : 
GF ; Again, because FD is parallel to EG, 
one of the sides of the triangle AGE, ED : DA 
; : GF : FA ; But it has been proved that CE 
■;ED: ~~ ~~ ■ ' ■ ■ ■ ■ 

to AC. 




B K O 

BO : GF ; therefore the giren straight line AB ia divided sfanilarly 



PROP. XL PROB. 
Tofind a third proportional to tv^ given straight lines. 

Let AB, AG be the two given straight lines, and let them be placed so 
as to contain any angle ; it is required to 
find a third proportional to AB, AC. 

Produce AB, AC to the points D, E ; and 
make BD equal to AC ; and having joined 
BC,throughDdrawD£paraUel toit(Prop. 
31.1.) 

Because BG is parallel to DE, a side of 
the triangle ADE, AB : {2. 6.) BD . : AC : 
CE ; biit BD=AC: therefore AB : AC : -. 
AC : CE. Wherefore to the two given 
straight lines AB, AC a third proportional, 
CE IS fi>imd. 
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PROP. XII. PROB. 
To find a fourth proportumal to thrt» given straight lintt. 

Let A, B, C be the three given straight lines ; it iA required to find & 
fourth pnqKinional to A, B, C. 

Take two straight lines DE, DP, containing any angle EDF ; and uprai 
these malie DG eqnal to A, GE equaE to B, and DH equal to C ; and har^ 
ing joined OH, draw EF parallel (Prop. 31. l.)to it through the -point £. 




And because GH is parallel to EF, one of the sides of the triangle DEF, 
DG : GE : : DH : HF (2. 6.) ; but DG=A, GE=B, and DH=C ; and 
therefore A : B : : C : HF. Wherefore to the three giten straight lines, 
A, B, C, a ftniTth proportional HF is found. 

PROP. XIll. PEOB. 

To find a moan proportional betwem two given straight limt. 

Let AB, BC be the two given straight lines ; it is required to find a mean 
proportional between them. 

Place AB, BG in a straight line, and upon AC describe the semicircle 
ADC, and from the point B [Prop. 1 1. 
I.) draw BD at right angles to AC, and 
join AD, DC. 

Because the angle ADC in a semi- 
' circle is a right angle (31. 3.) and be- 
cause in the right angled triangle ADC, 
DB is drawn from the right angle, per- 
peWicular to the base, DB is a mean 
proportional between AB, BC, thp seg- 
ments of the base (Cor. 8.6.) ; therefore between the two given straight 
lines AB, BC, a mean proportional DB is found. 
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M« other, have their sides abiyut the egaai angles redproeally proportio, 
And paTollelograms which have one angle ^the one equal to one angle of 
the other, and their sides about the equal angles redproeally proportional, 
are equal to one another. 

Let AB, BG be equal parallel- 
ogtams, which have the angles at B 
equal, and let the aides DB, BE be 
placed in the same straight , line ; 
wherefore also FB, BG are ia one 
straight line(14. 1.); the sides of the 
parallelograms AB, BC, about the 
equal angles, are reciprocally propor- 
tional ; that is, DB is to BE, as GB ■ 
toBF. 

Complete the paraHelogram FE ; and because the parallelograine AB, 
BC are equal, and FE is another parallelogram, 

AB : FE :: BC : FE (7.5.): 
but because the parallelograniB AB, FE have the same altitude, 
AB : FE :: DB; BE (1. 6.), also, 
BC : FE : : GB : BF {1. 6.); therefore 
DB : BE : r GB : BF (1 1. 5.). Wherefore, the sides 
of the pan^Ielograms AB, BC about their equal angles are reciprocaUy pro- 
portional. 

But, let the sides about the equal an^es be reciprocally proportional, viz. 
as DB to BE, so GB to BF ; the parallelogram A3 is equal to the parallel- 
ogram BC. 

Becauee DB ; BE : : GB : BF, and DB : BE : : AB : FE, and GB : 
BF : : BC : EF, therefore, AB : FE : : BC : FE (11.5.): wherefore ths 
parallelogram AB is equal (9. 5.) to the parallelogram- BC. 

PROP. XT. THEOR. 

£qual triangles which have one angle of the one equal to one angle ofths 
other have their sides about the equal angles reciprocally proportional ; And 
triangles which have one angle in the one equal to one angle in the other, 
and their sides about the equal angles redproeally proportional, are equat 
to one another. 

Let ABC, ADE be equal triangles, which have the angle BAG equal to 
the angle DAE : the sides about the equal angles of the triangles ate re- 
ciprocally proportional ; thatis, CAis to AD, asEA to AB. 

Lei the triangles be placed so that their aides GA, AD be in one straight 
line ; wherefore also EA and AB are in one straight line (14. 1.) ; join BO. 
Because the triangle ABC is equal to the triangle ADE, and ABD is an- 
other trianglo; therefore, triangle GAB : triangle BAD : : triangle EAD 
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.- mangle BAD ; but CAB : 
BAD : : CA : AD, and EAD : , 
BAD : : EA : AB ; theiefore 
CA : AD:: EA : AB{n.5), 
wherefore the sides of th« trian- 
gles ABC, ADEabontlbe equal 
anglps &re reciprocally propor- 
tional. 

But let the aides of the trian- 
gles ABC, ADE, about the 
equal angles be reciprocally 
proportional, viz. CA to.AD, as 
£A to AB 1 the triangle ABC is 
equal to the triangle ADE. 

Having joined BD as before ; because CA : AO : : EA : AB ; and since 
CA : AD : : triangle ABC : triangle BAD (I. 6.) ; and also EA : AB : : 
triangle EAD : triangle BAD (11. 5.) ; therefore, triangle ABC ; triangle 
BAD : : triangle EAD : triangle BAD ; that is, the triangles ABC, EaD 
hare the same ratio to the triangle BAD ; wherefore the triangle ABC is 
equal (9. 5.) to the triangle EAD. 

. PROP. XVI. THEOR. 

Ifftntr straight lines be proportumals, the rectangle contained by the extremes it 
equal to thii rectangle contained by the means; And if the rectangle coTUained 
oi/ the extremes be equal to the rectangle contained by the means, the four 
straight lines are proportionals. 

Let the four straight lines, AB, CD, £, P, be proportionals, viz- aa AB 
to CD, so E to F ; the rectangle contained by AB, F is equal to the rect- 
angle contained by CD, E. 

From the points A, C draw (6. 1.) AG, CH at right angles to AB, CD ; 
and make AG equal to F, and CH equal to E, and complete the parallel- 
. ograms BG, DH. Because AB : CD ; : E r F ; and aince E=CH, and 
F=AG,AB : CD (7. S.) : : CH r AG ; therefore the sides of the parallel- 
ograms 3G, DH about the equal angles are reciprocally proportional ; but 
paralielograms which hare their aides about equal angles reciprocally pro- 
portional, are equal to one another (14. €-); therefore the parallelogram 

fiG is equal lo the parallelogram DH : m 

and the parallelogram DGis contain- 
ed by the straight lines AB, F ; be- 
canae AG is equal w F ; and the pa- 
rallelogram DH is contained by CD 
and E, because CH is equal to E : 
therefore the rectangle contained by 
ihe straight lines AB, F ia equal to that 
which is contained by CD and E. 

And if the rectangle contained by 
the straight lines AB, F be equal to that which is contained by CD, E 
these four Unea ftre proportion^, viz. AB is to CD, as E to F. 



B C 
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The same conatructioa being made, because the rectangle contained by 
the straight lines AB, F is equal lo that which is contained by CD, E, and 
the rectangle BG is contained hj AB, F, becauae AG is equal to F ; &aA 
the rectangle DH, by CD, E, because CH is equal to E ; therefore the pa- 
rallelogram BG is equal to the parallelogram DH, and they are equiangu- 
lar : but the sides about the equal angles of equal parallelograms are reci- 
procaUy proportional (14. 6.) : wherefore AB : CD : : OH : AG ; but CH 
=E, aad AG=F ; therefore AB : CD : : E : F. 

PROP. XVII. THEOR. 

IfthreestrMghtUnesbeproportionala,lhereetaitgleeontaiiiedbi/thgactr«niesu 
tqaal to the square of the mean : And if th* Teet<mgU contained by the ex- • 
tremes be equoi to the square of the mean, the three etraight lines arepropor- 

Letthe three straight lines, A,B, C be proportionals, viz. as A to B, bo 
B to C I the rectangle contained by A, is equal to the square of B. 

Take D equal to B : and because as A to B, so B to C, and that B is 
equal to D ; A is (7. 5.) to B, as D to C : but if four straight lines be pto- 
portionals.the rectangle contained by the extremes is equal to that which 
is contained by the means (16. G.) ; therefore the , 
rectangle A.C = the rectangle B.D ; but the rect- -^ 
angle B.D is equal to the square of B, because B= ^ 
D ; therefore the rectangle A.C is equal to the ^ 
square of B. ^ 

And if the rectangle contained by A, C be equal to the square of B; A : 
B : : B : C. 

The same construction being made, because the rectangle contained by 
A, C is equal 'o the square of B, and the square of B is equal to the rect- 
angle contained by B, D, becaiiae B is equal to D ; therefore the rectangle 
contained by A, C is equal to that contained by B, D ; but if the rectangle 
contained by the extremes be equal to that contained by the means, the 
four straight lines are proportionals (16. 6.): therefore A : B : : D : Cbut 
B=D ; wherefore A : B : : B : C. 

PROP. XVIII. PROD. 

Upon agiven straight line to desimbe a rectilineal ^gure similar, and similarly 
situated to a given rectilineal fgure. 

Let AB be the given straight line, and CDEF the given rectilineal figure 
of four aides ; it is required upon the given straight line AB to describe a 
rectilineal figure similar, and similarly situated to CDEF. 

Join DF, and at the points A, B in the straight line AB, make (Prop. 23. 
1.) the angle BAG equal to the angle at C, and the angle ABG equal to 
the-an^e CDF ; therefore the remaining angle CFD is equal to the re- 
maining angle A63 (4. Cor. 32.1.): wherefore the 'triangle FCD is equi- 
angular to the triangle GAB : Again, at the points G, B in the straight 
line GB make (Prop. 23. 1.) the angle BGH equal to the angle DFE, and 
the angle GBH equal to FDE ; therefore the remaining angle FED is 
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equal to the leirudniDg angle GHB, uid the triangle FDE equiangular to 
the triangle GBH : then, because the angle AGB is equal to the angle 
CFD, BGH to DFE tfae whole angle AGH ia eqnal to the whole CFE : 




for the same leason, the angle ABH ia equal to the an^e ODE ; also the 
angle at A is equal to the angle at G, and tlie angle GHB to FED ; There- 
fore the rectilineal figure ABHC is equiangular to CDEF : but likewise 
these figurts have their sides about the equtd angles proportionals : fortbe 
triangles GAB, FCD being equiangular, 

BA : AG : : DC : CF (4. 6.) ; for the same reason, 
AG : GB : : CF : FD ; and because of the equian- 
gular triangles BGH, DFE, GB : GH : : FD i FE ; therefore, 

ei ffiquali (22. 5.) AG : GH : : CF : FE. 
In the same manner, it may be proved, that 

AB ; BH : : CD : DE. Also (4. 6.), 
GH ; HB . : FE : ED. Wherefore, because the rectili- 
neal figures ABHG, CDEF are equiangular, and have their aides about 
tke equaJ angles proportionals, they are similar to one another (def. 1. 6.). 

Next, Let it be required to describe upon a given straight line AB, a 
rectilineal figure similar, and aimilaily situated to the rectilineal figure 
CDKEF. 

Join DE, and upon the given straight line AB describe the rectilineal 
figure ABHG similar, and similarly situated to the quadrilateral figure 
CDEF, by the former case ; and at the points B, H in the straight line 
BH, make the angle HBL equal to the' angle EDK, and the angle BHL 
equal to the angle DEK ; therefore the remaining angle st K is equal to 
the remaining angle at L; and because the figures ABHG, CDEF are 
similar, the angle GHB is equal to the angle FED, and BHL is equal to 
DEK ; wherefore the whole angle GHL is equal to the whole angle FEK ; 
for the same reason the angle ABL is equal to the angle CDK ; therefore 
the five-aided figures AGHLB, CFEKD are equiangular; and because 
the figures AGHB, GFED are similar, GH is to HB as FE toED ; and 
as HB to HL,80 is ED to EK (4. 6.) ; therefore, ex ffiquali {22. 5), GH 
is to HL, as FE lo EK : for the same reason, AB is to BL, as CD to DK : 
and BL is to LH, as (4. 6.)DKto KE, because the triangles BLH, DKE 
are equiangular : therefore, because the five-sided %ures AGHLB. 
CFEKD are equiangular, and have their sides about the equal angles pro- 
portionals, they are similar to one another ; and in the same manner a rec- 
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tilinetJ figure of aLx, or more, sides may be described upon a given straigfat 
line simi^ to one given, and »o on. 



PROP. XIX. THEOR. 



Sunilar triangles are to i 



>« another ut the dapUeal* ratio of tie komologmu 
sides. 




Let ABC, DEF bo aimi- 
lar triangles, having the an- 
gle B equal to the angle E, 
and let AB be to BC, as 
DE to EF, so that the side 
BG is homologous to EF 
(def. 13. 5.) : the triangle 
ABC has to the triangle 
DEP, the duplicate ratio 
of that which BC has to 



Take BG a third proportional to BCandEF(lI. 6.), or such that 
BC ; EF : : EF : BG, and join GA. Then, because 
AB : BC : : DE : EF, alternately (16. 5.), 
AB : DE : ; BC : EF ; but 
BC : EF : : EF : BG ; therefore (11. 5.) 
AB : DE : : EF : BG ; wherefore the sides of the triangles 
ABG, DEF, which are about the equal angles, are reciprocally propor- 
tioi^al i but triangles, which have the sides about two equal angles recipro- 
cally proportional, are equal to 

oneanother (15. 6.): therefore A. 

the triangle ABG is equal U> 

thetriangleDEF; andbecause x* » _. 

that BC is to EF, as EF to / / \ !D 

BG; and that if three straight 
lines be proportionals, the first 
has to the third the duphcate 

ratio of that which it has to the < ^ -. . 

second; BC therefore has to B G C "B F 

BG the duplicate ratio of that which BC has to EF. But as BC to BG, 
BO is (1. 6.) the triangle ABC to the triangle ABG : therefore the tnan^e 
ABC has to the triangle ABG the duplicate ratio of that which BC has to 
EF : and the triangle ABG is equal to the triangle DEF ; wherefore also 
the triangle ABC has to the triangle DEF the duplicate ratio of that which 
BChaatoEF. 

Cor. From this, it is manifest, that if three straight lines be propor- 
tionals, as the first is to the third, so is any tnangle upon the first to a 
similar, and similarly described triangle upon the second. 
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PROP. XX. THEOR. 



SmSar polygons may be divided into the same number of similar triangles, boo- 
ing the same ratio to one anuther that the polygons have ; and the polygons 
hace to one another the duplicate ratio of that tohich their homologous sides 

Let ABODE, FGHKL, be eimilar polygons, and let A6 be tLe homo- 
logous side to FG : the polygons ABODE, FGHKL, may be divided into 
thesame numberof similar triangles, wheTeof each has to each the same 
ratio which the polygons have ; and the polygon ABODE has to the poly- 
gon FGHKL a ratio duplicate of that .which the side AB has to the side 
FG. 

Join BE, EC, GL, LH : and because tlie polygon ABODE is similar 
to the polygon FGHKL, the angle BAE is equal to the angle GFL (def. 
1. 6.), and BA : AE : : GF : FL (def. 1. 6.) : wherefore, becanse the tri- 
angles ABE, FGL have an angle in one equal to an angle in the other, 
and their sides about these equal angles proportionals, the triangle ABE is 
equiangular (6. 6.), and therefore similar, to the triangle FGL (4. 6.) : 
wherefore the angle ABE is equal to the angle FGL : and, because the 
polygons are similar, the whole angle ABC is equal [def. 1. 6.) to the whole 
angle FGH ; therefore the remaining angle EEC is equal to the remain- 
ing angle LGH : now because the triangles ABE, FGL are similar, 

EB : BA : : LG : GF ; and also because the 
polygons are similar, AB : BC : : FG : GH (def. 1.6.); therefore, ex 
aeqnali (22. 5.) EB : BC : : LG : GH, that is, the sides about the equal 
angles EBC, LGH are proporUonaU ; therefore (6. 6.) the triangle £80 




is eqtdangnlar to the triangle LGH, and similar to it (4. 6.). For the 
same reason, the triangle ECD is likewise similar to the triangle LHK ; 
therefore the similar polygons ABODE, FGHKL are divided into the same 
number of similar triangles. 

Also these triangles have, each to each, the same ratio which the poly- 
gons have to one another, ^e antecedents being ABE, EBC, ECD, and 
the consequents FGL, LGH, LHK : and the polygon ABODE has to the 
polygon FGHKL the duplicate ratio of that which the side AE has to the 
homologous side FG. 

Because the triangle ABE is similar to the triangle FGL, ABE has lo 
FGL the duplicate ratio (19. 6.) of that which the side BE has to the side 



nigiUrrlb/GOOgIC 



138 ELEMENTS 

GL: for the aeme reason, the trian^e BEC has to GLH the dupUcale 
ratio of that which BE has to GL : therefore, as the triangle ABE to the 
triangle FGL^ bo (11. 5 j is the triangle BEC to the triangle GLH. Again, 
becanse the triangle EBC is sinuIaT to the triangle LGH, EfiC has to 
LGH the duplicate ratio of that which the side EC has to the side LH : 
^ the same reason, the triangle ECD hsa to the triangle LHK, the du- 
plicate ratio of that which EC has to LH : therefore, as the triangle EBC 
to the triangle LGH, so is (1 1 . 5.) the triangle ECD to the triangle LHK : 
but it has been proved, that the triangle EBC is likewise to Ae triangle 
LGH, as the triangle ABE to the triangle FGL. Therefore, aa the trian- 
gle ABE is to the triangle FGL, bo is the triangle EBC to the triangle 
LGH, and the triangle ECD to the triangle LHK : and therefore, as one 
of the antecedents to one of thb consequents, so are all the antecedents to 
all the consequents (12. 5.)- Wherefore, as the triangle ABE to the tri- 




sngle FGL, so is the polygon ABCDE to the polygon FGHKL : but the 
trian^e ABE has to the triangle FGL, the duplicate ratio of that which 
the side AB has to the homologous side FG. Therefore also the polygon 
ABCDE has to the polygon FGHKL the duplicate ratio of that which 
AB has to the homologous side FG. 

CoR. 1. In like manner it may be proved, that similar figures of four 
sides, or of any number of sides, are one to another in the duplicate ratio of 
their homologous sides, and the same has already been prored of triangles : 
therefore, unirersally, similar rectilineal figures are to one another in the 
duplicate ratio of their homologous sides. 

Cor. 2. And if to AB, FG, two of the homologous sides, a third pro- 
portional M be taken, AB has (def. II. 5.) to M the duplicate ratio of that 
which AB has to FG r but the four-sided figure, or polygon, upqn AB has 
to th3 four-sided figure, or polygon, upon FG' likewise Uke duplicate ratio 
of that which AB has to FG : therefore, as AB is to M, so is the flgare 
upon AB to the figure upon FG, which was also proved in triangles (Cor. 
19. 6.). Therefore, uoiversally, it ia manifest, that if three straight lines 
be proportionals, as the first to the third, so is any rectilineal figure iqton 
the first, to a similar, and similarly described rectilmeal figure upon the se- 
cond. 

Cor. 3. Because all squares are similar figures, the ratio of any two 
squares to one another is ^e same with the duplicate ratio of their sideai 
and hence, also, any two similar rectilineal figures are to one another w th« 
■qusres of Aeir homologous sides. 
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If two polygons are composed of the same number of bisngles similar, 
and similarly situated, those two polygons will be similar. 

For the similarity of the two triangles will pTc the angles EAB=LFG, 
\BE=FGL, EBC=LGH : hence, ABC=FGH, likewise BCDsGHK, 
Ac. Moreover, we shall have, EA : LP : : AB ;' FG : : EB : LG : : BC 
; GH, &c. ; hence the two polygons haTO their angles equal and their sides 
proportional ; consequently they are siroilai. 

PROP. XXI THEOR. 

RsUUinvdjigareswiick are similar to the same reetSineidfigiire, an <dM 
smtiipr to one another. 

Let each of the rectilineal figures A, B be siibikr to the rectilineal figure 
C : The figure A is similar to the figure B, 

Because A ia similar to C, they are equiangular, and also haye their 
sides about the equal angles proportionals {def. 1. 6:). Again, because B 
is similar to C, they are equiangular, and have their sides about the equal 
an|^ ptoportionab (d«f. 1.6.): therefore the figures A, B, are eachof 




them equiangnlarto C, and have the sides about the equal angles of each 
of them, and of C, proportionals. Wherefore the rectilineal ^ures A and 
Bare equiangular (1. Ax. I.), and hare their sides about the squ^ angles 
proportionals (11. 5.)- Therefore A is similar (def. 1. 6.) to B. 

PROP. XXII THEOR. 

jy four straight lines be proportionals, the similar reetiUneai ^gurei smtHarlji 
aesa^d vpon them shall also he proportionals ; and if the simiJar rectilineal 
^gwes snmlarly described upon four straight lines be proportionals, those 
straight lines shall be proportionals. 

Let ^efour straight lines, AB, CD, EF, GH be proportionals, viz. AB 
to CD, as EF to GH, and upon AB, CD let the similar rectilineal figures 
KAB, LCD be similarly described ; and upon EF, GH the similar recti* 
lineal figures MF, NH, in like manner: the rectilineal figure KAB is t« 
LCD, as MP to NH. 

To AB, CD take a third proportional (11. 6.) X ; and to EF, OH, % 
lUid propoHioiwl ; and because 
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AB : CD : : EF : GH, and 

CD : X : : GH : (11. 5.) 0, ex nqnali (22. 5.) 

AB ; X : : EF : 0. But 

AB : X (2. Cor. 20. 6.) : : KAB : LCD ; and 

EF : : : (2. Coi. 20. 6.) MF : NH ; therefore 
KAB : LCD (2. Cor. 20. 6.) : : MF : NH. 

And if the figure KAB be to the figure LCD, ss the figure MF to the 
figure NH, AB is to CD, as EF to GH. 

Make (12. 6.) as AB to CD, so EF to PR, and nRpn PR describe (18. 
6.) the recdiineal figure SR similar, and similsriy situated to eithei of the 




figures MF, NH : then, because that as AB to CD, so is EF to PR, and 
upon AB, CD are described the similar and similarly situated rectilineals 
KAB, LCD, and upon EF, PR, in like manner, the similar rectilineals 
MF, SR ; KAB is (o LCD, as MF tp SR ; but by the hypothesis, KAB 
is to LCD, as MF to NH ; and therefore the rectilineal MF having the 
same ratio to each of the two NH, SR,these two are equal (9. S.)to one 
soother ; they are also similar, and similarly situated ; therefore GH is 
eqoal to PR : and because as AB to CD, so is EF to PR, and because PR 
is equal to GH, AB is to CD, as EF to GH. 

PROP. XXIIL THEOR. 

Equiangular paraUelogrataa Aotw to one another the ratio which is eompouttdtd 
of the ratios of their sides. 

Let AC, OF be equiangular parallelograms having the angle BCD 
equal to the angle ECG ; the ratio of the parallelogram AC to me paral- 
lelograra OF, is the same with the ratio which is compounded of the ratios 
of their sides. 

Let BC, CG be placed in a strught line ; therefore DO and CK are also 
ins straight line (14. 1.}; complete the parallelogram DG ; and, taking 
any straight line K, make (12. 6.) as BO to OG, so K to L ; and as DC 
to CE, so make (12. 6.) L to M ; therefore the ratios of K to L, and L to 
M, are the same with the ratios of the sides, viz. of BC to,CG, and of DC 
to CE. Bui the ratio of K to M, is that which is said to be compounded 
(def. 10. 5.) of the ratios of K to L, and L to M ; wherefore also K has to 
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M th« ratio compounded of the ratios of 
the sides of the parallelogramB. Now, 
because as BC to GG, so is the parallel' 
ogram AC to the parallelograni CH (1. 
6.) ; and as BC to CO, so ia K to L ; 
therefore KiB(n. 5.) to L, as the paral- 
lelogram AC to the paraUelogiam CH : 
BgaiD, because as DC to CE, so is the 
parallelogram CH to the parallelograni . 
CF ; and as DC to CE, so ia L to M ; 
therefore L is [U. 5.) to M, as the paral- 
lelogram CH to the parallelogram GF : i = 

therefore, since it has been proved, that tr -r -km E F 

as K to L, so is the parallelogram AC K Jj M. 
to the parallelogram CH ; and as L to M, so the parallelogram CH to the 
parallelogram CF ; ex tequali [32. 5.), K is to M, as the parallelogram 
AC to the parallelogram CF ; but K has to M the ratio which is com- 
pounded of the ratios of the sides ; therefore also the parallelogram AC 
has to the parallelogram GF the ratio which ia componnded of the ratios 
of the sides. . 

Cob. Hence, any two reetangUs are to each other as the products of 
their bases multiplied ht/ their altitudes. 

SCHOLIUM. 

Hence the product of the base b^ the altitude may be assumed as ike 
measure of a rectangle, provided we understand by this product the pro- 
duct of two numbers, one of which is the number of linear units contained 
in the base, the other the number of linear units contained in the altitude. 

Still this measure is not absolute but relative : it supposes that the area 
of any other rectangle is computed in a similar manner, by measuring its 
sides with the same linear unit) a second product is thus obtained, and 
the ratio of the two products is the same as that of ,the two rectangles, 
a^eeably to the proposition just demonstrated. 

For example, if the base of the rectangle A contained three miits, and its 
eltitnde ten, that rectangle will be represented by the number 3 x 10, or 
30, a nimiber which signifies nothing while thus isolated ; but if there is a 
second rectangle B, the base of which contains twelve units, and the alti- 
.tude seven, this rectangle would be represented by the number 12x7^84 ; 
and we shall hence be entitled to conclude that the two rectangles are to 
each other as 30 is to 64 ; and therefore, if the rectangle A were to be as- 
eomed as the unit of measurement in surfaces, the rectangle B would then , 
have ^ for its absolute measure ; or, which arooimiB to the same thing, it 
would be equal to ^ of a superficial unit. 

It is more common and more simple to assume the squares as the unit of 
snrface ; and to select that square whoae side is the unit of length. In 
this case, the measurement which we have regarded merely as relative, 
becomes absolute : the number 30, for instance, by which the rectangle A 
was measured, now represents 30 superficial units, or 30 of those squares, 
which have each of their sides eqnal to unity. 
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CoK. 1. Hence, thearea of any paraUelogram it equal to theprodvett^ 
its bast by tts altitade. 

Cor. 2. It UkamaBfoWowa, that the area of any triangU is tqu^ to tkt 
product of its base by half its altitude. 

PROP. XXIV. THEOR. 

Th« paralietogrums ahovl the diameter of any paroMogram, are mmlur to the 
akcie, and to one another. 

Let ABCD be & paraUetogram, of which the diameter is AC ; and EG, 
HKthe parallelograms about the diameter: the parallelograma EG, HK 
are similar, both to the whole pandlelognun ABCD, and lo one another. 

Because DC, GP are paralleU, the angle ADC is equal (29. 1 .] to ths 
angle AGF : for the same reason, because BC, EF are paralleb, the an- 
gle ABC is equal to the angle AEF : and each of the angles BCD, EFG 
is equal to the opposite angle DAB (34. 1.}, and therefore are equal to ons 
another, whereforo the parallelograms ABCD, AEFG afe equiangular 
And because the angle ABC is equal to the angle AEF, and the aogla 
BAG common to the two triangles BAC, 
EAF, they are equiangular to one another ; 
therefore (4, 6.) as AB lo BC, bo is AE to 
£F ; and because the opposite sides of paral- 
lelograms are equal to one another (34. 1.), 
ABi8(7. 5.)toAD,asAE to AG; and DC 
to OB, as GF to FE ; and also CD to DA, 
as FG to G A : therefore the sides of the pa- ,^__^__ 
raUelograms ABCD, AEFG about the equal jy ^ 
angles are proportionals; and they are 
therefore siiqilar to one another (def. 1.6.) ; for the same reason, the pa- 
rallelogram ABCD is similar to the parallelogram FHCK. Wherefore 
each of the parallelograms, GE, KH is similar to DB : but rectilineal 
figures which are similar to the same rectilineal figure, are also similar to 
one another (31. 6.) ; therefore the parallelogram GE is similar to KH. 

PROP. XXV. PROB. 

To describe a rectilineal Jigwe which shall be similar to one, and equal to 
anther given reetUvneal figure. 

Let ABC be the given rectilineal figure, to which the figure to be de- 
scribed is required to be siinilar, and D that to which it must be equal. It 
is required to describe a Rectilineal figure similar to ABC, and equal to D. 

Upon the straight line BC describe (Cor. Prop. 45. 1.) the parallelogram 
BE equal to the figure ABC ; also upon CE describe (Cor. Prop. 45. 1.) 
the parallelogram CM equal to D, and having the angle FCE equal to the 
angle CBL: therefore BC and CF are in a atraighthne (29.1.orl4.1.), as 
also LE and EM ; between BC and CF find (13. 6.) a mean proportional 
GH, and upon GH describe (18. 6.) the rectilinear figure KGH similEir, 
and similarly situated, to the figure ABC. And because BC is to GM as 
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GH toCF, and if three straight fines be proportionals, as the first Ta to the 
third, BO is (3. Cor. 20. 6.) the figure upon the first to the similar and simi- 
bUj described figure upon the secoad ; therefore as BC to CF, so is the^ 




figure ABC to the figure KGH : but as BC to CF.sois (1. 6.) the paral- 
, lelogram BE to the parallelogram EF t dierefore as the figure ABC is to 
the figure KGH, bo is the parallelogram BE to the paraUelogram EF (U. 
5.): buttherectilinealfigme ABCis equaltotheparallelogramBE ; there- 
fore the rectilineal figure KGH is equal (14. 5.) to the parallelogram £F : 
but JEIF is equal to the figure D ; wherefore also KGH is equal to D ; and 
it is simiUr to ABC. Therefore the rectilineal figure KGH has been do- 
scrJbed similar to the figure ABC, and equal to D. 



PROP. XXVI. THEOR. 



.If tux similar pttrallelograitu hace 

they are about the 

. Lettheparallelograme ABCD, AEFGbe similar and similaily situated, 
and hare the angje DAB common; ABCD and A£FG are about the 
same diameter. 

For, if not, let, if possible, the parallelogram 
BD have its diameter ARC in a different 
straight line from AF, the diameter of the pa- 
rallelogram EG, and let GF meet AHC in H ; 
and through H draw HK parallel to AD or 
BC ; therefore the parallelograms ABCD, 
AKHG being about the same diametec, are 
similar to one another (24. 6.) : wherefore, as 
DA to AB, 90 is (def. 1. 6.) GA to AK; but 
because ABCD and AEFQ are similar paral- 
lelograms, as DA is to AB, so is GAto AE ; therefore (11. 5.) as GA to 
AE, so GA to AK ; wherefore GA has the same ratio to^ each of the straight 
lines AE, AK ; and consequently AK ia equal (9. 5.) to AE, the less to 
the greater, which is impossible ; therefore ABCD and AKHG are not 
about the same diameter ; wherefore ABCD and AEFG must be about 
the SI 
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PROP. XXVII. THEOR. 

OfaR tit rectangles eontainetl by the segments of a given straigkt line, the 
greatest is the square which is described on half the Ixne. 

Let AB be a given stnught line, which is bisected in C ; and let D ba 

any point in it, the square on AC is greater .^_ . 

than the rectangle AD, DB, A C D B 

For, since the straight line AB is dirided into two equal parts in C, and 
into two unequal parts in D, the rectangle contained by AD and DB, to- 
gether with the square of CD, is equal to the equajre of AC (5. 3.). The 
square (rf AC is therefore greater than the rectangle AD.DB. 

PROP. XXVIII. PROB. 

To divide a given straight line, so that the rectangle contained by its segments ^ 
may be cmial to a given space ; but that space must not be greater than the 
square of half the given line. 

Let AB be the given straight line, and let the square-upon the given 
straight line C he the space to which the rectangle contained by the seg- 
ments of AB must be equal, and this square, by the determination, is not 
greater than that upon hdf the straight line AB. 

Bisect AB in D, and if the square upon AD be equal to the square upon 
C, the thing required is done : But if it be not equal to it, AD must be 
greater than G, according to the deter- 
mination : Draw DE at right angles to 
AB, and make it equal to C : produce 
-ED to F, so that EF be equal to AD 
or DB, and from the centre E, at the 
distance EF, describe a circle meeting 
AB in G. Join EG ; and because AB 
is divided equally in D, and unequally 
in G, AG.GB-t-DG»=(5.2.) DS^= 
EG». But (47. 1.) ED^+DG'=EGa; therefore, AG-GB-HDC^ED" 
+00^, and taking away DC, AG.GB=ED*. Now ED=C, therefore 
the rectangle AG.GB is equal to the square of C : and (he given line AB , 
is divided in G, so that the rectangle contained by the segments AG, GB 
is equal to the square upon the given straight line 0. 

PROP. XXIX. PROB. 

To produce a given straight line, so that the rectangle contained hy the segments 
between the extremities of the given line, and the points to which it is pro- 
duced, may be equal to a given space. 

Let AB be the given straight line, and let Uie square upon the given 
straight line C be the space to which the rectangle under the segments of 
AB produced, must be equal. 
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V A 



B a 



Bisect AB in D, and draw BE at right angles to it, bo that BE be equal 
to C ; and having joined DB, from the centre D Ht the distance DE de- 
scribe a cirde meeting AB produced in G. 
And bficause AB is bisected in D, and 
produced to G, (0. 2.) AG.GB+DB>= 
DG"=DE3. 

But (47. 1.) DEa=DBs+BE', there- 
fore AG.GB + DB^ = DB> + BE^ and 
AG.GB=BE«. Now, BE = C ; wheie- 
fore the straight line AB is produced to 
G, so that the lectangle contained b^ the 
seg:nieDtB AG, GB of the line produced, 
is equal to the square of C. 

PROP. XXX. PROB. 
To cut a given straight Une in extreme and mean ratio. 

Let- AB be the given straight line ; it is required to cut it in extreme aod 
mean ratio. 

Upon AB describe (Ptot). 46. 1 .) the square BC, and produce CA to O, 
so that the rectangle CD. DA may be equal to the square CB^d. 6.). 
Take AE equal to AD, and complete the rectangle DF under DC and 
AE, or under DC aitd DA. Then, because the 
rectangle CD.'DA is equal to the sqnare CB, the 
rectangle DF is equal to CB. Take away the 
common part CE Aom each, and the remainder 
FB is equal to the remainder DE. But FBis 
the rectangle contained by FE and EB, that is, 
by AB and BE ; and DE is the square upon AE ; 
taerefoTB AE is a mean proportional between 
AB and BE (17. 6.), or AB is to AE as AE to EB. 
Bat AB is greater than AE ; wherefore AE is 
greater than EB (14. 5.): Therefore the straight 
Une AB is cut in estrems and mean ratio in E (def. 



6.). 




Otherwise. 



Let AB iHhe ^ven straight line ; it is required to cot it in extreme 
and mean ratio. 

Divide AB in the point C, so that the rectan^e cont^ed by AB, BC 
be equal to the square of AC (11. 2.): Then be- 
cause the rectangle AB.BC is eqnal to the sqnare » n B 
of AC, as BA to AC, so is AC to CB (17. 6.) ; 
Therefore AB is cut in eUreme and mean ratio in C (def. 3. fl.>. 
19 
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PROP. XXXI. THEOR. 

In r^it angled triangles^ the- rectiUrietd figure deterihed upon the side oppo- 
site to the right angle, is equal to the similar, and similarly deserrbed 
figitrts upon the sides containing the right angle. 

Let ABC be a right aogled triangle, having the right angle BAG : The 
rectilineal figure described upon BC ia equal to the similar, and simiZariy 
described figures upon BA, AC. 

Draw the perpendicular AD ; therefore, because in the right angled tri- 
angle ABC, AD is drawn from the right angle at A perpendicular to the 
base BC, the triangles ABD, ADC are similar to the whole triangle ABC, 
and to one another (6. 6.}, and because the triangle ABC is similar to 
ADB, as OB to BA, so is BA to BD (4. 6.) ; and because these three 
straight lines are proportionals, as the first to the third, so is the figure upon 
the &stto the similar, and similarly described figure upon the second (2. 
Coj. 20. 6.) : Therefore, as CB to BD, 
BO is the figure, upon CB to the similai 
and similarly described figore upon 
BA : and inversely (B. 5.), as DB to 
BC, BO is the figure upon BA to that 
upon BC ; for the same reason as DC 
to CB, so is the figure upon CA to that 
upon CB. Wherefore, as BD and DC 
together to BC, so are the figures upon 
B'A and on AC, together, to the figure 
npon BC (24. 5.) ; therefore the figures on BA, and i 
equal to that on BC ; and they are similar figures. 

PROP. XXXn. THEOB. 

If twd triangles, vJueh have two sides of tie ons proportional to too sides of 
the othsr,bs joined at ons tcngU, so as to have their homologous sides pa- 
raSel to one another ; thsir remaining sides shall be in a straight line. 
Let ABC, DCE be two triangles which have two sides BA, AC propor- 
tional to the two CD, DE, viz. BA to AC, aa CD to DE ; and let AB be 

parallel to DC, and AC to DE ; BC and CE are in a straight line. 

Because AB is parallel to DC, and the straight line AC meets them, the 

alternate angles BAC, ACD-are equal (29 1.); for the same reason, the 

anrie QDE is equal to the an^ 

ACD ; wherefore also BAC is eqoal 

to CDE : And because the trian^es 

ABC, DCE have one angle at A 

equal to one at D, and the sides about 

these angles proportionals, viz. BA to 

AC, as CD to DE, the triangle ABC 

ih eqnianguhv (6. 6.) to DCE : 

Therefore the angle ABC is eqiul to 




Q AC, are together 
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the uig^« DCE : And the angle BAG wu proved to be equal lo ACD : 
Therefore tUe whole angle ACE is equal to the two angles ABC, BAC ; 
add the common angle ACB, then the angles ACE, ACB are equal to the 
angles ABC, BAC, ACB : But ABC, BAC, ACB are equal to two right 
angles (32. 1.) ; therefore also the angles ACE, ACB are equal to two 
right angles '. And since at the point C,in the straight line AC, the two 
straight lines BC, CE, which are on the opposite sides of it, make iho ad- 
jacent angles ACE, ACB equal to two right angles ; therefore (14.1.)BC 
and CE are in a straight line. 

PROP. XXXin. THEOR. 

In equal circles, angles, mhet^ at the centres or eircumferences, have tke same 
ratio which the arcs, on viAieh they stand, have to one another ; So also haoe 
the sectors. 

Let ABC, DEF be equal circles ; and at their centres the angles BGC, 
EHF, and the angles BAC, EDF at their circumferences ; as the arc BC 
to the arc EP, so is the angle BGC to the angle EHF, and the angle BAC 
to the an^e EDF : and also the sector BGC to the sector EHF. 

Tako any number of arcs CK, KL, each equal to BC, and any number 
whatever FM, MN each equal to EP ; and join GK, GL, HM, HN. Be- 
cause the area BC, CK, KL are all equal, the angles BGC, CGK, KGL 
are also all equal (27. 3.) : Therefore, what multiple soever the arc BL ia 
of the arc BG,thB same multiple is the angle BGL of the angle BGC : For 
the same reason, whatever multiple the arc EN is of the arc EF the same 
multiple is the angle EHN of the angle EHF. But if the arc BL, be equal 
to the arc EN, the angle BGL is also eqnal (27. 3.) to the angle EHN ; 
or if the ace BL be greater than EN, likewise the angl.e BGL is greater 
thanEHN: and if less, less : There being then four magnitudes, the two 
arcs, BC, EP, and the two angles BGC, EHF, and of the arc BC, and of 
the an^e BGC, have been taken any equimultiples whatever, viz. the arc 
BL, and the angle BGL ; and of the arc EP, and of the angle EHP, any 



equimultiples whatever, viz. the arc EN, and the angle EHN : And it 
has been proved, that if the arc BL be neater than EN, the angle BGL 
is greater than EHN ; and if equal, equiQ ; and if leas, less; As therefore. 



the arc BC to the aio EP, s 
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EHF: But SB tbe angle BOC iato the angle EHF.ioia (IS. 5^ ibe an- 
gle BAG to the angle EDF, for each is double of each (30. 3.) : I^erefora, 
as the circumference EC is to £F, so is the angle BGC to the angle EHF, 
and the angle BAG to the angle EDF. 

Also, as the arc BC to EF, so is the sector BGC to the sector EHF. 
Join BG, GK, and in the arcs BC, CK take any paints X, 0, and join BX, 
XC, CO, OK : Then, because in the triangles GBC, GCK, the two sides 
BG, GC are equal to the tvo CG, GK, and also contain equal angles ; the 
base BC is equal (4.1.) to the base CK, and the triangle GBC to the tri- 
ao^e GCK : And because the arc BC is equal to the arc CK, the remain- 
ing part of the whole circumference of the circle ABO is equal to the re- 
maining part of the whole circumference of the same circle : Wherefore 
the angle BXC is equal to the angle COK (27. 3.) ; and the segment 
BXC is therefore similar to the segment COK (def. 9. 3.) i and they are 
upon equal straight lines BC, CK : But similar segments of circles upon 
equal straight lines are equal (24. 3.) to one another : Therefore the seg- 
ment BXC is equal to the segment COK : And the triangle B6G is equal 
to the triangle CGK ; therefore the whole, the sector BGC is equal to the 
whole, die sector CGK : For the same reason, the sector K6L is equal to 
each of the seclors BGC, CGK ; and in the same manner, the sectors 
EHF, FHM, MHN, may be proved equal to one another : Therefore, ^hat 
multiple soever the arc BL is of the arc BC, the same multiple is the sec- 
tor BGL of the sector BGC. For the same reason, whatever multiple the 
arc EN is of EF, Uie same multiple is the sector EHN of the sector EHF ; 
Now if the arc BL be equal to EN, the sector BGL is equal to the secttn 




EHN ; and if the arc BL ba greater than EN, the sector BGL is greater 
than the sector EHN ; and if less, less : Since, then, there are four mag- 
nitudes, the two arcs BC, EF, uid the two sectors BGC, EHF, and of t^ 
arc BC, and sector BGC, the arc BL and the sector BGL are any equi- 
multiples whatever ; and of the arc EF, and sector EHF, the are EN and 
sector EHN, are any equimulliples whatever ; and it has been proved, that 
if the arcBL be greater than EN, the sector BGL is greater than the sec- 
tor EHN; if eqiul, equal; and if less, less; therefore (det 5. 5.) as the 
arc BC, is to the arc EF, so is the sector BGC to tlie sector EHF. 
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PROP. B. THEOR. 

If m angle of a triangte he bisected by a straight line, viMek likewisB cuts the 
base; the rectangle contained by the sides jfthe triangle is e^ai to the 
rectangle contained by the segments of the base, together tnith the square of 
the straight line biseetifig the angle. 

Let ABC be a tiiangle, and let the angle BAC be bisected by the 
strsiight line AD ; the rectai^gle BA.AC is equal to the rectangle BD.DC, 
together with the equare of AD. 

Describe the circle (Prop. 5. 4.) ACBabont 
the triangle, and produce AD to the ciicum- 
feience in E, and join EC. Then, because 
the angle BAD ia equal to the angle CAE, 
and the angle ABD to the angle (21. 3.) 
AEC, far they are in the same segment i the 
triangles ABD, AEC are equiangular to one 
^ another ; Therefore BA : AD : : EA : (4. 6.) 
AC, and consequently, BA.AC= (16. 6.) 
AD.AE=ED.DA(3. 2.) +DA^. But ED. 
DA=BD.DC, therefore BA.AC = BD.DC 
+DA». 




PROP. C. THEOR. 

If from any angh of a triangle a straight line be drawn perperuUcvlar to the 
base ; the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the perpeadievlar, and the diameter of the circle de- 
scribed about the triangle. 

Let ABC be a triangle, and AD the perpendicular from the angle A to 
the btfee BC ; the rectangle BA.AC ia equal to the rectangle contained by 
AD and the diameter of the circle described about the triangle. 

Describe (Prop 5. 4.) the circle ACB 
tixrat the triangle, and ^w its diameter 
AE, and join EC ; Because the right 
tuogloBDA is equal to the angle ECAin 
a semicircle, and the angle ABD to the 
ang^B AEC, in the same segment (21. 
3.); the triangles ABD, AEC are equi- 
angular : Therefore, as (4. 6.) BA to 
AD, so is EA to AC : and consequently 
the rectangle BA.AC is oqaal (16. 6.) to 
the rectangle EA.AD. 
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PROP. D. THEOE. 

Thi rectangle contained by the diagonals cf a quadrilateral inscribed m a 
drele, is equal to both the nettmgUs, contained by its opposite sides. 

L«t ABCD be any quadrilateral inscribed ia a circle, and let AC, BD be 
drawn ; the rectangle AC.BD is equal to die two rectangles AB.CD, and 
AD.BC. 

Make the angle ABE equal to the angle DBC ; add to each of these 
the common angle EBD, then the angle ABD is eqnal to the angle £BC : 
And the angle BDA is equal to (21. 3.) the angle BCE, because they are 
in the same segment ; therefore the triangle 
ABD is equiangular to the triangle BCE. 
Wherefore (4. 6.), BC : CE : ; BD : DA, 
and consequently (16. 6.) BG.DA=?BD.CE. 
Again, because the angle ABE is equal to 
the angle DBC, and the angle (21. 3.) BAE 
to the angle BDC, the triangle ABE is equi- 
angular to the triangle BCD ; therefore BA 
: A£ : : BD : DC, and BA.DC=BD.AE: 
But it was shewn that BG.DA=BD.CE; 
wherefore BC.DA + BA.DC = BD.CE-|- 
BDAE»BD.AC(1.2.). That is, the rect- 
ande contained by BD anA AC, is equal t 
AB, CD.andAD, BC. 




o the rectangles contained by 



PROP. E. THEOR. 

If an are of a circle be bisected, and from the extremities <f the are, and from 
the point of bisection, straight lines be drawn to any point in the cireum- 
ferenee, the sum of the (wo lines draum from the extremities of the arc tpill 
have to the line drawn from the point of bisection, tbe same ratio tohieh the 
straighl line subtending the arc has to the straight line subtending half the 



Let ABD be a circle, of which AB is an arc bisected in 0, and from A, 
C, and B to D. any point whatever in the circumference, let AD, CD, BD 
be drawn ; the sum of the two lines AD 
and DB has to DC the same ratio that 
BA has to AC. 

For since ACBD is a quadrilateral in- 
scribed in a cbcle, of which the diagonals 
are AB and CD, AD.CB+DB.AC (D 
6.) = AB.CD : but AD.CB-J-DBAC = 
AD.AC + DB.AC, because CB = AC. 
Therefore AD.AC+DB.AC, that is (1. 
2.},(AD+DB) AC=AB.CD. And be- 
cause the sides of equal rectangles are re* 
cim(»cal^|avportionaI(14. 6.), AD-|-DB 
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Iftiooptrinlsbe taken in the diameter ofacircle, such that the reetangle contained 

by the segments intercepted hetieeen them and the centre of the circle be equal to 
the square of the radius : andiffrom thesepoiiits two straight lines be draum 
to any point whatsoever in the ciTcumferertce of the circle, the ratio of these 
lines icill be the same with the ratio of the segmcTits interested between the 
tujo first mentioned points and the circumference of the circle. 

Let ABC be a circle, of which the centre is D, and in DA produced, let 
the points E and F be such that the rectangle ED, DF is equal to the 
square of AD ; from E and F to anypoint B in the circumference, let EB, 
FB be drawn ; FB : BE : : FA : AE. 

Join BD, and because the rectangle FD, D£ is equal to the square of 
AD, thatis,of DB, FD: DB : : DB : DE(17.6.). 

The two triangles, PDB, BDE have therefore the sides proportional 
that aie about the common angle D ; therefore they are equiangular (6. 
. 6.), the angle DEB being equal to the angle DBF, and DBE to DFB. 




Now, since the sides about these equal angles are also proportional (4. 6.), 
FB ; BD ; : BE : ED, and alternately (16. 6.), FB ; BE : : BD : ED, or 
FB : BE : ; AD : DE. But because FD : DA : : DA : DE, bydivision 
(17.S.),FA : DA :: AE : ED, and alternately (11. 5.), FA : AE : : DA 
: ED. Now it has been shewn that FB : BE : : AD : DE, therefore FB 
: BE : : FA : AE. 

Cor. If AB be drawn, because FB : BE : : FA : AE, the aiigle FBE 
ia bisected (3. 6.) by AB. Also, since FD : DC : : DC : DE, by compo- 
sition (18. 5.), FC : DC ; : CE : ED, and since it has been shewn that 
FA : AD (DC) : : AE : ED, therefore, ex tequo, FA : AE : : FC : CE. 
ButFB : BE :: FA : AE, therefore, FB : BE : : FC : CE (11. 5.), so that 
if FB be produced to G. and if BC be drawn, the angle EBQ is bisected 
by the line BC (A. 6.). 
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PROP. G. THEOR. 

Iffirom the extremity of the diameter of a circk a straight Uru bt drawn m thm 
drcU, and ifHth^ within the eirele or produced without it, it meet a line per- 
pettdieular to the same diameter, the rectangle contained hy the straight liit« 
drawn in the circle, artd the segment of it, intercepted ielvxen the extremity 
of the diameter artd the perpendicular, is equal to the rectangle contained by 
the diameter and the segment of it eat off by the perpendicular. 

Let ABC be a circle, of which AG is a diameter, let DE be perpendicu- 
lar to the diameter AC, and let AB meet DK in F ; the rectangle BA^F 
ia equal to the rectangle CA.AD. Join BC, and because ABC is an an- 




gle in a semicircle, it is a right angle (31. 3.): Now, the angle ADF is 
also a right angle (Hyp.) ; and the angle BAC is either the same with 
DAF, or vertical to it ; therefore the triangles ABC, ADF are equiangular, 
and BA : AC : : AD : AF (4. 6.) ; therefore alao the rectangle BA.AF, 
contained hy the extremes, ia equal to the rectangle ACAD contained by 
the means (16. 6.). 



PROP. H, THEOR. 



TheparptrtHailars drawn from the three angles of any triangh to tie opposite 
sides intersect one another in the same point. 

Let ABC be a triangle, BD and CE two petpeodiculars intersecting one 
another in F; Let AF be joined, and produced if neGeSBary,letit meetBG 
in G, AG is perpendicular to BC. 

Join DE, and about the triangleAEF let a circle be described, AEF : 
then, because AEF is a right angle, the circle described about the triangle 
AEF will hare AF for its diameter (31. 3.). Inthe same manner, the 
circle described about the triangle ADF has AF for its diameter ; there- 
fore the points A, E, F and D, are in the circumference of (he same circle. 
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Bat becuise the angle EFB is equal 
to the angle DFC(15. 1.), and also • 
the angle B£F to the angle CDF, 
being both right angles, the triuiglea 
BEP, and CDF are equiangular, and 
therefore BF : EF : : CF : FD (4. 6.), 
or alternately (16. 5.) BF : FC : : EF 
: FD. Sinc«, then, the aides about 
the equal angles BFC, EFD aie pro- 
portionals, the tmngles BFC, EFD 
are also equianguW (6. 6.) ; where- 
fore the angle FCB is equal to the an- 
gle EDF. But EDF is equal to EAF, 
because they are angles in the same 
segment (21. 3.) ; therefore the angle 
EAF is equal to the angle FCO : Now, the angles AFE, CFG are also 
equal, because they are vertical angles ; therefore the remaining angles 
AEF, FGC are also equal (4. Cor. 32. 1.) : But AEF is a right angle, 
therefore FGC is a right angle, and AG is perpendicular to BC. 

Cos. The triangle ADE is similu: to the triangle ABC. For the two 
triangles BAD, OAE having the angles at D and E right angles, and the 
angle at A common, are equiangular, and therefore BA : AD ; : CA : AE, 
and alternately BA : CA : : AD : AE ; therefore the two triangles BAG, 
DAE, have the angle at A common, and the sides about that angle pro- 
portionals, therefore they are equiangular (6. 6.) and similar. 

Hence the rectangles BA.AE, CA.AD are equsL 

PROP. K. THEOR. 

If from ang angle of a triangle a ptrpendieulor be drawn to the ojppoatte side 
or hate : the rectangle eotUaintd by the ewn and difference of the other ttno 
sides, is eqttid to fA« rectangle contained by the sum and tUfferenee of the 
segments, into which the base is divided by the perpendieuiar. 

Let ABC be a triangle, AD a perpendicular drawn from the angle A on 
the base BC, so that BD, DC aie the segments of the base ; (AC-{-AB} 
(AC— AB)=(OD-fDB) (CD-DB.) 
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ELEMENTS 



From A as a centre with tlie ladhis AC, the greater of the two sides, 
deBcribe the curcle CFG : produce AB to meet the ciTcnmfereuce in £ and 
F, and CB to meet it in G. Then becanse AF=AC, BF=AB+AC, 
the sum of the sides ; and since AE=AC, BE=AC— AB= the diAe- 
rence of the sides. Also, because AD drawn from the centre cuts GO at 
right angles, it bisects it ; therefore, vhen the perpendiculiir falls 'within . 
thetriai^e,BG=DG— D6=DC— DB=the di^ience of the aegmenta 
of the base, and BC=!BD+DC= the sum of the segments. But when 
AD faUs without the triangle, BG=DG+DB=CD+DB= the sum of 
the segmenteofthe base, and BC=CD—DB= the diSerence of the seg- 
ments of the hose. Now, in both cases, because 6 is the intersection of 
the two lines FE, 6C, drawn in the circle, FB.BE=CB.BG ; that is, as 
has been shewn, <AC+AB)(AC-AB)=(CD+DB)(CD-DB). 



PROBLEMS 

RELATING TO THE SIXTH BOOK. 



PROP.L. PROBLEM. 
To eonstruet a square that shall be equivalent to a given reetHiMid figure. 

Let A be the given rectilineal figure ; it is required to describe a sqnara 
thst shall be equivalent to A. 

Describe (Prop. 45. 1.) the 
rectangular parallelogram 
BCDE equivalent to the rec- 
tilineal figure A \ produce 
one of the sides BE, of this 
rectangle, and make EF= 
ED ; bisect BF in G, and 
from the centre G, at the 
distance GB, or GF, de- 
scribe the semicircle BHF, 
and produce DE to H. 

HE«=BE X EF, (13. 6.) ; therefore Oie square described upon HE will 
be equivalent to the rectilineal figure A. 

SCHOLIUM, 
"nils problem may be considered as relating Co the second Book : Thus, 
join GH, the rest of the construction being the same, as above ; because 
the strught line BF is divided into two equal parts in the point G, and into 
two unequal in the point E, the rectangle BE.EF, together with the square 
of EG, is eqnal (5. 2.) to the square of GF : but GF is equal to GH ; 
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therefoie the rectangle BE, EF, bother with the square of EG, U equal 
' lo the eqnare of GH : But the sqnaresof HE and EO, ate equal (47. 1.) 
to the eqoaxe of GH ; Therefore also the rectangle BE.EF, tc^ether with 
the square of EG, is equal to the squares of HE and EG. Take swajr 
the square of EG, which is common (o both, and the remaining rectangle 
BE.EP is equal to the square of EH : But BD is the rectangle contained 
by BE and EF, because EF is equal to ED ; therefore BD is equal to the 
square of EH ; and BD is also equal to the rectilineal figure A ; therefore 
the rectilineal figure A is equal to the square of EH : Wherefore a square 
has been made equal to the given rectilineal figure A, viz. the square de- 
scribed upon EH. 

Not*. This operation is called tquariag the rectilineal figure, or finding 
the ^adrature of it. 

PEOP. M. PROB. 

To eonalntet a reetanglt that shall bt tquivaUnt (e a given squart, and tha 
difference of whose adjacent sides shall be equcd to a given luu. 

Suppose C equal to the given square, aitd 
AB the difierence of the sides. 

Upon the giren line AB as a diameter, de- 
scribe a circle ; at the extremity of the diam- 
eter draw the tangent AD equal to the side 
of the square C ;' £rough the point D, and the 
centre O, draw the secant DF ; then will DE 
and DF be the adjacent sides of the rectangle 
required. 4. 

First, the difference of their sides is equal 
lo the diameter EF or AB ; secondly, the rect' 
angle DE.DF is equal to AO^ (36. 3] ; hence 
that rectangle is equivalent to the given square C. 

PROP. N. PROB. 

To eonstniet a rectangle equiv<d«nt to a'given square, and hoeing the sum 
of its adjacent sides equal to a given line. 

Let C be the given square, and AB equal to the sum of the sides of the 
required triangle. 

Upon AB as a diameter, 
describe a semicircle ; draw 
the line DE parallel to the 
diameter, ai a distance AD 
from it, equal to the side of 

the given square C ; from the . — - 

point E, where the parallel " P B 

cuts the circumference, draw EF perpendicular lo the 
sod FB will be the sides of the rectangle reqtdred. 
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For their stun is «qiial to AB ; and theii rectangle AF.FB is eqoal to the 
square EF, or to the eqaare AD ; hence that rectangle is equiTalent to tha - 
giren square C. 

SCHOLIUM. 

To render the pnMem possU>le, the distance AD nmst not exceed the 
ladins ; that is, the side of the square G must not exceed the half of the 
line AB. 

PROP. O. PROB. 

Toemstmetaa^uaratliatshall beto agtoenaquare tu a gtom lirK to a given 

Upon the indefinite straight line GH take GK=E, wid KH=F ; d«- 
acribe on GH a semicircle, and draw the perpendicidar KL. Through 
the points G, H, draw the j] 

straight lines LM, LN, mak- 
ingthe former equal AB, the ^ 

side of the given square, and 
throng the point M, draw 
MN parallel to GH, tben will 
LN be the side of die square 
sought. , 

For, since MN is parallel A. B j(^ ■ , . ^ 

to GH, LM : LN : : LG : -M ^ 

LH i consequently, LM» : LN" : : LG* : LH» (22: 6.) ; bm, since the triaa- 
^e LGH is Hght angled, we hare I^ : LH^ : : GK : KH ; hence LM> : 
LN^ : : GK : KH ; but, by construction GK=E, and KH=F, also LM 
=AB ; therefore, the square described on AB is to that described on LN, 
as the line E b to the line F. 

PROP. P. PBOB. 

To divide a triangle into tmo parts by a line from tht vertex of one of its anglet, 
so that the parts may be to taeh other as a straight Hue M to another straight 
line N. 

Diride EC mto parts BD, DC propor- 
tional to M, N ; dmw the line AD, and 
the tri&n^e ABC will be divided as re- 
quired. 

For, since the triangiea of the same 
altitude are to each other as their bases, 
we have ABD : ADC : : BD : DC : : 
M:N. 



A nian^e may efidently be divided into any number of parts propOT- 
ioul to given liuei, by dividing the base in the same proponion. 



U^^ 
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PROP. Q. PROB. 

To dniide a tnangk into two parts by a line draum paraBel to one of Us sid 
so that these parts may oe to each other as too straight lines M, N. 

As M+N : N, bo make AB^ to AD» 
(Piob. 4.) ; Draw DE parallel to BC, 
and the triangle is divided as required. 

For the triangles ABC, ADE being 
Bimilar, ABC : ADE r : AB» : AD= ; but 
M+N : N : : AB3 : AD' ; therefore ABC 
: ADE : : M+N : N; conBeqnentlT 
BDEC : ADE : : M : N. 




To divide a triangle into two parts, hy a line dravm from a given point in 
one of its sides, so that the parts may be to each other as two gioen lines 
M, N. 

Let ABC be tho given triangle, and P the given point ; draw PC, and 
divide AB in D, so that AD is to DB as M is to N ; draw DE parallel to 
PC, join PE, and the triangle will be divid- 
ed by the line PE into the proposed parts. 

For join DC ; then because PC, DE are 
parallel, the triangles FDE, CDE are equal ; 
to each add the triangle DEB, then PEB= 
DCB ; and consequently, by taking each from 
the triangle ABC, there results the quadri- 
lateral AGEP equivalent to the triangle 
ACD. 

Now. ACD : DCB : : AD : DB : : M : N ; consequently, 
ACEP : PEB : : M : N 




SCHOLIUM. 



The above operation suggests the method of dividing a triangle into any 
number of equal parts by lines drawn from a given point in one of its aides ; 
for if AB be divided into equal parts, and lines be drawn from the points of 
eqnal division, parallel to PC, they will iiUersect BC, and AC ; and from 
these several points of intenection if lines be drawn to P, they will divide 
the triangle lalo equal parts. 
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PROP. S. PROB. 

To fUiMe a triangle into three egravalent parts by lines drawn from the vtr- 
tieea tf the angles to the same point within the triangle. 

Make BD equal to a third part of BC, and draw DE parallel to BA, the 
side to which BD is adjacent. From F, the middle of DE, draw the 
straight lines FA, FB, FC, and ihey will _^ 

divide the triangle as required. 

For, draw DA ; then since BD is one 
third of BC, the triangle ABD is one / H X-B 

third of the triangle ABC ; but ABD= • / i /\ 

ABF (37. I.) ; therefore ABF is one 
third of ABC ; also, aince DF=FE, 
BDF = AFE ; likewise CFD = CFE , ^ 
consequently the whole triangle FBC ^~ 
is equal to the whole triangle FCA ; and 
FBA has been shown to be equal to a third part of the. whole triangle 
ABC ; consequently the triangles FBA, FBC, FCA, we etch equal to k 
third part of ABC. 

PROP. T. PROB. 

To divide a triangle into three eqmvaJent parts, hy Unei drawn from a gioe» 
point intAin it. 

Divide BC into throe equal parts in the points D, E, and draw PD, PE ; 
draw also AF paraUel to PD. and AG parallel to PE ; then if the lines 
PF, PG, PA be drawn, the trian- 
gle ABC win be divided by them 
into three equivalent parts. 

For, join AD, AE ; then because 
AF, PD are parallel, the triangle 
AFP is equivalent to the triangle 
AFD ; consequently, if to each of 
these there be added the triangle 
ABF, there will result the quadri- 
lateral ABFP equivaJent to the 
triangle ABD ; but since BD is a 
third part of BC, the triangle ABD 
is a third partofthe triangle ABC ; 
consequently the quadrilateral ABFP is a third part of the triangle ABO. 
Again, because AG, PE are parallel, the triangle AGP is eqiiivalent to 
the triangle AGE and if to eaca of these there be added the triangle ACG 
the quadrilateral ACGP will be equivalent to the triangle ACE ; but this 
triangle is one third of ABC ; hence the quadrilateral ACGP ia one third 
of the triangle ABC : consequently, the spaces ABFP, ACPG, PFG are 
each equal to a third part of the triangle ABC. 
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PROP. U. PROB. , 

T» divide amiadriUawal into twopartt by a straight line drawn from the vertex 
of one ofilt angles, so that the parts may be to each other as a line M to an- 
other line "S. 

DrairCG perpendicular to AB, and construct a rectan^e equiralentto 
the given quadrilateral, of which one side may be CE ; let the other ildn 
be EP ; and divide EF in G, bo that — 

M : N : : GF : EG ; take BP equal 
10 twice EG, and join PC, then the 
quadrilateral will be divided as re- 
quired. 

For, by constmction, the triangle 
CPB L8 equivalent to the rectangle 
CGJ:G; therefore the rectangle CE, 
GF is to the triangle CPB as GF is 
to EG. Now CE.GF is eqUvalent 
to die quadiilBteral DP, and GF is to EG as M is to N ; iherefon, 

DP: CPB::M:N; • 
that is, the qiudrilateral is divided, as required. 




PROP. W. PROR 

To divide a qtuidrii<Uoral into two parts by a Uiie parallel to one cf its eidet, 
to that these parts may be to each other as the line M is to the Une N. 

Prodoce AD, BC till the^ meet in £ ; draw the perpendicular EF and 
bisect it in G. Upon the side GF construct a rectangle equiralent to the 
(hu^e EDC, and let HB be equal 
Id the- other side of this rectangle. 
Divide AH in K, so that AK : KH 
: : M : N, and as AB is to KB, so 
make EA' to Ecfi ; draw ah 'paral- 
lel to AB, and it will divide the quad- 
lilateral into the required parts. 

For since the triangles EAB, Eab 
ue siinilai, we hare the proportion 
EAB : Eoi ; : EA= : Ea» ; but by 
construction, EA* : Ea' : : AB : 
KB ; so that EAB : Eab : : AS : KB': : AB.GF : KB.GF ; and conse- 
quenUy, since by construction EAB=AB.GF, it follows that E<i6=K6. 
OF, and therefore AK.GF=A6, and since by constraction AH.GF=AC,. 
it follows that KH.GF=aC. Now AK.GF : KH.GF 't : AK : KH ; but 
AK : KH : : M : N ; consequently, 

A» : oC : : M : N ; 
that is, the quadrilateral is divided, as reqidred. 




SB 



b,Goo<^Ic 




PROP. X. PROB. 

To divide a quadriUUerdl into two parts by aline draam from a point in mta of 
its tides, so that the parts may be to each other as a line iAistoa JiiM N. 
Draw PD, upon wbich constrnct a rectangle eqniraleiit lo tho giveD 

quadrilateral, and let DK be the Othet 

side of this lectangle ; divide DK in 

L, BO that DL : LK : : M : N ; make 

DF=2DL, and FG equal to the pei- 

Eindicnlar Aa; draw Gp parallel to 
P ; join the points P, p, and the 
quadrilateral figure will be divided, 
as required. 

For draw the perpendicular pb ; 
then by construction, PD.DK = AC, 
and PD.DF = PD.Ao + ?t>pb, that 
is, PD.DF is equivalent to twice the 
sum of the triangles APD, pPD , 
consequently, since DL is half DF, 
PD.DL=APfD i and therefore PD. 
IxK=PBC0 ; but PD.DL : PD.LK : : DL : LK : : M : N ; consAqnentlT, 

APpD:PBC;.::M:N;' 
hence lihe quadrilateral is cUvided, as required. 

PROP. Y. PROB.' 

To divide a quadrilateral by a line perpendieular to otio of its sides, ao tlutttha 
two parts may be to each other as a kne M is to a Un* N. 

Let ABGD be the given quadrilateral, which into be divided in the rmtio 
of M to N by a perpendicular to the side AB. 

Construct on DE perpendicular 
1« AB, a rectangle DE.EF, equi- 
valent to the quadrilateral AC, 
and divide F£ in G, so that FG : 
G£ : : M : N. Bisect A£ in H, 
tai divide the quadrilateral EC 
into two parts by aline PQ, paral- 
lel to DE, so that those parts may 
be to each other aa FG is to GH, 
then PQ will also divide the quadri- 
lateral AC aa required. 
. For, by construction DE.EF=AC, and DE.EH=DAE; hence DE. 
HF^EC, and consequently, since the quadrilateral EC ta divided in the 
same proportion aa the base FH of its equivalent rectangle, it follows that 
QC=DE.FG, and EP=DE.GH, also A£=DE.6E ; conseqiieaayv 

QC : AP : : FG : GE : : M : N ; 
that is, the quadrilateral is divided, as required. 




^TB 



b,Googlc 



SOTPLEMENT 



GEOMETRY. 



b,Googlc' 



nigiUrrlb/GOOgIC 



ELEMENTS 



GEOMETRY. 



SUPPLEMENT. 



BOOK I. 

OF THE QUADRATURE OF THE CIRCLE. 




Am^ evne line, or any polygonal line, wJuch envelopes a convex ItMfrom one 
end to the other, is longer than the enveloped line. 

Let AMB be the enveloped line ; then wiU it be lesi than the line 
APDB which envelopes it. 

We have already said that by the 
tenn convex line tve understand a line, 
polygonal, or curve, or partly curve and 
partly polygonal, such that a atraight 
line cannot cut it in more than two 
points. If in the line AMB there were 
any sinuosities or re-entrant portions, it 
would cease lo be convex, because a 
straight line might cut it in more than 
two points. The arcs of a circle are essentially convex ; but the present 
proposition extends to any Uoe which iiilfila the required conditions. 

This being premised, u the line AMB is not shorter than any of those 
which envelope it, there will be found among the latter, a line shorter than 
all the rent, which is shorter than AMB, or, at moat, equal to it. Let 
ACOEB be this enveloping line : any where between those two lines, 
draw the straight line.FQ, not meeting, or at least only touching, the line 
AMB. The straight line PQ is shorter than PCDEQ ; hence, if instead 
of the part PCDEQ, we substitute the straight line PQ, the enveloping line 
APQB will be shorter than APDQB. But, by hypothesis, this latter was 
shorter than any other ; hence that hypothesis was false ; hence all of (be 
enveloping lines are longer than AMB. 
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Cos. 1. Hence the perimeter of any polygon inacribed in t oirete is 
less than the circnniference of the circle. 

Cor. 2. If from a point two Btraight lines be diawn, touching a cirdo, 
these two lines are together gieatei thut the arc intercepted between 
them i and hence the perimeter of any polygon desciibed about a circle is 
greater than the ciicumference of the circle. 

PROP. I. THEOR. 

If from tht greater of too unequal magfiitudes there he tairn away tts half, 
and from the renunnder its half; a^ so w ; There will at leitgth remam 
a magnitude less than the least of the proposed magtdtudet. 

Let AB and C be two unequal magnitudes, of which AB is the greater. 
If from AB there be token away its udf, and from the 
remuader its half, and so on ; there shall at length 
remain a magnitude less than C 

For C may be multiplied so as, at length, to be- 
come greater than AB. Let DE, therefore, be a 
multiple of C, which is greater than AB, and let it 
contain the parts DF, FG, GE, each equal to C. 
From AB take BH eqnsl to its half; and from the 
remainder AH, take HK equal to its half, and so on, 
until there be as many divisions in AB as there are 
in DE ; And let the dimiona in AB be AK, KH, 
HB. And because DE is greater than AB, and EG 
taken from DE is not greater thsn its half, but BH 
taken from AB is equal to its half ; therefore the re- 
mainder GD is neater than the remainder HA. B C X 
Again, because GO is greater than HA, and GF is 
not greater than the half of GD, but HK ia equal to the half of HA ; there- 
fore the remainder FD is greater than the remainder AK. And FD is 
equal to C, therefore C is greater than AK ; thnt is, AK is less than C. 

PROP. II. THEOR. 

Equilateral polygons, of the same number of sides, inscribed in eirdes, are 
timilar, md are to one another as the squares of the diameters of the 

Let ABCDEF and GHIKLM be two equilateral polygons of the sane 
number of sides inscribed in the circles ABD and GHK ; ABCDEF and 
GHIKLM are similar, and are to one another as the squares of the diame- 
ters of the circles ABD, GHK. 

Find N and O the centres of the circles, join AN and BN, ss also GO 
and HO, and produce AN and GO till they meet the circumferences iuD 
andK- 

Because the straight lines AB, BO, CD, DE, EF, FA, are all equal, 
the area AB, BO, CD, DE, EF, FA are also equal (28. 3.). For the 
eame reason, the arcs GH, HI, IK, KL, LM, MG ar^ alt equal, and 4hey 
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aie equal in number to tlte others ; therefore, whatever part th« are AB ia 
of the whole ciicumferonce ABD, the same is the arc G-H of the circom- 
ference GHK. Bnt the angle ANB is the same p&it of fonr right angles, 
that the arc AB is of the circumference ABD (33. 6.) ; and the angle 
GOH is the same part of four right angles, that the arc GH is of the cir- 
cumference GHK (33. 6.), therefore ^e angles ANB, GOH are each of 
them the same part of four right angles, and therefore they are equal to 
one another. The isosceles triangles ANB, GOH are therefore equian- ' 
giilar, and the an^e ABN equal to the angle GHO ; in the same manner, 
by joining NC, 01, it may be proTecl ihat die angles NBC, CHI are equal 
to one ai^diet, and to the angle ABN. Therefore the whole angle ABC 




is equal to the whole GHI ; and the same may be proved of the angles 
BCD, HIK, and of the rest. Therefore, the polygons ABCDEP and 
GHIKLM are equiangular to one another ; and since they are equilateral, 
the sides about the equal angles are proportionals ; the 'polygon ABCDEF 
is therefore similar to the polygon GHIKLM (def. 1.6.]- And because simi- 
lai polygons are as the squares of their homologous sides (20. 6.), the po- 
lygon ABCDEF is to ^e polygon GHIKLM as the square of AB to the 
square of GH ; but because the triangles ANB, GOH are equiangular, 
the square of AB is to the square of GH as the square of AN to the square 
of GO (4. 6.), or as four times the «quare of AN to four times the square 
(i5. 5.) of GO, that is, as the square of AD to the square of GK, (2. Cor. 
8. 2.). Therefore also, the polygon ABCDEP is to the polygon GHIKLM 
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aa the sqaaie of AD to the sqitsn of OK ; and they have also been ehswii 
to be similar. 

Cor. Every equilateral polygon inscribed in a circle is also equiangu 
lar : For the isosceles triangles, which have their cqmmoa vertex in die 
centre, are all equal and similar ; therefore, the angles at their bases are 
all equal, and the angles of the polygon are dierefore also equal. 

PROP. "III. PROB. 

TAe nde of any equ^aUral polygon inseribtd in a circle being given, to find tha 
tide of a polygon of the same number of sides described about the circle. 

Let ABCDEF be an equilateral polygon inscribed in the circle ABD ; 
it is required to find the side of an equilateral polygon of the same nomber 
of aides described about the circle. 

Find G the centre of the circle ; join 6A, GB, bisect the arc AB in H ; 
and through H draw KHL touching the circle in H, and meetlag GA and 
GB produced in K and L ; KL is the side of the polygon reqniTed. 

Produce OF to N, so that GN may be equal to GL ; join KN, and from 
G draw GM at right angles to KN, join also HG. 

Because the arc AB is bisected in H, the angle AGH is equal to tl^e 
an^e BGH (37. 3.) ; and because 
KL touches the circle in H, the 
angles LHG, KHG are right an- 
gles (18. 3.); therefore, there are 
two an^ea of Hie triangle HGK, 
equal to two angles of the triangle 
HGL, each to each. But the aide 
GH is common to these triangles ; 
therefore they are equal(26. 1 .],and 
GL is equal to GK. Again, in 
the triangles KGL, KGN, because 
GN is equal lo GL ; and GK com- 
iDon, and also the angle LGK equal 
to the angle KGN ; therefore the 
base KL is equal to the base KN 
(4. 1.). But because the triangle KGN is isosceles, the angle GKN is 
equal to the angle GNK, and the angles GMK, GMN are both ri^t an- 
gles by construction ; wherefore, the triangles GMK, GMN have two an- 
gles of the one equal to two angles of the other, and they have also the 
side GM common, therefore theyareequal(36.1.),and the side KM is equal 
to the side MN, so that KN is bisected in M. But KN is equal to KL, 
and therefore their halves KM and KH are also equal. Wherefore, in the 
triangles GKH, GKM, the two sides GK and KH are equal to the two 
GK and KM, each to each ; and the angles GKH, GKM, are also equal, 
therefore GM is equal to GH (4. 1.) ; wherefore, the point M is in the cir- 
cumference of the circle ; and because KMG is a right angle, KM touches 
the circle. And in the same manner, by joining the centre and the other 
angular points of the inscribed polygon, sn equilateral polygon may bo 
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described about the circla, the sides of which will each be equal to KL, and 
will be equal in nnmber to the aides of the inscribed polygon. Therefore^ 
KL ia the side of an equilateral polygon, deacribed abont the circle, of the 
game number of sides with the inscribed polygon A6CDEF. 

Coa. 1. Becaose GL, GK, GN, and the other straight lines drawn 
&om the centre G to the angular points of the polvgon described about the 
circle ADD are all equal ; if a circle be described mm the centre G, with 
the distance GK, the polygon will be inscribed in that circle ; and there- 
fore it is similar to the polygon ABCDEF. 

Con. 2. It is eTident that AB, a side of the inscribed polygon, ia to KL, 
a side of the circumscribed, as the perpendicular from G upon AB, to the 
perpendicular from G upon KL, that is, to the radius of the circle ; there- 
fore also, because magnitudes have the same ratio with their equimultiplea 
(15. 5.), the perimeter of the inscribed polygon is to the perimeter of the 
circomacribed, as the perpendicular trom the centre, on a side of the in- 
scribed polygon, to the radius of the circle. 

PROP. IV. THEOR. 

Aeinhbdnggiwn,twosimilarMh/g07tsmaybefiiimd,t/ie oru deaerihtdaiout 
tha eircJe, md the otAerinsmbBdin it, wMeh shall differ from otte another by 
a tpaee less than any given space. 

Let ABC be the given circle, and the square of D any given space ; a 
polygon may be inscribed in the circle ABO, and a similar polygon describ- 
ed about it, so that the difference between them shall be leas than the 
square of D. 

In the circle ABC apply the straight line AE equal to D, and let AB be 
a fourth part of the circumference of the circle. From the circumference 
AB take away its half, and from the remainder its half, and' so on till the 
circumference AF is found less than the circumference AE (1. 1. Sup.). 
Find the centre G ; draw the diameter AC,b8 also the straight lines AF 
and FG ; and having bisected the circumference AF in K, join KG, and 
draw HL touching the circle in K, and meeting GA and GF produced in 
H and L ; join OF. 

Because the isosceles triangles HGL xaA AGF have the common an- 
glo AGF, they are equisngulai (6. 6.) and the angles GHK, GAF aro 
therefore equal to one ajtother. But the angle GKH, OFA are also equal, 
for they are right angles ; therefore the triangles HGK, ACF, are hko- 
wise equiangular (4. Cor. 32. 1.). 

And because the arc AF was found by taking from the arc AB its half, 
and from that remainder its half, and so on, AF wiU be contained a certain 
number of times, exactly, in the arc AB, and therefore it will also be con- 
tained a certain number of timea, exactly, in the whole circumference 
ABC ; and the straight line AF ia therefore the side of an equilateral poly- 
gon iiwcribed in the circle ABC. Wherefore alao, HL is the side of an 
equilateral polygon, of the same number of sides, described abont ABC (3. 
1. Sup.). Let Ute polygon described about the circle be called M, and ue 
polygon inscribed be culed N ; then, because these polygons are similai, 
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they are as die squares of the homologous sides HL and AF (3. Carol. 
30. 6.), that is, beeauee the triangles HLG, AFG are similar, as the square 
of HG to the square of AG, that is of GK. But the triangles HGK, ACF 
hare been proved to be similar, and therefore the square of AC is to the 
square of CP as the polygon M to the polygon N ; anil, by conveTsion, 
the square of AC is to its excess above the squares of CF, that is, to the 
square of AF (47. 1.], as the polygon M to its excess above the polygon 
N. But the square of AC, that is, the square described about the circle 
ABC is greater than the equilateral polygon of eight sides described about 
the circle, because it contains that polygon ; and, for the same reason, the 
polygon of eight sides is greater than the polygon of sixteen, and so on ; 
therefore, the square of AG is greater than any polygon described about 
the circle by the continual bisection of the vc AB ; it is therefore greater 
than the polygon M. Now, it has been demonstrated, that the square of 
AC is to the square of AF as the polygon M to the difference of the poly- 
gons ; therefore, since the square of AC is greater than M, the square of 
AF is greater than the difference of the polygons (14. 5.). The difference 
of the polygons is therefore less than Uie square of AF ; but AF is less 
than D ; therefore the difference of the polygons is less tluui the square of 
I) ; that is, than the given space. • 

CoR. 1. Because the polygons M and N differ from one another more 
tlian either of them differs from the circle, the difference between each of 
them and the circle is less thsn the given space, viz. the square of D. And 
therefore, however smaU any given space may be, a polygon may be in* 
scribed in the circle, and another described about it, each of which shall 
differ from the circle by a space lees than the given space. 

Cox. 2. The space B, which is greater than any polygon that can be 
inscribed in the circle A, and less than any polygon that can be described 
about it, is equal to the circle A. If not, let inem be unequal ; and first, 
let B exceed A by the space C. Then, because the polygons described 
- about the circle A are all greater than D, by hj^pothesis ; and because B 
ia greater thaa A by the apace C, therefore no polygon can be deacribed 
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about the circle A, but what most exceed it by a apace greater than C, 
which is abaord. In the same manner, if B be less than A hj the space 
C, it is shown that no polygon can be inscribed in the circle A, bnt what 
iilesB than Aby a space greater than C, which is also absurd. Therefore, 
A and B are not unequal ; that is, they are equal to one another. 

PROP. V. THEOR. 

Th area of any circle is equtd to the rectangle contained by the eemi^iamettr, 
aid a ttraight line equal to half the drcumference. 

Let ABO be a circle of which the centre is D, and the diameter AC ; if 
in AC produced there be taken AH equal to half the circumference, the 
area of the circle is equal to the rectangle contained by DA and AH. 

Let AB be the side of any equilateral polygon inscribed in the circle 
ABC; bisect the circumference AB in G, and through G draw EGF 
touching the circle, and meeting DA produced in E, and D6 produced in 




F ; EF will be the side of an equilateral polygon described about the cir- 
cIb ABC (3. 1. Sup.). In AC produced take ATC equal to'half the peri- 
meter of ue polygon whose side is AB ; and AL equal to half the perime- 
ter of the polygon whose side ia £P. Then AK will be less, and AJj 
greater than the straight line AH (Lem. Sup.). Now, because in the 
trian^ EDF, DG is drawn perpendicular to the base, the triangle £DF 
22 
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ia equal to the lectangle contained b]rDG and the half of EF (41. I); nod 
as the same is true of all the olhet equal trianglea having their vertices in 
D, which make up the polygon described about the ciicle i therefore, the 
whole polygon is equal to uie rectangle contained by DG and AL, half the 
perimeter of the polygon (1. 3.). <«■ *>? DA and AL. But AL is 
greater than AH, therefore the rectangle DA.AL is greater than the rect- 
angle DA.AH ; the rectangle DA.AH ia therefore less than the rectangle 
DA.AL, that is, than any polygon doscribed about the circle ABC. 

Agaiu, the triangle ADB is equal to the rectangle contained by DM the 
perpendicular, and one half of the base AB, and it is therefore less than the 
rectangle contained by DG, or DA, and the half of AB And as the same 




is true of sJl the other triangles having their vertices in D, which make 
up the inscribed polygon, therefore the whole of the inscribed polygon ia 
less than the rectangle contained by DA, and AK half the perimeter of the 
polygon. Now, the rectangle DA.AK is less than DA.AH ; much more, 
therefore, is the polygon whose side is AB less than DA.AH ; and the 
rectangle DA.AH is therefore greater than any polygon inscribed in the 
circle ABC. But the same rectangle DA.AH has been proved to be less 
than any polygon described about the circle ABC ; therefore the rectangle 
DA.AH is equal to the circle ABC (2. Cor. 4. 1. Sup.]. Now DA u the 
semidiametei of the circle ABC, and AH the half of its circumference. 

Cor. 1. Because DA : AH : : DA.^ : DA.AH (1. 6.), and because by 
this proposition, OA.AH= the area of the circle, of which DA is the ra- 
dius ; therefore, as the radius of any circle to the semicircumference, or as 
the diameter to the whole circumference, so is the square of the radius to 
the area of the circle. 

Cor. 2. Hence a polygon may he described about a circle, the perime- 
ter of which shall exceed the circumference of the circle by a line that is 
leas than any given line. Let NO be the given line. Take in NO the 
part NP less than its half, and also than AD, and let a polygon be describ- 
ed abcat the circle ABC, so that its excess above ABC may be less than 
the square of NP[1. Cor. 4. 1. Sup.). Let the aide of this polygon be EF. 
And since, as has been proved, the circle is equal to the rectangle D A-AH, 
and the polygon to the rectangle DA.AL, the excess of the polygon above 
'the circle is equal to the rectangle DA.HL ; therefore the rectangle DA. 
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HL is less th&n the square of NP ; snd therefore, since DA is greater thui 
NP, HL is less than NP, and twice HL less than twice NP, wherefore, 
much more is twice HL less than NO. But HL is the difference between 
half the perimeter of the polygon wbose side is EF, and fas]f the circum- 
ference of the circle ; therefore, twif e HL is the difference between the 
whole perimeter of the polygon and the whole circumference of the circle 
(5. 5.). The difference, therefore, between the perimetei of the polygon 
and the circumference of the circle is leas than the giren line NO, 

Con. 3. Hence, also, a polygon may be inscribed in a circle, such 
that the excess of the circumfereace above the perimeter of the polygon 
may be less than any given line. This is proved like the preceding. 

PROP. VL THEOR 

7^ areas of aretes are to one another m the ditpUcate ratio, or as the squares 
of their diameters. 

Let ABD and GHL be two circles, of which the diameters are AD and 
OL ; the circle ABD is to the circle GHL as the square of AD to the 
sqnare of GL. 

Let ABCDEF and GHKLMN be two equilateral polygons of the tame 
number of sides inscribed in the circles ABD, GHL ; and let Q be snch a 




space that the square of AD is to the square of GL as the circle ABD to 
the space Q. Because the polygons ABCDEF and QHKLMN ate «pii- 
htenl and of the same- number of sides, they are similar (3. 1. Snp.), and 
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their arau are tts tbe squares of die diameters of the circles in which ihwy 
are inscribed. Therefore AD* : GL> : ; polygon ABCDEF ; polygon 
GHKLMN;butAl>>: GL^ :: circle ABD : Q ; and therefore, ABCDEF 

GHKLM : : circle ABD : Q. Notr, circle ABD 7 ABCDEF ; thero- 
fcnre Q7GHKLMN (14. 5.), that is, Q is greater tlutn any polygoD in- 
scribe in the circle GHL. 

In the same manner it is demonstrated, that Q is less than uiy polygon 
described about the circle GHL ; wherefore the space Q is eqnal to the 
circle GHL (2. Cor. 4. 1. Sup.). Now, by hypothesis, the circle ABD is 
to the s^e Q as the square of AD to the square of GL ; therefore the 
circle ABD is to the circle GHL as the square of AD to the square of GL. 

Cor. 1. Hence the circumferences of circles are to oae another &b 
their diameters. 

Let the straight line X be equal to half the circumference of the circle 
ABD. uid the straight line Ylo half the circumference of the circla GHL : 



And because ihe rectangles AO.X and GP.Y are eqnal to the circles ABD 
and GHL (5. 1. Sup.), therefore AO.X : GP.Y : : AD= : GL* : : A0» : 

GP' ; and alternately, AO.X : AO* : ; GP.Y : GP« ; whence, becanse 
rectangles that have equal altitudes are as their bases (1. 6.), X : AO : : 
Y : GP.and again alternately, X : Y : : AO : GP; wherefore, taking the 
doubles of each, the circumfereace ABD is to the circumference GHL as 
the diameter AD to the diameter GL. 

Con. 2. The circle that is described upon the side of a right angled 
triangle opposite to the right angle, is equal 10 the two circles described on 
the other two sides. For the circle described upon SR is to the circle de- 
scribed upon RT as the square of SR to the square of RT ; and the circle 
described upon TS is to the circle described upon RT as the square of ST 
to the square of RT. Wherefore, 
the circles described on SR and on 
ST are to ihe circle described on RT 
as the squares of SR and of ST to 
the square of RT (24. 5.}. But the 
squares of RS and of ST are equal 
to the square of RT (47. 1.) ; there- 
fore the circles described on RS and 
ST are equal to the circle described 
onRT. 

PROP. Vn. THEOR. 

Equiangular paratUlogrmts are to one another a* the produett of the mon- 
bert proportional to their sides. 

Let AC and DP be two equiangular parallelograms, and let M, N, F 
sod Q be four numbers, such that AB : fiC : : H : N ; AB : DE : : M : 

D,g,t7cdb/GOOgIC 




OF GEOMETRY. BOOK I. 173 

P ; and AB : EF : : M : Q, and therefore ex sqaaU, BC : EF : ; N : Q. 
Th« puallelogram AC is to the paiallelograin DF u MN to PQ. 

Let NP be the product of N intoP.uidthe tatio of MN to PQ willbe 
compounded of the ratios (def. 10. 9.) of MN to NP, and NP lo PQ. 
But the ntio of MN to NP ia the tame with that of M to P (IS. ».), be- 



B B £ 

caose MN and NP are equLmnltiples of M and P ; and for the same zeaaon, 
the ratio of NP to PQia the same with that of N to Q; therefore the ratio 
ofMN to PQ is compounded of the ratios of M to P, and of N to Q. Now, 
the ratio of M to P ia the saiBe with that of the sideAB toUieside DE (by 
Hyp^; and the ratio of N lo Q the same with that of the side BC to the 
side £F. Therefore, the ratio of MN to PQ is compounded of the ratios 
ofAB tDDE,&ndof BCloEF. And the ratioof Uie parallelogram AC 
to the parallelogram DF is componnded of the same ratios (23. 6.) ) there- 
fore, the parallelogram AC ia to the parallelognun DF as MN, the product 
of the numbers M and N, to PQ, the prodnct of the nmnbers P and Q. 

CoK. 1. Hence, if GH be to KIi as the nnmber M to the ntunber N ; 

the sqnare described on GH will be to 

the square described on KL as MM, the Q jj ^ j, 

square of the nnmber M to NN, the 
sqnare of the number N. 

CoR. 2. If A, B, C, D, &.C. are any lines, and m, n, r, s, &c. nmnbers 
proportioaa] to them ; viz. A; B::m;n, A:C::m:r, A;D::m:«, 
i&c. ; and if the rectangle contained by any two of the lines be equal to the 
square of a third line, the product of the numbers proportional to the first 
two, will be equal to the square of the number proportions! to the third , 
that is, if A.C=B'', mXr=nXn, OT=n'. 

For by this Prop. A.C : B» : : mXr : n^ ; but A.C=B», therefore mXr 
=»*. Nearly in ^e same way, it may be demonstrated, that whaterer is 
the relation between the rectangles contained by these lines, there is ,ths 
same between the products of the nmnbers proportional to them. 

8o also conyerselyif m and r be numbers proportional to the lines A and 
C ; if also A.C=:B', and if a number n be found such, that n'=mr, then 
A : B : : ffi : n. For let A : B :: tn : ;, then since m, g, r are proportional 
to A, B, and C, and A.C=B' ; therefore, as has just been prored, ^=m 
Xr : but R'=qXr, by hypothesis, therefore n's^^, and n=q ; wherefore 
A: B:: m: It. 

SCHOUUM. 
In order to hare numbers proportional to any set of magnitudes ol the 
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nm« kind, suppose oa« of them to b« divided into any nomber m, of eqnal 
parts, and let H be one of those paita. Let H b« found n times in the aag' 
aitode 6, r times in C, j times in D, &;c., then it is evident that the num- 
ben m,n,r, a are propoitional ta the magnitadea A, B, C and D. When 
ibotefors it ia said in any of the following prapoaitiona, that a line as A.^ 
a number iti, it is understood that A =m X H, or that A is equal to the given 
magnitude H multiplied by m, end the same is understood of the other 
magnitudes, B, C, D, and their proportional numbers, H being the cooimon 
measure of all the magnitudes. This common measure ia omitted for the 
sake of brevity in the arithmetical expression ; but is always implied, when 
a line, or other geometrical magnitude, is said to be eqnal U> a number 
Also, when there are fractions in the number to which the magnitude ia 
called equal, it is meant thM the common measure H is farther subdivided 
into snch parts ss tho numericd fraction indicates. Thus, if 'A=360.375, 
it is meant that there is a ceitaia magnitude H, such that A=360xH+ 
Yjjjr^xH, 01 thai A ia eqnal to 360 times H, together with 375 of the 

thousandth parts of H. And the same is true in all other cases, where 
iramben are used to eiqiiess the relations of geometrical magnitudes. 



PROP, Tin. THEOR. 

T^perpendieulatdravmfromthteenirtofaeirehmtAe chord of any are is a 
mtanprf^ortionalbetvieen iaif tht radvu and the iinamadtufcftMradiua 
mtd uaperpendieular drarnnfram the etntre on tht chord ofdauoU that are : 
Andthtehord^tietireisameanproportiomalbetatgRtii£antetera»dalimt 
whiehutiadiffeTeneabetiMentAeradiutandtittfortaaidpaifindiaiJarJir^H 
thttentre 

Let ADB btt a circle, of which the oenCre is C ; DBE any arc, and DB 
the half of it; let the chords DE, DB be drawn: as also CF andCGat 
right angles to DE and DB ; if CF be produced it will meet ^ circnm 
ferenee in B: let it meet it a^pin ul A, and let AC be bisected ia H ; C6 
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fSB meao pioportioa&l between AH and AF ; and BD a. mean propoitionsl 
between AB and BF, tbe excess of the radius abore CF. 

Join AD i and because ADB is a right angle, being an angla in a semj- 
circle ; and because COB is also a right angle, the triangles ABD, CBG 
are equiangular, and, AB : AD : : BC : CG (4. 6.), or alternately, AB : 
BC : : AD : CG ; and theieibre, becuue AB is double of BC, AD is dott' 
\Ae ty{ CG, and the square of AD therefore e<^al to four times the sqnaro 
of CG. 

But, because ADB is a li^ an^ed triangle, and DF a perpendicular 
on AB, AD is a mean proportional between AB and AF (8. 6.), and AD^ 
=AB.AF (17. 6.), or since AB is =4AH, AD>=4AM.AF. Therefore 
also, because 4C&>=AD>, 4CG>=4AH.AF, and CG^^AH.AF ; whera 
fore CG is a mean proporticnial between AH and AF, that is, between half 
the radius and the unemadenpof the ladiDS, and the perpendicular on the 
chord of twice the arc BD. 

Again, it is evident that BD is a mean proportional between AB and BF 
(8. 6.), that is, between the diameter and the excess of the radius abore 
tbe perpendicular, oa the chord of twice the arc DB. 



PROP. IX. THEOR* 

The drcitmfermet of a eirele exceeds three timea the duaneter, by a line lett 
Mtm tat cftki parts, rfwltich the diameter contains seventy, but greater 
than ten &f the parts whereof the diameter contains seventy-one. 

Let ABD be a circle, of which the centre is C, and die diameter AB ; 

the ciicumfereBce is greater than three times AB, by a line less than =?, or 

-. t^ AB, but greater than =|- trf AB. 




* In thii fiTopoaition, tba chsneter -^ plooad &fi«r a ntunlnr, lifnluM tlul uiMtt 
■ kddfdioit; andthe^uMMn — >aD the olhei luind, ligaiGM that lomBthing ia to 
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In the circle ABD ^pply the straifht line BD equal to the rediiu fiC; 
Draw DF perpendjcnlar to BC, and let it meet the ciTcumference ftgoin ia 
£ ; draw aJso CG peipendicular to BD : produce BC to A, biaect AC in 
H, and join CD. 

It is evident, that the arcs BD, BE are each of them one-sixth of the 
circumference (Cor. 15. 4.), and that there foie the arc DBE is one third of 
the circumference. Wherefore, the line (6. I. Sup.) CO is a mean pn>- 
pordonal between AH, half the ladiuB, and the line AF. Now because the 
sides BD, DC, uf the triangle BDC are equal, the angles DCF, DBF are 
also equal; and the angles DFC, DFB bemg equal, and the aide DF com- 
mon to the triangles DBF, DCF, the base BF is equ^ to the base OF, and 
BC ia bisected in F. 

Therefore, if AC or BC=1000, AH=500, CF=500, AF=1500, and 
CG being a mean proportional between AH and AF, CG^=(17. 6.) AH. 
AF=500X 1500=750000; wherefore CG=866.0254+, because (866. 
0254}' is less than 750000. Hence also, AC+CG= 1866.0254+. 

Now, as CG is the perpendicular drawn from the centre C, on the chord 
of one-sixth of the circumference, if P = the perpendicular from C on the 
chord of one-twelfth of the circumference, P will be a mean proportional 
between AH {8. 1. Sup.) and AC+CG, and P» = AH (AC-f-CG)= 
600 X (1866.0254-f-) = 933012.7+. Therefore, P = 965.9258+, be- 
cause (965.9258]' is leas than 933012.7. Hence also, AC+P=1969. 
9258-t-. 

Again, if Q = the perpendicular drawn from C on the chord of one 
twentjr-fourth of the circumference, Q will be a mean proportional between 
AH and AC+P, and QS=AH (AC+P)=500(1965.9258+)=98296a. 
9+ ; and therefore Q=99I.4449+, because (991.4449)* is less than 
982962.9. Therefore also AC+Q= 1991 .4449+. 

In like manner, if S be the perpendicular from C on the chord of one 
foriy-eighth of the circumference, Sa=AH (AC+Q)=500fl991.4449+) 
=995722.45+ ; and S=997.8589+, because (997.8589)* b less than 
995722.45. Hence also, AC+S=1997.8589+. 

Lastly, if The the perpendicular from C on the chord of one ninety-sixdi 
of the circumference, Ta=AH (AC+S}=500 (1997.8589+) =998929. 
45+, andT=999.46458+. Thus T, Uie perpendicular on the chord of 
one ninety-sixth of the circumference, is greater than 999.46458 of those 
parts of which the radius contains 1000. 

But by the last proposition, the chord of one ninety-sixth part of the cir- 
cumference is a mean proportionalbetween the diameter and the excess of 
the radius above S, the perpendicular jrom the centrn on the chord of one 
forty-eighth of the circumference. Therefore, the square of the chord of 
one ninety-sixth of the circiimference=AB (AC— S)=2000X(2.U11— ,) 
=4282.2—; and therefore the chord itself =65.4386— , because (65. 
4386)' is greater than 4282.2. Now, the chord of one ninety-sixth of the 
circumference, or the side of an equilateral polygon of ninety-six sides in- 
scribed in the circle, being 65.4386 — , the perimeter of that polygon will be 
=(65.4386—) 96=6282.1056-. 

Let the perimeter of the circumscribed polygon of the aame number of 
Bides, be M, then (2. Cor. 2. l.Sup.)T ; AC : : 6282.1056— : M.dxatia, 
(since T=999.46458+, as ahready shewn). 
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999.46458+ : 1000 : : 6383.1056— : IVI ; if then N be such, 
that 999.46458 : 1000 : : 6383.1996— : N ; ex nqno pettuib. 999.46498 
+ : 099.46496 : : N : M ; and, since ths first is ^ater than the second, 
the third is greater than the fourth, or N is greater than M. 

Now, if a fourth proportional be firand to 999.46458, 1000 and 6282. 
1056 viz. 6285.461—, then, 

because, 999.4^58 : 1000 :: 6283.1056 : 6385.461-, 
and as before, 999.46498 : 1000 ; : 6282.1056- : N ; 
therefore, 6283.1056 : 6383.1056— : : 6285.461— N, and as the first of 
iheee proportionals is greater than the aecond, the third, rii. 6285461 — 




is greater than N, the fourth. But N was prored to be greater than M ; 
much more, therefore, is 6365.461 greater than M, the perimeter of a poly- 
gon of ninety-six sides circumscribed about the circle ; that is, the perime- 
ter of that polygon is less than 6285.461 ; now, the circumference of the 
circle is leas than the perimeter of the polygon ; much more, therefore, is it 
less than 6385.461 ; wherefore the circumference of a circle is less than 
6385.461 of thoso parts of which the radius contains 1000. The circum- 
ference, therefore has to the diameter a less ratio (8. 5.) than 6285.461 haa 
lo 2000, or than 3142.7305 has to 1000 ; but the ratio of 22 lo 7 is greater 
than the ratio of 3142.7305 to 1000, therefore the circumference has a less 
ratio to the diameter than 22 has to 7, or the circumference is less than 23 
of the parts of which the diameter contains 7. 

It remains to demonstrate, that the part by which the circumference ex- 
ceeds the diameter is greater than — of the diameter. 

It was before shewn, that CG'=:750000 ; wherefore CG=868. 03545— , 
because (866.02545)* is greater than 790000; therefore AO-|-CG=1866. 
Q2545— . 

Now, F being, aa before, the perpendicular Irom the centre on the chord 
of one twelfth of the circumference, P2=AH (AC-j-CG) s-500x(1866. 
02545)— =933012.73— ; and P = 965.92585— .because (965.92585)^ 
is greater than 633012.73. Henr^ also, AC-f-P=1965.92585— . 
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Next, as Q= the perpendicular drawn from the centre on the chord of 
one iwenty-fonrthof the circumference; Q*=AH(AC+P)=300x(1965. 
92585—) =982962.93— ; and Q = 991.44495—, because (991.44496)> 
is greater than 982962.93. Hence also, AC4-Q=I991.44495—. 

In bke manner, as S is the perpendicular (iom C on the chord of one 
forty-eighth of the circnmference,S«=AH(AC-t-Q)=500(1991.44495—) 
=995722.475—, and S=(997.85895—) because (997.85895)* is greater 
than 995722.475. 

But the square of the chord ofthe ninety-sixth part of the circmnference 
'=AB (AC— S)=2000(2.14105-(-)=4282.1+,and the chord itself = 
65.4377-1- because (65.4377)^ is less than 4282.1 : Now the chord of one 
ninety-siith part of the circumference being ^65.43774-, the perimeter 
of a polygon of ninety-six sides inscribed in Uie circle =(65.4377 -t-)96= 
6282.0194-- But the circumference or the circle is greater than the pe- 
rimeter of the inscribed polygon ; therefore the circumference is greater 
than 6262.019, of those parts of which the radius contains 1000 ; or than 
3141.009 of the parts of which the radius contains 500, or the diameter 

contains 1000. Now, 3141.009 has to 1000 a greater ratio than 3+ ^r 

to 1 ; therefore the circumference of the circle has a greater ratio to the 

diameter than 3-)- ^has to 1 ; that is, the excess of the circumference 

above three times the diameter is greater than ten of those parts of which 
the diameter contains 71 ; and it has already been shewn to be less than 
ten of those of which the diameter contains 70. 

Cor. 1. Hence the diameter of a circle being given, the circumference 
may be found nearly, by making as 7 to 22, so the given diameter to a 
fourth proportional, which will foe greater than the circumference. And 

if as 1 to 3 -f —, or as 71 or 223, so the given diameter to a fourth pro- 
portional,^ this will be nearly equal to the circumference, but will he leas 
than it. 

Cor. 2. BecMise the difference between - and =t- is -^r, therefore the 

lines found by these proportionals differ by —^ of the diameter. There- 
fore the difference of either of them from the drcumference must be less 
than the 497th part of the diameter. 

Cor. 3. As 7 to 22, so the square of the radius to the area of the circle 
nearly. 

For it has been shewn, that (1. Cor. 5. 1. Sup.) the diameter of a cir- 
cle is to its circumference as the aqnare of the radius to the area of the 
circle ; but the diameter is to Ae ciicumferonce nearly as 7 to 22, there- 
fore the square of the radius is to the area of the circle nearly in that same 
ntio. 
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I evident that the method employed in this proposition, for finding 



the limita of the ratio of the circninference of the diametei, ms.y be carried 
to a gieatei degree of exactness, by finding the perimeter of an inscribed 
and of a ciicum^cribed pdlygon of a greater number of sides tluua 96. The 
muuier in which the perimeters of aiich polygons approBcb nearer to one 
aoother, ae the nuniber of their sides increases, may be seen from the fal- 
lowing Table, which is constructed on the principles explained in the fore- 
going Proposition, and in which the radius is supposed =1. 



NO. of 8M« 


Perimeter of the 


Perimeter of the 


of the Poly- 


inscribed Polj- 


circmnscribed 


gon. 


gon. 


Polygon. 


6 


6.000000 


6.822033— 


13 


6511657+ 


6.430781— 


24 


6.365257+ 


6.319320— 


48 


6.278700+ 


6.292173- 


96 


6.282063+ 


6.285430- 


192 


6J282904+ 


6.283747- 


. 384 


6.283115+ 


6J283327— 


768 


6J383167+ 


6.283221— 


1536 


6J383180+ 


6.283195- 


3072 


6.283184+ - 


6.283188- 


6144 


6.283185+ 


6.283186- 



The part that is wanting in the numbers of the second column, to make 
tip the entire perimeter of any of the inscribed polygons, is less than unit 
in the sixth decimal place ; and in like manner, the part by whicl^ the 
numbers in the last column exceed the perimeter of any of the circumscrib- 
ed polygons is Less than a unit in the sixth decimal place, that is, than 

T nnnnnn "^ ^^ radius. Also, as the numbers in the second column are 
less than the perimeters of the inschbed polygons, they are each of them 
less than the circumference of the circle ; and for die same reason, each of 
those in the third column is greater than the circumference. But when 

the arc of - of the circumference is bisected ten times, the nuniber of sides 
inthe polygon is 6144, and the numbers in the Table differ irom one an- 
other only by ,nnonnn ^^^ "^ ^^ radius, and therefore die perimeters of 
the polygons differ by less than that qnanti^ ; and consequently the cir- 
cumference of the circle, which is greaterthan the least, and less than the 
greatest of these numbers, is determined vithin less than the milliondi 
part of the radius. 

Hence also, if R be the radius of any eiicle, the circumference is greater 
thaiiRx6.283185,or than 2Rxll41S92, but leas than 2Rx 3.141593} 
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and th«M numbers differ from one uiothei only by a millitHilli ptxt of llie 
radhu. So abo R>+3.141593 ia leu, and R*x 3.141593 greater than tlw 
area of the circle ; and these numbera differ from one another only by a 
millionth part of the aqnare of the reditu. 

In thia way, also, the circomference uid the area of the circle may be 
foimd still nearer to the truth ; but neither by Ihia, nor bv any other me- 
thod yet known to geometen, can they be exactly determined, thonzh the 
mora of both may be reduced to a leu quantity than any that can be a*- 
eigned. 
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SUPPLEMENT . 

BOOK II. 

OF THE INTERSECTION OF PLANES. 



DEFINITIONS. 



1. A BTKiUOHT line is perpendioUlai dt at right angles to a plane, when 
it makes riglit angles with ereiy straight line which it meets in that 
plane. 

2. A plane is peipendicuUr to a plane, when the straight lines drawn in 
one of the [Janes perpendicular to the conmum section of the two planes, 
are peipendicnlar to the other plane. 

3. The inclination of a straight line to a plane is the acute an^e cmitained 
by that straight line, and another drawn from the point in which the 
first line meets the plane, to the point in which a perpendicular to the 
plane, drawn from any point of the first line, meets the same plane. 

4. The angle made by two planes which cut one another, is the angle con- 
tained by two straight lines drawn from any, the same point in the line 
of their common section, at right angles to that line, the one, in the one 
plane, and the other, in the other. Of the two adjacent angles made by 
two lines dTawu in this manner, that which is acute is also called the in* 
clination of the planes to one another. ^ 

5. Two planea are said to have the same, or a like inclination to one an- 
other, which two other jdanes have, when the angles of inclination above 
defined are equal to one another. 

6. A strai^ line is said to be parallel to a plane, when it does not me«t 
the plane, though produced ever so far. 
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7. PUnM are aaid to be parallel to one anotlier, which do not meet, thongh 
produced ever so fu. 

8. A solid angle is an angle mode by the meeting of more than two planv 
angles, which are not in the same [dane in one point. 

PROP. L THEOR. 

Onepart of a straight Urte cannot (« in a plant and another partabone it. 

If it bfe possible let AB, part of the straight line ABC, be in the {daae, 
and the pan EC above it : and since the 

straight line AB is in the plane, it can be Q. 

produced in that plane (2. Post. I.); let j^ 

it be produced to D : Then ABC and r' " ' ' ' .^- t 

ABD aie two straight lines, and they 
have tho common segment AB, which is 



impossible (Cor. def, 3. 1.). Therefore 
ABC is ■ ' - 



\^S\ 



not a straight line. 

PROP. IL THEOR 

Any ^irt» ttraight lines which meet one another, not in the emu point, are in 
one planet 

Let the three straight lines AB, CD, CB meet one uiothei in the pdnto 
B, C and E ; AB, CD, CB are in one plane. 

Let any plane pass thiou|^ the straight line 
EB, and let the plane be turned about EB, pro- 
duced, if necessary, until it pass through the 
point C : Then, becanso the points E, C are in 
thiBplane,theBtTaightline£CiBiuit(def. 5. 1.): 
for the same reason, the straight line BC is in 
the same ; and, by the hypothesis, EB is in it ; 
therefore the three straight Unea EC, CB, BE 
are in one plane : but the whole of the lines DC, 
AB, and BC produced, are in the same plane 
with the parts of them EC, EB, BC (1. 3. 
Sup.). Therefore AB, CD, CB, are all in one 
phme. J 

Cos. It is manifest, that any two straight lines which cut one another 
are in one plane : Alio, that any three points whaterer are in one plane. 
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PROP. III. THEOR. 

Iftwvpionts eut one another, their common section tsa straight line. 

Let two planes AB, BC cut one uioth», 
and let B and D be two points in the line of 
their common section. From B to D draw the 
straight line BD ; and because the points B 
and D are in the plane AB, the straight line 
BD is in that plane {def. 5. 1.) : for the same 
reason it is in the plaiae CB ; the straight line 
BD is therefore common to the planes AB 
and BC, or it is the common section of these 



I>\| A 



PROP. IV. THEOR. 



If a straight fine stand at ngkt angles to each ofttBO straight hnes in the 
point of their intersection, it will also be at right angles to the plane in 
whiek these lines are. 

Let the straight line AB stand at right angles to each of the straight 
lines £F, CD in A, the point of their intersection : AB is also atrightan* 
gles to the plane passing through £F, CD. 

Through A draw any line AG in the 
plane in which are EF and CD ; let G be 
any point in that lino ; draw GH parallel 
to AD ; and make HF=HA, join FG ; and 
when produced let it meet CA in D ; join 
BD, BG, BF. Because GH is parallel to 
AD, and FH=HA : therefore FG=GD, 
so Uiat the line DF is bisected in G. And 
because BAD is a right angle, BD^=AB^ 
+AD2 (47. 1.); and for the same reason, 
BF* = AB=+AF^ thereforo BD=+BF^= 
2AB* + AD2 + AF» ; and because DF is 
bisecledin G (A. 2.}, AD=-i-AF==2AG2+ 
2GF», therefore BD^+EF'=2AB^+2AG» 

+2GF». Bni BD^ + BF== (A. 2.) 2BG'+2GF', therefore 2BG*+ 
2GF'=2AB''+2AG2+2GF= ; and taking 2GF« from both, 2BG==2AB» 
+2AG^or BG2=AB2+AG*; whence BAG (48. l.jia a right angle. 
Now AG is any straight line drawn in the plane of the lines AD, AF ; and 
when a straight line is at right angles to any straight line which it meets 
with inaplane, it is at right angles to the plane itself (def. 1. 2. Sup.). AB 
is therefore at right angles to the plane of the lines AF, AD. 
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PROP. V. THEOR. 



ill in one point, and a straight Une stand at right 
that point; then three straight lines an in one 



If three straight lines meet 
angles to each of them t: 
and the same plane. 

Let the straight line AB aland at right angles tu each of the atnight 
lines BC, BD, BE, in B, the point where they meet ; BC, BD, BE are in 
one and the tame plane. 

If not, let BD and BE, if possible, be in one plane, and BC be above it ; 
and let a plane pass through AB, GC, the common aection of which with 
the plane, in which BD and BE are, shall be a straight (3. 2. Sup.) line ; 
let this be BF : therefore the three straight lines AB, BC, BP are all in 
one plane, viz. that which passes through AD, BC ; and because AB 
stands at right angles to each of the etraight hnes BD, BE, it is also at 
right andes (4. 2. Sup.) to the plane passing 
through them ; and therefore makes right an- 
gles with every straight line meeting it in that 
plane ; but BF which is in that plane meets it ; 
therefoM the angle ABF is a right angle ; but 
the angle ABC, by the hypothesis is aba aright 
angle ; therefore the argle ABF is equal to the 
angle ABC, and they are both in the same' 
plane, which is impossible : therefore the straight 
line BC is not above the plane in which are BD 
and BE : Wherefore the tSree straight lines 
BC, BD, BE are in one and the same plane. 




PROP. TI. THEOR. 

Ttoo straight lines «>hieh are at Tight angles to th* same plane, are parallel to 
one another. 

Let the straight lines AB, CD be at right angles to the same plane BDE : 
AB U paraUel to CD. 

Let them meet the plane in the pc^nts B, D. 
Draw DE at right angles to DB, in (he plane BDE, 
and let E be any point in it: Join AE, AD, EB. 
Because ABE is a right an^e, AB»+BE»= (47. 1 .) 
AE=, and because BDE is a right angle, BE^=BD' 
+DE'; therefore ABa+BD'+DE»=AE2 ; now, 
AB'+BD»=AD^ because ABD is a right angle, 
therefore AD5-f-DE==AE=, and ADE is therefore 
a (4B. 1.) right angle. Therefore ED is perpendi- 
cular to the three lines BD, DA, DC, whence these 
lines are in one plane (5. 2. Sup.). But AB is in the 
plane in which are BD, DA, because any three 
■might lines, which meet one another, are in one 
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plane (2. 3. Sup.) : therefore AB, BD, DC are in one plane ; and each of 
the angles ABD, BDC ia a right angle ; therefore AB is parallel (Cor. 28. 
l.)toCD. 

PROP. VII. THEOR. > 

Jftwo atrmght lines he panUel, and one of them at right angUs to aplanei 
the other ia alao at right angles to the same plane. 

Let AB, CD be two parallel straight 
lines, and let one of them AB be at 
right angles to a plane; the other CD 
IB at right angles to the same plane. 

For, if CD be not perpendicular to 
the plane to which AB is perpendicular, 
let DG be perpendicular to it. Then 
(6. 2. Sup.) DG is parallel to AB : DG 
and DC therefore are both parallel to 
AB, and are drawn through the same 
point D, which is impossible (11. Ax. 
1). 

PROP. VIII. THEOR. 

Two straight liiies uhieh are each of them parallel to the same straight line, 
though not both in the same plane with it, are parallel to one another. 

Let AB, CD be each of them parallel to BF, and not in the aame plane 
with it ; AB shall be parallel to CD. 

In EF take any point G, from which draw, in the plane passing through 
£F, AB, the straight line GH at right angles to EF ; and in die plane 
passiag through EF, CD, draw GK at right angles to the same EF. 
And because EF is perpendicular both to GH and GK, it is perpendicular 
(4. 2. Sup.) to the plane HGK passing through them : and £F is parallel 
' I AB ; therefore AB is at right 
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angles (7. 2. Sup.) to the plane 
HGK. For the same reason, CD 
is likewise at right angles to the 
plane HGK. Therefore AB, CD 
are each of them at right angles 
to the plane HGK. But if two 
straight lines are at right angles 
to the same plane, they are paral- 



H 



lei (6. 2. E 



p.)K 



e another. Therefore AB is parallel to CD.\ 
PROP. !X. THEOR. 



If two straight lines meeting one another he parallel to tvx others that meet one 
(mother, thottgh not in the same plane with the first two; the first two and the 
other two shall contain, equal angles. 

Let the two straight lines AB, 6C which meet one another, be parallel 
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to the two stpiritt lines DE, £F thftt meet one another, ud kts not in the 
wme plane wi£ AB, BC. The angle ABC is equ&l to the angle DEP. 

Take BA, BC, ED, £F all equal to one an- 
other ; and join AD, CF, BE, AC, DF : Because 
BA ia equal and paraUel to ED, therefore AD ia 
(33. 1.) both equal and parallel to BE. For the 
same reason, CF ie equal and parallel to BE. 
Therefore AD and CF are eagh of them eqnal and 
paraUel to BE. But straight lines that are paral- 
lel to the same suaight hue, thoqgh not in the 
same plane with it, are parallel (8. 2. Sap.) to one 
another. Therefore AD is parallel to CF ; and it 
is equal to it, and AC, DF join them towacds the 
same parts ; and therefore (33. 1.) AC is equal 
and parallel to DF. And because AB, BC are 
equal to DE, EF, and the base AC to the base 
DF ; the angle ABC is equal (8. 1.) to the angle 
DEF. 




PROP. X. PROB. 



To drau a straight luu perpendteniar to tt jia>te,fTom a given point ahovt it. 

Let A be the given point above the plane BH, it is required to draw from 
the point A a straight line perpendicular to the plane BH. 

In the plane draw any straight line BC, and from the point A draw (Prop. 
12. l.jADpeipendicular to BC. If then AD be also perpendicular to the 
plane BH, the thing required is already done ; bnt if it be not, fiom the 
point D draw (Prop. 11. 1.), in the ■ 

plane BH, the straight lino DE at 
ti^ht angles to BC ; and from the 
point A draw A F perpendicular to 
DE ; and through F draw (Prop. 31 . 
1.) GH parallel to BC : and because 
BC is at right angles to ED, and DA, 
BC in at right angles (4, 2. Sup.) to 
the plane passing through ED, DA. 
And GH is parallel to BC ; but if two 
straight lilies be parallel, one of which is at right angles to a plane, the 
other shall be at right (7. 2. Sup.) angles to the same plane ; wherefore 
GH 13 at tight angles to the ^lane through ED. DA. and is perpendicular 
(def. 1. 2. Sup.) to every straight line meeting it in that plane. But AF, 
which IS in the plane through ED, DA, meets it : Therefore GH is per- 
pendicular to AF, and consequently AF is perpendicular to GH ; and AF 
IS alsoperpenihculartoDE : Therefore AFia perpendicular to each of the 
atnught hues GH, DE. But if a straight Une stands at right angles to 
each of two straight Imes in the point of their intersection, it is also at right 
angles to the plane passing through them (4. 2. Sup.). And the plane 
pMung througli ED, GH is the plane BH ; therefore AF is perpendi^r 
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to Ihe plane BH ; ao tliat, from the giren point A, abore the plane BH, 
the straight line AF ia drawn perpendicular to that plane. 

Cor. If it be required from a point C in a plane to erect a perpen- 
dicvdar to that plane, take a point A above the plane, and draw AF per- 
pendicnlar to the plane ; then, if from C a line be drawn parallel to AF, 
it will be the perpendicular required ; for being parallel to AF it will be 
perpendicular to the same plane to which-AF is perpendicular (7. 2. Sup.). 

PROP. XI. THEOR. 

From the same point in a plane, there eanruit be (too straight lines at t^Ai 
angles to the plane, upon the same side of it; Atid there can ht hat one 
perpendicular to a plane from a point above it. 

For if it be possible, let the two straight lines AC, AB be at right angles 
to a given plane from the same point A in the plane, and upon the same 
aide of iti and let a plane pass through BA, AC ; the common section of 
this plane with the given plane is a straight (3. 2. Sup.) line passing through 
A : Let DAE be their common section : Therefore the straight lines AB, 
AC, DAE are in one plane : And because CA is at right angles to the 
given plane, it makes ri^t angles with every 
straight line meeting it in that plane. But 
DAE, which is in that plane, meets CA: there- 
fore CAE is a right angle. For the same rea- 
son BAE is a right angle. Wherefore the an- 
gle CAE is equal to the angle BAE ; and 
mey are in one plane, which ia impossible. 
Also, from a point above a plane, there can be 
bnt one perpendicular to that plane ; for if there 
could be two, they would be parallel (6. 2. Sup.) 10 one another, which is 
absord. 

PROP. XII. THEOR. 

Planes to which the same straight line is perpendieular, m-e parallel to one 
another. 
Let the straight line AB he perpendicular to 
each of the planes CD, EF : these planes are pa- 
rallel to one another. 

If not, they must meet one another when pro- 
duced, and their common section must be a straight 
line GH, in which take any point K, and join AK, 
BK : Then, because AB is perpendicular to the 
plane EF, it is perpendicular (def. 1. 2. Sup.) to 
the straight line BK which is in that plane, and 
therefore ABK ia a right angle. For the same 
reason, BAK is a right angle ; wherefore the two 
angles ABK, BAK of the triangle ABK are 
equal to two right angles, which is impossible. 
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(17. 1.) : Therefore the pUnes CD, EF, though produced, do not meet 
one anothei ; that is, the^ are parallel (def. 7. 2. Sup.). 



PROP. XIII. THEOR. 

Iftieo straight Ums meeting one another, he panJiel to tuM straight Itnea 
Khieh also meet one OTwther, btU an not in the same plane viith the first 
too : the plane which passes through the first two is parallel to the plane 
passing through the others- 

Let AB, BC, two straight lines meeting one another, be parallel to DE, 
EF that meet one another, but are not in the same plane with AB, BC : 
The planes through AB, BC, and DE, EF shall not meet, though pro- 
duced. « ', . . 

From the point B draw BG perpendicular (10. 3. Sup.) to the plane 
which passes through DE, EF, and let it meet that plane in G ; and 
through G draw GH parallel to ED (Prop. 31. 1.), and GK parallel to EF : 
And because BG is perpendicular to the plane through DE, EF, it must 
make ri^t angles with every 
straight line meeting it in that 
plane (1. def. 2, Sup.). But 
the straight hues GH, GK in 
that plane meet it : Therefore 
each of the angles BGH, BGK 
is a right angle : And because 
BA is paiaUel (8. 2. Sup.) to 
GH (for each of them is paral- 
lel to DE), the angles GBA, 
BGH are togethee equal (39. 
l.)'to two right angles: And 

BGH is a right angle ; therefore ahio GBA is a right angle, and GB per- 
pendicular to BA : For the same reason, GB is peipendicular to BC : 
Since, therefore, the straight line GB stands at right angles to the two 
straight lines BA, BC, that cut one another in B ; GB is perpendicular 
(4. 2. Sup.) to the plane through BA, BC : And it ia perpendicular to the 
plane through DE, EF ; therefore BG ia perpendicular to each of the 
planes through AB, BC, and DE, EF : But planes to which the same 
straight line is perpendicular, are parallel (12. 2. Sup.) to one another : 
Therefore the plane through AB, BC, is parallel to the plane through 
DE, EF. 

Cor. It follows from this demonstration, that if a straight line meet 
two panllel planes, and be perpendicular to one of them, it must be pM- 
pendiculur to the oiher also. 
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PROP. XIV: THEOR. 



Iftvio partJlel plants be cut by another plane, their eommon seetums vnth it 
are parauela. 



Let the parallel planes AB, 
CD, be cut by the piano EFHG, 
and let theii common sectionB with 
it be £F, GH ; EF is panUel to 
GH. 

For the straight lines EF and 
GH ate in the same plane, viz. 
EFHG which cuts the planes 
AB and CD; and they do not 
meet though produced ; for the 
planes in which they are do not 



Ne. 
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meet; therefore £F ioA. GH ue parallel (def. 30. !.)• 




f^f^ 
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PROP. XV. THEOR. 

If two parallel planes he eat by a third plane, thty have the same tncfinatton 

to that plane. 

Let AB and CD be two parallel planes, and EH a third plane cutting 
them ; The planes AB and CD are equally inclined to EH. 

Let the straight liaea EF and GH be the common section of the plana 
EH with the two planea AB and CD ; and from K, any point in EF, draw 
in the plane EH the straight line KM at right angles to EF, and let it 
meet GH in L ; draw also KN at right angles to EF in the plane AB : 
and through the straight liaea KM, KN, let a plane be made to pass, cut- 
ting the plane CD in the line LO. And because EF and GH are the 
common sections of the plane EH with the Kfo parallel pluies AB and 
CD, EF is parcel lo GH (14. 2. Sup.). But EF ia at right angles to 
die plane that passes through KN and KM (4. 3. Sup.), because it is at 
right angles to the lines KM and KN : therefore GH is also at right an- 
gles to the same plane (7. 2. Sup.}, and it is therefore at right angles to 
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the Unes LM, LO which it meets in that plane. Therefore, since LM Mid 
LO are at right angles to LG, the common section of the two planes CD 
and EH, the angle OLM is the inclination of the plane CD to the plane 
EH (4. def. 2. Sup.)- For the same reason the angle MKN is the inclina- 
tion of the plane AB to the plane EH. But because KN and LO are pa- 
rallel, being the common sections of the parallel planes AB and CD with 
a thini plane, the interior angle NKM is equal to the eitenor angle OLM 
(29. 1.) ; that is, the inclinsilon of the plane AB to the plane EH, is equal 
to the inclination of ihe plane CD to the same plane EH. 

PROP. XTI. THEOR. 

^tao straight lineabe ettt by foroM plants, they must be wtm the same ratu. 

Let the strught lines AB, CD be 
MN, in the pomts A, E, B ; C. F 
As AE is to EB, so is OF to FD. 

Join AC, BD, AD, and let AD 
the plane KL in the point X ; and join 
EX, XF: Because the two parallel 
rianes KL, MN are cut hj the plane 
EBDX, the common sections EX, BD, 
are parallel (14. 2. Sup.). For the same 
reason, because the two paiallet 
GH, KL ate cut by' the plane a'XFC, 
the common sections AC, XF are paral- 
lel : And because EX is parallel to BD, 
a side of the triangle ABD, as A£ to 
EB, BO is (2. 6.) AX to XD. Again, be- 
cause XF is parallel to AC, aside of the 
triangle ADC, AX to XD, so is CF to 
FD : and it was proved that AX is to XD, 
as AE to EB : Therefore (II. S.), as AE 
to EB, so is CF to FD. 

PROP. XVn. THEOR. 

If a straight line be at right angles to a plaiie, every plant tohieh passes t^cmgk 
that line is at right angles to the first mentiojted plane. 

Let the Straight line AB be at right angles to the plane CK ; orery plane 
vhich passes &roue;h AB is at right angles to the plane CK. 

Let any plane DE pass through AB, and let CE be the common section 
of the planes DE, CK ; take any point F in CE, from which draw FG in 
the plane DE at right angles to CE : And because AB is peipendiculsr 
to the plane CK, therefore it is also perpendicular to every sUaight line 
meeting it in that [dane (1. def. 2. Sup.) ; and consequently it is perpen- 
dicular to CE : Wherefore ABF is a right angle ; But GFB is hkewise a 
right angle ; therefore AB is parallel (28. 1.) to FG. And AB is at right 
ani^ea to the plane CK : therefore FG is also at right angles to the same 
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plane (7. 2. Sup.). But one piano ia 
at right angles to another plane when 
the Btnight lines drawn in one of the 
planes, at right angles to theii com- 
mon section, are oUo at right angles 
to the other plane (def. 2. 2. Sup.); and 
my straigbtlineFG inthe plane DE, 
which is at right angles to C£, the 
common aectiou of the planes, has been 
proved to be perpendicular to the other 
plane OK ; therefore the plane DE 

is at right angles to the plane CK. In like manner, it may be proved 
that all the planes which pass through AB are at right angles to the plane 
CK. 

PROP. XVllI. THEOR. 

If tiDO plants cutting one another be each ofthempsTpendieu!ar to a iMrdpltai* 
tkeif eommon section is perpendicular to the same plane. 

Let the two planes AB, BO be each of them perpendicular to a third 
plane, and BD be the common section of the firsttwo; BD is perpendicular 
to the plane AUG. _ 

From D in the plane ADC, draw DE perpen- 
dicular to AD, and DF to DC. Because DE is 
perpendicular to AD, the common section of the 
planes AB and ADC ; and because the plane 
AB is af right angles to ADC, DE is at right 
angles to the plane AB (def. 2. 2. Sup.], and there- 
fore also to the straight line BD in that plane 
(dof. 1. 3. Sup.}. For the same reason, DF is at 
right angles to DB. Since BD is therefore at 
right angles to both the lines DE and DF, it ia 
at right angles to the plane in which DE and 
DF are, that is, to the plane ADC (4. 2. Sup.). 



D 



B 



PROP. XIX. PROB. 

Two straight lints not in the same plane being gitien in position, to draa a 
straight line perpendicular to themboth. 

Let AB and CD be the given lines, which are not in the same plane ; it 
is required to draw a straight line which shall be perpendicular both to AB 
and CD. 

In AB take any point E, and through E draw EF parallel to CD, and 
let EG be drawn perpendicular to the plane which passea through EB, 
BF (10. 2. Sup.). Through AB and EG let a plane pass, viz. GK, and let 
this plane meet CD in H; from H draw HK perpendicular to AB ; and 
HK is the line required. Through H, draw HG parallel to AB. 
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Then, Bince HK and GE, which aie in the same plane, are both at right 
angles to the straight line Afi, they are parallel to one another. And be- 
cause the lines HG, HD are parallel to the lines EB, EF, each to each, 
the plane GHD b parallel to the plane (13. 2. Sup.) U£F ; and therefore 
EG, which is perpendicular to the plane B£F, is perpendicular also to the 
plane (Cor. 13. 2. Sup.) GHD. Therefore HK, which is parallel to GE, 
is also perpendicular to the plane GHD (7. S. Sup.), and it is therefore per^ 
pendicular to HD (def. 1. 2. Sup.), which is in that plane, and it is also 
perpendicular to AB ; therefore HK is drawn perpendicular to the two 
giren lines, AB and CD. 

PROP. XX. THEOR. 

If a taUdm^^ht contained hythreeplane angles, any tteo of these angles art 
greater than the third. 

Let the solid angle at A be contained by the three plane angles BAC, 
CAD, DAB. Ajw two of them are greater than the thud. 

If the angles BAG, CAD, DAB be all equal, it is evident that any two 
of them a^e greater than the third. But if they are not, let BAC be that 
angle which is not less than either of the other t ^ ' ' 

one of them, DAB ; and at the point A in the 
soaight line AB, make in the plane which 
passes through BA, AC, the angle BAE equal 
(Prop.33. 1.) to the angle DAB; and make 
AE equal to AD, and through E draw BEG 
cutting AB, AC in the points B, C, and join 
DB, DC. And because DA is equal to AE, 
uid AB is common to the two triangles ABD, 
ABE, and also the angle DAB equal to the 
angle EAB ; therefore the base DB is equal (4. 1.) to the base BE. And 
because BD, DC are greater (20. 1.) than CB, and one of them BD has 
been proved equal to BE, a part of CB, therefore the other DC is greater 
than the remaining part EC. And because DA is equal to AB, and AC 
common, but the base DC greater than the base EC ; therefore the angle 
DAC is greater (25. 1.) than the angle EAC ; and, by iIm constnictioor 
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die uigle DAB is equal to the angle BAE ; wherefore the angleB DABi 
DAC iLre together greater than BAE, EAC, that is, than the angle BAC. 
But BAC is not less than either of the angles DAB, DAC j thetefora 
BAC, with either of them, is greater than the other. 

PROP. XXI. THEOK. 

The plane angles which contain any solid anglt are togetier lett than four 

right angUs. 

Let A bo a solid ang e contained by any number of plane snffles BAC, 
CAD, DAE, EAF, FAD ) these together are less than Tout rigbt angles. 

Let the planes which contain the solid angle at A be cut by anpther 
^ane, and let the section of them by that plane be the rectilineal figure 
BCDEF. And because the aolid angle al B is contained by three plane 
angles CBA, ABF, FBC, of which any two 
are greater (30. 3. Sup.) than the third, the 
angles CBA, ABF are greater than the an- 
gle FBC : For the same reason, the two 
plane angles at each of the points C, D, E, 
F, viz. the angles which are at the bases of 
the triangles having the common vertex A, 
axe greater than the third angle at the same 

glint, which is one of the angles of the figure 
CDEF : therefore all the angles at the 
bases of the triangles are togeuier greater 
than all the angles of the figure : ^d be- 
cause all the angles of the triangles are to- 
gether equal to twice as many right angles as there are triangles (32. l.)t 
Uiat ie, as there are sides in the figure BCDEF ; and because all die an- 
gles of ^e figure, together with four right angles, are likewise equal to 
twice as many right angles as there are sideainthefigure(lcr.32.1.);tliere- 
fore all the angles of the triangles are equal to all the angles of the rectili- 
neal figure, together with four right angles. But all the angles at the bases 
of the triangles are greater than all Uie angles of the rectilineal, as baa 
been proved. Wherefore, the remaining angles of the triangles, viz. those 
at the vertex, which contain the solid angle at A, are less than four right 
angles. 

Otherwise. 

Let the sum of all ihe angles at the bases of the triangles =S ; tke 
snm of all the angles of the rectilineal figure BCD£F^.r; me sum of the 
plane angles at A^X, and let R;= a right angle. 

Then, because S+X^ twice {32. 1.) as many right angles as there are 
triangles, or as there are aides of the rectilineal figure BCDEF, and as 
Z-f-4Risal3oequal to twice as many right angles as there are sides of the 
same figure ; therefore S+X=.r-J-4K. But because of the three plane 
an^es which contain a solid angle, any two are greater than the third, 
25 
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S/Z; and therefore X/4R ; that is, the sum of the plane angles wbidl 
contain the solid angle at A is less than four right angles. 

SCHOLIUM. 

It is evident, that when any of the angles of the figure BCDEF ia e^ 
terior, like the angle at D, in the an- 
nexed figure, the reasoning in the A 
above proposition does not hold, be- 
cause the solid angles at the base 
are not all contained by plane an- 
gles, of which two belong to the tri- 
angular planes, having their com- 
mon vertex in A, and the third is an 
interior angle of the rectihneal figvrBi 
or base. Therefore, it cannot be ^ 
concluded that Sis necessarily great- -u 
er than S. This proposition, therefore, is subject to a limitation, whichia 
farther explained in the notes on this Book. 
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SUPPLEMENT . 

BOOK m. 

OF THE COMPARISON OF SOLIDS. 



DEFINITIONS. 

1. A Solid is thatwMch has length, breadA, and thicknesB. 

3. Similar soliil figures are such as are contained hy the same number of 
similar planes similarly situated, and having like inclinations to one an- 
other. 

3. A pyriunid is a solid figure contained by planes that are constituted be- 
twixt one plane and a point above it in which they meet. 

4. A prism ia a solid figure contained by plane figures, of which two that 
are oppoatie are equal, similar, and parallel to one another ; and the 
others are parallelogram a. 

t 5. A parallelopiped is a solid figure contained by six qnadrilateral figures, 
whereof every opposite two are parallel. 

6. A cube is a solid figure contwied by six equal squares. 



9. The centre of a sphere is the same with that of the semicircle. 

10. .The diameter of a sphere is any straight line which passes through 
the centre, and is terminated both wxya ^ the superficies of the sphere. 
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11. A cone is a solid Gguie described 1^ the KTOlutioD of a right angled 
triangle about one of the sides cootaioing the right angle, which side 
lemains fixed. 

12. The axis of a cone is the fixed straight line about which the triangle 
revolves. 

13. The base of a cone is the circle described by that side, containing the 
right angle, which TevolveB. 

14. A cylinder ia a. solid figure described by the revolntion of a ri^t an- 
j^ed peraUelogram about one of its sides, which remains fixed. 

15. The axis of a cyUnder is the fixed straight line about which the paral- 
lelogram revolves. 

16. The bases of a cylinder are the circles described by the two leTolviug 
oppoMte sides of the parallelogram. 

17. Similar cones and cylinders are those which have theii axes, and the 
diameters of their bases proportionals. 

PROP. I. THEOR. 

If two toUds hi eonlttined by the sam» nvn^Mr ofvqual and iimlarplanta 
swMarJy situated, and if the inclination of any two eontigwms planes in the 
one solid be the same with the irtclination of the two equal, and similar^ 
situated planes in the other, the siAids themselves are equal and similar. 

Let AG and KQ be two solids contained by the same number of equal 
and similar planes, similarly situated so that the plane AC is similar tuid 
equal to the plane KM, the plane AF to the piano KP ; BG to LQ, GD 
to QN, D£ to NO, and FH to PR. Let also the inclination of the plane 
AF to the plane AC be the same with that of the plane KP to the plane 
KM, and so of the rest ; the solid KQ is equal and similar to the solid AG. 

Let the solid KQ be applied to the solid AG, so that the bases KM and 




AG, which are equal and similar, may coincide (8. Ax. 1.), the point N 
coinciding with the point D, K with A, L with B, and so on. And be- 
outsa the plane KM coincides with the plane AC, and, by hypothesis, the 
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inclination of KR to KM is the same with the inclinatioQ of AH to AC, 
the plane KK will be upon the plane AH, and will coincide with it, because 
they are similar and equal (8. Ax. 1.), and because their equal sides KN 
and AD coincide. And in the same manner it is shewn that the other 
planes of the solid KQ coincide with the other planes of the solid AG, 
each with each : wherefore the solids KQ and AG do wholly coincide, 
and are equal and similar to one another. 



PROP. li. THEOR. 

If a solid ht contained by m plojies, two and ttno of ahieh ore parallel, the o^ 
posite planes are similar and equal paraUelograms. 

Let the solid CDGH be contained by the parallel planes AC, GF ; BG, 
CE ; FB, AB : its opposite planes are Bimilar and equal parallelograms. 

Because the two parallel planes BG, CE,are cut by the plane AC, their 
common sections AB, CD are parallel (14. 2. Snp.). Again, because the 
two parallel planes BE, AE are cut by the plane AC, their common sec- 
tions AD, BC are parallel (14. 2. Sup.) : and AB is parallel to CD ; there- 
fore AC is a parallelogram. In like manner, it may be proved that each 
of the figures CE, FG, GB, BE, AE is a pa- 
rallelogram ; join AH, DF ; and because AB 
is parallel to DC, and BH to CF ; the two 
straight tines AB,BH, which meet one anr 
other, are parallel to DC and CF, which meet 
one another ; wherefore, though ihe first two 
are not in the same plane with the other two, 
they contain equal angles (9. 2. Sup.) ; the 
an^e ABH is therefore equal to the angle 
DCF. And because AB, BH, are equal to DC, CF, and the angle ABH 
equal to the angle DCF; therefore the base AH is equal (4. 1.) to the base 
DF, and the triangle ABH to the triangle DCF : For the same reason, 
the triangle AGH is equal to the triangle DBF : and therefore the paral- 
lelogram BG is equal and similar to the parallelogram CE. In the same 
manner, it may be proved, that the parallelogram AC is equal and similar 
to the parallelogram GF, and the parallelogram AE to BF. 




PROP. III. THEOR. 

If a solid parallelopiped he eat by a plane parallel to ttoo of its opposite planes, 
it mU be divided into two solids, vilueh wOl be to one another as the bases. 

Let the solid parallelopiped ABCD be cut by the plane EV, which is 
parallel to the opposite planes AR, HD, and divides the whole into the 
soUda ABFV, EGCD : as the base AEFY to the base EHCF, so is the 
soUd ABFV to the solid EGCD. 

Produce AH both ways, and take any number of straight lines HM, 
MN, each equal to EH, and any number AK, KL each equal to EA, xnd 
complete the parallelograms LO, KY, HQ, MS, and the solids LP KR, 
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HU, MT ; then, because the straight lines LK, KA, AE are all equal, and 
also the straight lines KO, AY, EF which make equal angles with LK, 
KA, AE, the parallelograms LO, KY, AF are equal and similar (36. 1. 
& def. 1. 6.) : and likewise the paralletograms KX, KB, AG ; as also 

X B G I 



\rxi 



K\ KRK \ K \ 



F~0 Q is 

(2. 3. Sop.) the parallelograma LZ, KP, AR, because they are epposito 
planes. For the same reason, the parallelograms EC, HQ, MS are equal 
(36. 1. & def. 1. 6.); and the parallelograms HG, HI, IN, aa also (2. 3. 
Sup ] HD, MU, NT ; tbeiefore three planes of the solid LP, are equal and 
similar to three planes of the solid KR, as also to three planes of the solid 
AV : hut the three planes opposite to these three aie "equal and similar to 
them (2. 3. Sup.) in the several solids ; therefore the solids LP, KR, AV 
are contained bj equal and similar planes. And because the planes LZ, 
KP, AR are panllel, and are cut by the plane XV, the incUnation of LZ 
to XP is equal to that of KP to PB ; or of AR to BV (15. 2. Sup.) and 
the same is true of the other contiguous planes, therefore the solids LP, 
KR, and AV, are equal to one another [1. 3. Sup.). For the same rea- 
son, the three solids, ED, HU, MT are equal to one another; therefore 
what multiple soever the base LF is of the base AF, the same muidple is 
the solid LV of the solid AV; for the same reason, whatever multiple the 
baseNF is of the base HF, the same multiple is the solid NV of the solid 
ED : And if the base LF be equal to the base NF, the solid LV is equal 
(1.3. Sup.) to the solid NV ; and if the base LF be greater than the base 
NF, the solid LV is greater than tbesoUd NV : and if less, leas. Since 
then there are four magnitudes, viz. the two bases AF, FH, and the two 
solids AV, £D, and of the base AF and solid AV, the base LF and solid 
LV are any equimultiples whatever ; and of the base FH and solid ED, 
the base FN and solid NV are any equimultiples whatever; and it has 
been proved, that if the base LFis greater than the base FN, the solid LV 
is greater than the solid NV ; and if equal, equal: and if less, less: There- 
fore (def. 5. 5.) as the base AF is to the base FH, so is the solid AV to 
the solid ED. 



Cor. Because the paral]el<%ram AF is to the parallelogram FH aa YF 
to FC (1. 6.), therefore the solid AV U to the soUd Et) as YF to FC 
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PROP. IV. THEOR. 

If a soHd par<dlehpiptd be cut by a plane passing through the diagonals of 
t%BO of the opposite platxes, it will be cut into tvro equal prisms. 

Let AB be a. solid parallelopiped, and DE, CF the diagonals of the op- 
posite parallelograms AH, GB, viz. those which are drawn betnixt the 
equal angles in each; and because CD, FE are each of them parallel to 
GA, though not in the same plane with it, CD, FE are parallel (8, 2. Sup.) j 
wherefote the diagonals CF, DE are in the plahe in which the parallels 
are, and are themselves parallels (14. 2. Sup.); 
the plane CDEF cuU the solid AB into two 
equal parts. 

Because the triangle CGF is equal (34. 1.) 
to the triangle CDF, and the triangle DAE to 
DHE ; and since the parallelogram CA is equal 
(3. 3. Sup.) and similar to the opposite one BE ; 
and the parallelogram GE to CH ; therefore the 
planes which contain the prisms CAE, CBE, 
are equal and similar, each to each ; and they 
are also equally inclined to one another, because 
the planes AC, EB are parallel, as also AF and 
BD, and they are cut by the plane CE (15.3. Sup.). Therefore the prism 
CAE is equal to the prism CBE (l*. 3. Sup.), and the solid A B is cut into 
two equal prisms by the plane CDEF. 

N. B. The insisting straight lines of a parallelepiped, mentioned in 
the following propositions, are the sides of the parallelograms betwixt the 
base and the plane parallel to it. 




PROP. V. THEOR. 

Solid paTfdUlopipeds upon the same base, and of the same attitude, the in- 
tistmg straight lines of which are terminated in the same straight lines in 
the plane opposite to the base are equal to one another. 

Let the solid paraLlelopipeds AH, AK be upon the same base AB, and 
of the same altitude, and let their insisting straight lines AF, AG, LM, LN 
be terminated in the same straight line FN, and let the insisting lines CD, 
CE, BH, BK be temunated in the same straight line DK ; the solid AH 
is equal to the solid AK. 

Because CH, CK are parallelograms, CB is equal (34. 1.) to each of 
the opposite sides DH, EK : wherefore DH is equal to EK : add, or take 
away the common part HE ; then DE is equal to HK : Wherefore also 
the triangle CDE is equal (38. 1.) to the triangle BHK : and the parallel- 
ogram DO ia equal (36. 1.) to the parallelogram HN. For the same rea- 
son, the triangle AFG is equal to the triangle LMN, and the parallelogram 
CF is equal (2. 3. Sup.) to the parallelogram BM, and CO to BN ; for 
they are opposite. Therefore the planes which contain the prism DAG 
are umilAi and equal to those which contain the prism HLN, each to each 



b, Google 



SUPPLEMENT TO THE ELEMENTS 



and the cODliguous pkoea are also equally inclined to one another (15. 2. 
Sup), because that the parallel pl&ses AD and LH, as also AE and LK 




aie cut by the same piane DN : therefore the prisms DAG, HLN are 
equal (I. 3. Sup.)- irtherefore the prism LNH be taken from the nolid, 
of which the base is the parallelogram AB, and FDKN the plane opposite 
to the base ; and if from this same solid there be taken the prism AGD, 
the lemainin^r solid, viz. the parallelopiped AH is equal to the remaining 
parallel opiped AK. 

PROP. TL THEOR. 

Solid paraUelop^ieds upon the same base, and of tM saiM altitude, ih* M- 
listing straight lines of which are not terminated in the same straight lina* 
in the plane opposite to the base, are equal to one another. 

Let the parallelopipeds CM, CN, be upon the same base AB, and of the 
earae altitude, but their insisting straight lines AF, AG, LM, LN, CD, 
GE, BH, BK, not terminated in the same straight lines ; the solids CM, 
CN are equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one another in the 
poin s 0, P. Q, R ; and join AO, LP, BQ, CR. Becausethe planes (def. 
5. 3. Sup.), LBHM and ACDF are parallel, and because the plane LBHM 
is that in which are the parallels LB, MHPQ (def. 5. 3. Sup.), and in which 
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aim ia the figure BLPQ ; and because the plane ACDF is that in which 
.are thepftralleis AC, FDOR, and in which also is the figure CAOR; 
therefore the figures BLPQ, CAOR, are in parallel planes. In like man- 
ner, because the planes ALNG and CBKE are f^rallel, and the plane 
ALJSIG is thai in which are the parallels AL, OPGN, and in which also 
is the figure ALPO ; and the plane CBKE is that in which are the parat- 
lels OB, RQEK, and in which also is the figure CBQRj therefore the 
figures ALPO, CBQR, are in parallel planes. But the planes ACBL, 
ORQP are also parallel ; therefore the solid CP is a parallelopiped. Now 
the solid parallelopiped CM is equal (5. 2. Sup.) to the solid parallelepiped 
CP, because they are upon the same base, and their insisting straight lines 
, AF, AO, CD, OR i LM, LP, BH, BQ are terminated in the same straight 
hoes FR, MP ; and the solid CP is equal (5. 2. Sup.) to the solid CN ; 
for ibey are upon the same base ACBL, and their insisting straight lines 
AO, AG, LP, LN ; CR, CE, BQ, BK are terminated in the same straight 
lines ON, RK ; Therefore the solid CM is equal to the solid CN. 

PROP.Vn. THEOR. 

Solid parallelopipeds, vhieh are upon eqaal bases, and of the same altitaJe, 

are equal to one another. 

Let the solid parallelopipeds, AE, CF, be upon equal bases AB, CD, 
and be of the satne altitude ; the solid AE is equal lo the solid CF. 

Case 1. Let the insisting straight lines be at right angles to the bases 
AB, CD, and let the bases be placed in the same plane, and so as that the 
sides CL, LB, be in a straight line ; therefore the straight line LM, which 
is at right angles to the plane in which the bases are, in the point L, is 
common (11. 2. Sup.) to the two solids AE, CF ; let the other inaiating 
hnes of the solids be AG, HK, BE ; DF, OP, CN : and first, let the angle 
ALB be equal to the angle OLD ; then AL, LD are in a straight line( 14. 
].). Produce OD, HB, and let them meet in Q and complete the solid 
parallelopiped LR, the base of which is fhe parallelogram LQ, and of 
which LM ia one of its insisting straight lines : therefore, because the pa- 
rallelogram AB is equal to CD, as the base AB is to the base LQ, so ia 
(7. 5.) the base CD lo the same LQ ; and because the solid parallelopiped 
AR ia cut by the plane LMEB, which is parallel to the opposite planes 
AK, DR ; as the base AB is to the base LQ, so is (3. 3. Sup.) the solid 
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AE to the aolid LR : for the same reuott because the solid puaUetomp«d 
CR is cut by ihe plane LMFD, which is parallel to the opposite fdanes, 
GP, BR ; as the base CD to the base LQ ; so ia the solid CF to the solid' 
LR ; but as the base AB to l|he base LQ, so the base CD to the base LQ, 
as has been proved : therefore as the solid AE to the solid LR, so is the 
solid CF to the solid LR ; and therefore the solid AE is equal (9. 5.) to 
the solid CF. 

But let the solid psrallelopipeds, SE, CF be upon equal bases SB, CD, 
and be of the same altitude, and let their iusisting straight lines be at light 
angles to the bases ; and place the bases SB, CD in the same plajie, so 
diat CL, LB be in a straight line i and let the angles SLB, CLD, be un- 
equal r the solid SE b also in this case equal to the solid CF. Produce 
DL.TS until they meet in A, and from B draw BH psTaltel to DA ; and 
let HB, OD produced meet in Q, and complete the solids AE, LR ; diere- 
fore tbft solid AE, of which the base is the parallelogram LE, and AK the 
plane opposke to it, is equal (5. 3. Sup.) to the solid SE, of which the base 
is LE, and SX the plane opposite ; for they- are upon the same base LE, 
aod of the same altitude, and their insisting straight lines, Tis. LA, LS, 
BH, BT ; MG, MU, EK, EX, are in the same straight lines AT, GX : 
and because the parallelogram AB is equal [35. 1.) to SB, fcM- they axe 
upon the same base LB, and between the same parallels LB, AT ; and 
because the base SB b equal to the base CD ; therefore the base AB is 
equal to the base CD : bul the angle ALB is equal to the angle CLD : 
therefore, by the first case, the solid AE is equal to the solid CF ; but thj 
solid AE is equal to the solid SE,as was denumstiated : therefore the 
solid SE is equal to the aolid CF. 

Case 2. If the insisting straight lines AG, HK, BE.LM ; CN, RS, 




0F, OP, be not at right angles to the bases AB, CD ; in this case likewiso 
the solid AE is equal to the solid CF. Because solid parallel opipeds on 
the same base, and of the same altitude, are equal {6. 3. Sup.), if two solid 
parallelopipeds be constituted on the bases AB and CD of the same alti- 
tude with the solids A£ and CP, and with their insisting lines perpendicu- 
lar to their bases, ihey will be equal to the solids AEandCF; and, by the 
first case of this proposition, ihey will be equal to one another ; whereforer 
ibb aolids A£'«nd CF are also equaL 
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PROP. Vlll. THEOR. 
&Md partdUlopifedi lekieh luti>e the same altitude, are to orte another as their 

Let AB, CD be solid paralielopipeds of the aamis altitude ; they are to 
one another as their bases ; that i») as the base AE to the base CF, so ia 
the solid AB U> the solid CD. 

To the straight line FG apply the patallelogTam FH equal (Coi. Prop. 
45. 1.) to AE, so that the angle FGH be equal to the angle LCG ; and 




complete the solid parallelopiped GK upon the base FH, one of whose in- 
sisting lines is FD, whereby the solids CD, GK must be of the same alti- 
tude.* Therefore the solid AB is equal (7. 3. Sup.) to the solid GK, be- 
cause they are upon equal bases A£, FH, and are of ^e same altitude : 
and because the solid parallelopiped CK is cut by the plane DO which is 
parallel to its opposite planes, the base HF is (3. 3. Sup.) to the base FC, 
as the solid HD to the solid DC ; But the base HF is equal to the base 
AE, and the solid GK to the solid AB : therefore, as the base AE to the 
base CF, so is the solid AB to the solid CD. 

CoR. 1. Fromthisit is manifest, that prisms upon triangtilar bases,and 
of the same altitude, are to one another as their bases. Let the prisms 
BNM, DPG, the bases of which are the triangles AEM, CFG, have the 
same altitude : compleI« the parallelograms AE, CF, and the solid paral- 
lelepipeds AB, CD, in the first of which let AN, and in the other let CP 
be one of the insisting lines. And because the solid paralielopipeds AB, 
CD have the same altitude, they are to uoe another as the base AE is to 
the base CF ; wherefore the prisms, which are their halves (4. 3. Sup.) 
are to one another, as the base AE to the base CF ; that is, as the triao- 
' gle AEM to the triiingle CFG. 

CoR. 3. Also a prism and a parallelopiped, which have the same ahi- 
tude, are to one another as their bases ; that ia, the prism BNM is to the 
parallelopiped CD as the triangle AEM to the parallelogram ' LG, For 
by the last Cor. the prism BNM is to the priara DPG as the triangle AME 
to the triangle CGF, and therefore the prism BNM is to twice the prism 
DPG as the triangle AME to twice the triangle CGF (4, 5.) ; that is, the 

iirism BNM ia to die parallelopiped CD as the wiangle AME to the paral- 
eiogram LG. 
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PROP. IX. THEOR. 

Solid parallelopipeds are to one another in ike ratio that is eon^Mmnded of the 
ratios of the areas of their bases, and of their altitudes- 

Let AF and GO be two solid parallelopipeds, of which the leases are the 
paraUelogTams AC and GK, and the altitudes, the porpendiculars let fall 
on the planes of theae based from any point in the opposite planes EF and 
MO ; Uie solid AF is to the solid GO in a ratio compounded of the ratios 
of the base AC to the base GK, and of the perpendiculai on AC, to the 
perpendicular on GK. 

Case 1. When the insisting lines are perpendicular to the bases AC 
and GK, or when the solids are upright. 

In GM, one of the insisting lines of the solid GO, take GQ equal to AE, 
one of the insisting lines of the solid AF, and through Q let a plane pass 
parallel to the plane GK, meeting the other insisting lines of the solid GO 
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in the points R, S and T. It is evident that GS is a solid parallelopiped 
(def. 5. 3. Sup.) and that it has the same altitude with AF, viz. GQ or 
AE, Now the solid AF is to the solid GO in a ratio compounded of the 
lalios of the solid AF to the solid GS {def. 10. 5.), and of the solid GS to 
the solid GO ; but the ratio of the solid AF to the solid GS, is the same 
with that of the base AC to (he base GK (8. 3. Sup.), because their alti- 
tudes AE and C^Q are equal ; and the ratio of the solid GS to the solid 
GO, is the same with that of GQ to GM (3. 2. Sup.) ; therefore, the ratio 
which is compounded of the ratios of the solid AF to the solid GS, and of 
die solid GS to the solid GO, is the same with the ratio which is compound- 
ed of the ratios of the base AC to the base GK, and of the altitude AE to 
the altitude GM {F. 5.). But the ratio of the solid A F to the solid GO, is 
that which is compounded of the ratios of AF to GS, and of GS to GO ; 
therefore, the ratio of the solid AF, to the solid GO is compounded of the 
ratios of the base AC to the base GK, and of the altitude AE to the alti' 
tnde GM. 

CasA 3> When the insisting lines ore not perpendicular to ihe bases. 
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Let the paTallelograms AC and GK be the bases as before, uid let AE 
and GM be the altitudes of two parallelopipeds Y and Z on these bases. 
Then, if the upright parallel opipeda AF and GO be constituted on the 
bases AC and GK, with the altitudes AE and GM, they will be equal U> 
tbe parallelopipeds Y and Z (7. 3. Sup.)- Now, the solids AF and GO, 
by (he first case, are in the ratio compounded of the ratios of the bases AC' 
and GK, and of the altitudes AE and GM ; therefore also the solids Y 
and Z have U> one another a ratio that is compounded of the sAne ratios. 

Cor. 1. Hence, two straight lines maybe found having the same ratin 
with the two parallelepipeds A F and GO. To AB, one of the sides of the 
parallelogram AC, apply the parallelogram BV equal to GK, having an 
angle eqdal to tbe angle BAD (Prop. 44. 1.) ; and as AE lo GM, so let 
A V be to AX (12. 6.}, then AD is to AX as the solid AF to the solid GO. 
For the ratio of AD lo AX is compounded of the ratios (def, 10. 5,) of AD 
to AV, and of AV to AX ; but the ratio of AD to AV ia the same with 
that of the parallelogram AC to the parallelogram BV (1. 6.) or GK ; 
and the ratio of AV to AX is the same with that of AE to GM ; theTefoTe 
the T^tio of AD to AX is compounded of the ratios of AC to GK, and of 
AE to GM (E. 5.). But the ratio of the sohd AF to the solid GO is com- 
pounded of the same ratios ; therefore, as AD lo AX, so is the solid AF to 
the solid GO- 

CoR. 2. If AF and GO ate two parallelopipeds, and if to AB, to the 
perpendicular from A upon DC, and to the aliitude of the paraljetopiped 
AF, the numbers L, M, N, be proportional : and if to AB, to GH, to the 
perpendicular from G on 1£, and to the altitude of the parallel opiped GO, 
the numbera L, 2, m, n, be proportional ; the solid AF is to the sohd GO 
asLxMxNtoixmXfl. 

For it may be proved, as in the 7lh of the let of the Sup. (hat LxMx 
N is to Jx m X n in the ratio compounded of the ratio of L X M to 2x m, and 
of the ratio of N ton. Now the ratio of LxM to fxm is that of the area 
of the parallelogram AC to that of the parallelogTam GK ; and the ratio 
«f N to n is the ratio of the altitudes of the parallelop'ipeds, by hypothesis, 
therefore, the ratio ofLxMxNto IxmXn is compounded of the ratio of 
the areas of the bases, and oi'the ratioof tbe altitudes of the parallelopipeds 
AF and 00 ; and the ratio of the parallelopipeds themselves is shewn, in 
this proposition, to be compounded of the same ratios ; therefore ii is the 
same with that of the product LxMxN to the product iXmxn- 

CoR. 3. Hence all prisms are to one another in ihe ratio compounded 
of the ratios of their bases, and of their altitudes. For every prism la 
equal to aparallelopiped of the same altitude with it, and of an equal base 
(2. Cor. 8-3. Sup.). 

PROP. X. THEOR. 

Solid parallelopipeds, which have their bases and altitudes reciprocally propor- 
tional, are equal ; and paTotlelopipeds which are equal, have their bases arid 
altitudes Teciproeaily proportional. 

Let AG and KQ be two solid parallelopipeds, of which the bases uv 
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AC and KM, and the altitudes AE and KO, and let AC be to KM aa KO 
to AE ; the solids AG and KQ are equal. 

Ab the hase AC to the haee KM, so let the straight iine KO be to the 
Btraiglit line S. Then, since AC is to KM as KO to S, and alao by hypo- 
thesis, AC to KM as KO to AE, KO has the same ratio to S that it has 
toAE{lI.5.); wherefore AF is equal to S (9. 5.). But the solid AG is 
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to the solid KQ, in the ratio compounded of the ratios of AE to KO, and 
of AC to KM (9. 3. Sup.), that is, in the ratio compounded of the ratios of 
AE lo KO, and of KO to S. And the ratio of AE to S is alao compound- 
ed of the same ratios (def. 10. 5.); therefore, the solid AG has to the solid 
KQ the same ratio that AE has to S. But AE was proved to be equal to 
S, therefore AG is equal to KQ. 

Again, if the solids AG aud'KQ be equal, the base AC is to the base 
Km as the altitude KO to the altitude AE. Take S, so that AC may be 
to KM as KQ to S, and it will be shewn,ss was done above, that the sclid 
AG is to the solid KQas AE lo S ; now, the solid AG is, by hypothesis, 
equal to the solid KQ : therefore, AE is equal to S ; but, by construction, 
AC is to KM, as KO is to S i therefore, AC is to KM as KO to AE. 

CoR. In the same manner, it may be demonstrated, that equal prisms 
have their bases and altitudes reciprocally proportional, and conversely. 



PROP. XI. THEOR. 

Similar tcUd paraUelopipeds are to one another in the triplicate ratio of their 

homologous sides. 

Let AG, KQ be two similar parallel opipeds, of which AB and KL are 
two homologous sides ; the ratio of the solid AG to the solid KQ is tripli- 
cate of the ratio of AB to KL, 

Because the solids are similar, the parallelograms AF, KP are similar 
^def 2. 3. Sup.}, as also the parallelograms AH, KR ; therefore, the ratios 
ofAB toKL, of AEtoKO.and of AD toKN are all equal (def. 1. 6.). 
But the ratio of tlie solid AG to the solid KQ is compounded of the ratios 
of AC lo KM, and of AE lo KO. Now, the ratio of AC lo KM, because 
they are equiangular parallelograms, is compounded (23. 6.) of the ratios 
of AB to KL, and of AD to KN. Wherefore, the ratio of AG to KQ is 
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compounded of the three ratioB of AB to KL, AD to KN, and AE to KG: 
and the three ratios have already been proved to be equal ; therefore, the 
ratio that is compounded of them, viz. the ratio of the solid AG lo the solid 
KQ, is triplicate of any of them (def. 12. 5.) : it is therefore triplicate of 
theratioof AB to KL. 

CoK. 1. Ifaa ABtoKL,soKLton>,andaaKLtom,MiBffiton, then 
AB is to n as the solid AG to the solid KQ. For the ratio of AB to n is 
iripUcato of the ratio of AB lo KL (def. 12. 5.), and ia therefore equal to 
that of the solid AG to the solid KQ. 

Con. 3. As cubes are similar solids, therefore the cube on AB is to the 
cube oa KL in the triplicate ratio of AB lo KL, that b in the same ratio 
with the solid AG, to the solid KQ. Similar solid parallelopipeds are there- 
fore to one another as the cubes on their homologous sides. 

Cor. 3. lothp same manner it is proved, that similar prisms are to one 
loother in the triplicate ratio, or in the ratio of the cubes of their homolo- 
gous sides. 



PROP. XII. THEOR. 

If two trUmgulof pyramids, wMeh hoot equal basts and altitudes, £< cut hy plane* 
that are parallel to the bases, and at equal distattees from them, the sections 
are equal to one another. 

Let A6CD and EFGH be two pyramids, having equal bases BDC and 
FGH, and equal altitudes, viz. the perpendiculars AQ, and ES drawn front 
A and E upon the planes BDC and FGH : and let them be cut by planes. 
parallel to BDC and FGH, and at equal altitudes QR and ST above those- 
planes, and let the aecUons be the triangles KLM, NOP ; KLM and NOP 
are equal to one another. 

Because the plane ABD cuts the parallel planes BDC, KLM, the c<Mn- 
mon sections BD and KM are parallel (14. 2. Sup.). For the same rea- 
BOti, DC and ML are puallel. Since therefore KM and ML are parallel 
to BD and DC, each to each, though not in the same plane with them, the' 
angle KLM is equal to the angle BDC (9. 3. Sup.). In like manner th» 
other anglesof these triangles are proved to be equal ; iherefoTe, thetrian- 
gles are equiangular, and consequently similar ; and the same is true of th« 
triangles NOP, FGH. 

Not, sbce the Kraight lines ARQ, AKB meet the parallel pUnea BDC 
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■nd KML, they are cut by them proportionally (16. 2. Sup.), or QR : RA 
: : BK : KA i and AQ : AR : : AB : AK (18. ft.), for the same teason, 
ES : ET : ; EF : EN ; therefore AB : AK : : EF ; EN, becapse AQ is 
equal to ES, and AR to ET. Again, becauie the triangles ABC, AKL 



AB : AK 

EF: EN 
BC: KL 



BC : KL ; and f( 



e same reaaon 

.FG : NO; therefore, 

: FG : NO. And, when four straight lines are propor- 
tionals, the similar figures described oa them are proportionals (22. 6.) ; 
therefore the triangle BCD is to the triangle KLM as the triangle FGH 
to the triangle NOP ; but the biangle BDC, FGH are equal ; therefore, 
the triangle KLM is also equal to the triangle NOP (1. 5.). 

Cor. 1 . Because it has been shewn that the triangle KTjM is similar 
to &e base BCD ; therefore, any section of a triangular pyramid parallel 
to the base, a a triangle similar to the baae. And in the same manner it is 
shewn, that the sections parallel to the base of a polygonal pyramid are 
similar to the base. 

Cob. 2. Hence also, in polygonal pyramids of equal bases and altitudes, 
the sections parallel to the bases, and at equal distances from them, are 
oqual to oae another. 



PROP. Xin. THEOR. 

A striea of prisma of the saint altitude may be dreumscribed about any pyramid, 
»aeh that the sumof the prisms shall eafeed the pyramid by a toad less than 
any given solid. 

Let ABCD be a pyramid, and Z* a given solid ; a series of prisms hav- 
ing all the same altitude, may be circumscribed about the pyramid ABCD, 
so that their sum shall exceed ABCD, by a solid lees than Z. 

■ThBiolidZijiiat npnMaudinlhafifiinof dus, or th* fUbwiBc Piqioaitka. 
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Let Z be eqnal to a priBin standing on the same base with the pyrsmid, 
vix, the triangle BCD, and having for its altitude the peipendicular drawn 
from a certain point E in the line AC 

npon the plane BCD. It is evident, that Tir Tr 

CE multiplied by a certain numbei m 
will be greater than AC ; divide CA into 
as many equal parts as theie are units in 
m, and let these be CF, FG, GH, HA, 
each or whicl^ will be less than CE. 
Through each of the points F, G, H, let 
planes be made to pass parallel to the 
plane BCD, making with the sidea of the 
pyramid the sections FPQ, GRS, HTU, 
which will be all similar to one another, 
andto the base BCD (1. cor. 12. 3. Sup.). 
From thfl point B draw in the plane of 
the triangle ABC, the straight line BK 
parallel to CF meeting FP produced in 
K, In like manner, from D draw DL par 
rallel to CF, meeting FQ in L : Jdn KL, 
and it is plain, that the .solid KBCDLF 
is a prism (def. 4. 3. Sup.). By the same 
construction, let the prisms PM, RO, TV 

be described. Also, let the straight lino IP, which is in the plane of the 
triangle ABC, be produced till it meet BC in b ; and let the line MQ be 
produced till it meet DC in g : Join hg ; then hC gQFP is a prism, and is 
equal to the prism PM (1 . Cor. S. 3. Sup.). In the same manner is describ- 
ed the prism mS equal to the prism RO, and the prism qU equal to the 
prism TV. The sum, therefore, of all the inscribed prisms hQ, mS, and 
qlj is equal to the sum of the prisms PM, RO and TV, that is, to the sum 
of all the circumscribed prisms except the prism BL ; wherefore, BL is the 
excess of the prism circumscribed about the pyramid ABCD above the 
prisms inscribed within it. But the prism BL is less than the prism which 
has the triangle BCD for its base, and for its altitude the perpendicular 
from E upon the plane BCD; and the prism which has BCD for its base, 
and the perpendicular from E for its altitude, is by hypothesis equal to the 
given solid Z ; therefore the excess of the circumscribed, above the inscrib- 
ed prisms, is leas than the given solid Z. But the excess of the circum- 
scribed prisms above the inscribed is greater than their excess above the 
pyramid ABCD, because ABCD is greater than the sum of the inscribed 
prisms. Much more, therefore, is the excess of the circumscribed prisms 
above the pyramid, less than the solid Z. A series of prisms of the aarae 
altitude has therefore been circumscribed about the pyramid ABCD, ex- 
ceeding it by a solid less than the given sohd Z. 

PROP. XIV. THEOR 

Pyramids Ihat have e^pttil bases and dtitudes an equal to one another. 

Ut ABCD, EFGH, be two pyramids that have equal bases BCD. FGH 
27 
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&nd also etfual altitudes, viz. the j^erpendiculiirs drawn from the rertkea A 
and E upon the planes BCD, FGH : the pyramid ABCD is equal to th« 
pyramid EFGH. ' 

If they are not equal, let the pyramid EFGH exceed the pyramid ABCD 
. by the solid Z. Then, a series of prisms of the same altitude may be de- 
scribed about the pyramid ABCD that shall exceed it, by a solid less than 
Z (13. 3. Sup.); let these be the prisms that have for their bases the trian- 
gles BCD, NQL, OKI, PSM. Divide EH into the same number of equal 
parts into which AD is divided, viz. HT, TU, UV, VE, and through the 




points T,U and V.let the sections TZW,UrX,V*Ybe made parallel 
to the base FGH. The section NQL is equal to the section WZT (12. 
3. Sup.) ; as also ORI to XIV, and PSM to Y*V ; and therefore also the 
prisms that stand upon the equal sections are equa.! (1. Cor. 8 3. Sup.), 
that is, the prism which stands on the base BCD, and which is between 
the planes BCD and NQL, is equal to the prism which stands on the base 
FGH, and which is between the planes FGH and WZT ; and so of the 
rest, begause they have the same altitude : wherefore, the sum of all the 
prisms described about the pyramid ABCD is equal to the sum of all those 
described about 'the pyramid EFGH. But the excess of the prisma de- 
scribed about the pyramid ABCD above the pyramid ABCD is less than 
Z(13. 3. Sup,); and therefore, the excess of the prism described about 
the pyramid EFGH above the pyramid ABCD is also lesa than Z. But 
the excess of the pyramid EFGH above the pyramid ABCD is equal to 
Z, by hypothesis, therefore, the pyramid EFGH exceeds the pyramid 
ABCD, more than the prisms described about EFGH exceeds the satoie 
pyramid ABCD. The pyramid EFGH is therefore greater than the sum 
of tb« prisms described about it, which is impossible. The pyramids 
ABCD, EFGH therefore, are not unequal, that is, they are equal to onft 
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PROP. XV. THEOR. 

Every prism having a triangular hose may be dividedinto t/iree pyramids that 
have triangular bases, and that are equal to oTiolher. 

Let there be a pdsm of which the base is the triangle ABC, and let 
DEF be the triangle opposite the base : The prism ABCDEF may be 
divided into three equal pyramids baring triangular bases. 

Join AE, EC, CD ; and because ABED is a parallelogram, of which 
AE is the diameter, the triangle ADE is equal 
(34. 1.) to the triangle ABE: therefore the py- p 

ramid of which the base is the triangle ADE, 
and vertex the point C, ia equal (14. 3. Sup.) to 
the pyramid, of which the base is the triangle 
ABE, and ?ertex the point C. But the pyra- 
mid of which the base is the triangle ABE, and 
vertex the point C, that ia, the pyramid AfiCE 
is equal to the pyramid DEFC (14 3. Sup.), 
for they have equal bases, viz. the triangles 
ABC, DEF, and the same altitude, viz. the al- 
titude of the prism ABCDEF. Therefore the 
three pyramids A DEC, ABEC, DFEC are 
equal to one another. But the pyramids ADEC, 
ABEC, DFEC make up the whole prism 
ABCDEF ; therefore, ihe prism ABCDEF ia 
divided into three equal pyramids. 

Cob. 1 . From this it is manifest, that every pyramid is the third part 
of a prism which has the same base, and the same altitude with it ; for if 
the base of the prism be any other figure than a triangle, il maybe divided 
into prisms having triangular bases. 

Cob. 3. Pyramids of equal altitudes are to one another as their bases ; 
because the prisms upon the same bases, and of the same altitude, are (!■ 
Cor. 8.3. Sup.) to one anodier as their bases. 

PROP. XVI. THEOR. 

If from any point m the eircumferenee of the hase of a cylinder , a straight 
Uiu he drawn perpendicular f the plane of the base, it will be wholly in the 
etflindrie superficies. 

Let ABCD be a cylinder of which the base is the circle AEB, DFC 
the circle opposite to the base, and GH the asis ; from E, any point in the 
circumference AEB, let EF be drawn perpendicular lo the plane of the 
circle A EB : the straight line EF is in the superficies of the cylinder. 

Let F be the point in which EF meets the plane DFC opposite to the 
base ; join EG and FH ; and let AGHD be the rectangle (14. def. 3. 
Siq).) by the tevolulion of which the cylinder ABCD is described. 
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Now, because GH i» at right angles to GA, 
the sDaight line, which by its levolution des- 
cribes the circle AEB, it ia at right angles to 
all the'sffsight lines in the plane of that circle 
which meet ic in G, and it is theTefore at right 
an^es to the plane of the circle A:^B. But 
EF is at right angles to the same plane ; there- 
fore, EF and GH are parallel (6. 2. Sup.) and 
in the same plane. Andsince the planeuirougli 
GH and EF cuts the paiallel plaiies AEB, 
DFC, in the straight lines EG and FH, EG is 
parallel to FH (14. 2. Sup.). The figure 
EGHFis therefore s parallelogram, and it has 
the angle EGH a right angle, therefore it is a 
rectsn^e, and is equal to the rectangle AH, 
hecause EG is equal to AG. Therefore, when 

in the rerirfution of the rectangle AH, the straight line AG coincides with 
EG, the two rectangles AH and EH will coincide, and the straight line 
AD will coincide with the straight line EF. But AD is always in the 
superficies of the cylinder, for it describes that superficies ; therefore, EF 
is also in the supei^cies of the cylinder. 




'^:y' 



PROP. XVn. THEOR. 

A eyUndtr and a paraBeIopip*dAavtng equal hates and altitudes, are equal to 
one another. 

Let ABCD be a cylinder, and EF a parallelopiped having equal bases, 
▼iz. the circle AGB and the parallriogram EH, and having also equal al- 
titudes ; the cylinder ABUD is equal to the parallelopiped EF. 




eSs 



W 



If not, let them be unequal ; and first, let the cylinder be less than the 
pBiallelopiped EF ; and from the parallelopiped EF let there be cut off ft 



b,GoogIc 



OF GEOMETRY. BOOK. III. 



313 



part EQ by a plane PQ parallel to NF, equal to the cylinder ABCD. In 
the circle AGB inscribe the polygon AGKBLM that shall differ from the 
circle by a space less than the paTallelogram PH (Cor. 1. 4. 1. Sup.), and 
cut off from the parallelogram EH, a part OR equal to^ the polygon 
AGKBLM. The point R will fall between P and N. On the polygon 
AGKBLM let an upright prism AGBCD bo conatiluted of the same alti- 
tude with the cylinder, which will therefore be less than the cylinder, be- 
cause it is within it (16. 3. Sup.); and if through the point R a plane RS 
parallel to NF be made to pass, it will cut off the parallelopiped ES equal 
(3. Cor. 8. 3. Sup.) to the prism AGBG, because its base is equal to that 
of the prism, and its altitude is the same. But the prism AGBG is less 
than the cylinder ABCD, and the cylinder ABCD is equal to the parallel- 
epiped EQ, by hypothesis ; therefore, £S ia less than EQ, and it is also 
greater, which ia impossible. The cylinder ABCD, therefore, is not less 
man the parallelopiped EP ; and in the same manner, it may be shewn 
not to be greater than EF. 

PROP. XVIII. THEOR. 

If a cone and cylinder haw the same base and the same altitude, the cone is the 
third pOTt of the cylinder. 

Let the cone ABCD, and the cylinder BFKG have the same base, yjx. 
the circle BCD, and the same altitude, viz. the perpendicular from the 
point A upon the plane BCD, the cone ABCD is the third part of the (^Un- 
der BFKG. ' 

If not, let the cone ABCD be the third part of another cylinder LMNO, 
having ihe same altitude with the cylinder -BFKG, but let the bases BCD 
and LIM be unequal ; and first, let BCD be greater than LIM. 




Then, because the circle BCD is greater than the circle LIM, a polygon 
mav be inscribed in BCD, that shall differ from it less than LIM does (4. 
I. Sup.), and which, therefore, will be greater than LIM. Iiet this be the 
polygon BECFD ; and upon BECFD, let there be constituted the pyra- 
mid ABECFD, and the prism BCFKHG. 
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Because the polygon BECFD in greater than the circle LIM, the prisin 
BCFKHG is greater than the ^ylindei" LMNO, for they have the same 
' altitude, 'lut the prism has the greater base. But the pyramid ABECFD 
is the third part of the prism (15.3. Sup.) BCFKHG, therefore it is great- 
er than ihe third pan of the cylinder LMNO. Now, the cone ABECFD 
is, by hypothesis, the third part of the cylinder LMNO, therefore the pyra- 
mid ABECFD is greater than the cone ABCD, and it is also less, because 
it is inscribed in the cone, which is impiasiljle. Therefore, the cone ABCD" 
is not leas than the third part of the cylinder BFKG : And in the same 
manner, by circumscribing a polygon about the circle BCD, it may be 
shewn that the cone ABCD is not greater than the third part of the cylin- 
der BFKG ; therefore, it is equal to the third part of that cylinder. 

PROP, XIX. THEOR. 

If a hemisphere attd a eane have equal bases and altitudes, a series of cylinders 
may be inscribed in the hemisphere, and another seriesmay he described about 
the cone, having all the same altitudes with one another, and such that their 
sum shall differ from the sum of the hemisphere, and the cone, by a solid 
less than any given sflid' 

Let ADD be a semicircle of which the centre ia 0, and lot CD be alright 
angles to AB ; let DB and DA be squares described on DC, draw CE, 
and let the figure thus constructed revolve about DC : then, the sector 
BCt>, which is the half of the semicircle ADB, vrill describe a hemisphere 
having C for its centre (7 def. 3. Sup.), and the triangle CDE will describe 
a cone, having its vertex to C, and having for its base the circle {11, def. 
3. Sup.) described by DE, equal to that described by BO, which is the base 
of the hemisphere. Let W be any given solid. A aeries of cylinders may 
be inscribed in the hemisphere ADB, and another described about the cone 
ECI, so that their sum shall differ from tl^ sum of the hemisphere and 
the cone, by a solid less than the solid W. 

Upon the base of the hemisphere let a cylinder be constituted equal to 
W, and let its altitude be CX. Divide CD into such a number of equal 
par», that each of them shall be less than CX ; let these be OH, HG, GF, 
and FD. Through the points F, G, H, draw FN. GO, HP parallel to 
CB, meeting the circle in the points K, L and M ; and the straight line 
CE in the points Q, R and S. From the points K, L, M draw Kf, Lg, 
Mh, perpendicular to GO, HP and CB ; and from Q, R, and S, draw Qq. 
Rr, Ss, perpendicular to the same lines. It is evident, that the figure being- 
thus constructed, if the whole revolve'about CD, the rectangles Ff, Gg, Ha 
wiU describe cylinders (14. def. 3. Sup,) that will be circumscribed by the 
hemispheres BDA ; and the rectangles DN, Fq, Gr, Hs.will also describe 
cylinders that will circumscribe the cone ICE, Now, it may be demon- 
strated, as was done of the prisms inscribed iu a pyramid (13. 3. Sup.), 
diat the sum of all the cylinders described within the hemispBere, is ex- 
ceeded by the hemisphere by a solid less than the cylinder generated by ' 
the rectangle HB, that is, by a solid less than W, for the cyUnder generated 
by HB is less than W. In the same manner, it may be demonstrated, 
that the sum of the cylinders circumscribing the cone ICE is greater than 
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the cone by & solid less than the cylinder generated by the rectangle DN, 

that is, by a sohd leaa than W. Therefore, since the sum of the cylinders 
inscribed in the hemisphere, together with a, solid less than W, is equal to 
the hemisphere ; and, since the sura of the cylinders described about the 
cone is equal to the cone together with a tiolid leas than W ; adding equals 
to equals, the sum of all these cylinders, together with a solid less than W, 
is equal to the sum of the hemisphere and the cone together with a solid 
less than W, Therefore, the difference between the whole of the cylin- 
ders and the sum of the hemisphere and the cone, is equal to the difference 
of two solids, which are each of them less than W ; but this difference 
must also be leaa than W, therefore the difference between the two setiea 
of cylinders and theaumofthe hemisphere and cone is less than the given 
solid W. 

PROP. XX. THEOR. 

The same things being svpposed as in the last proposition, the swn of all the 
cylinders inscribed in the hemisphere, and described about the cone, is equal 
to a cylinder, having the same base and altitude with the hemisphere. 

Let the figure BCD be constructed as before, and supposed to revolve 
About CD ; the cylinders inscribed in the hemisphere, that is, the cylinders 
described by the revolution of the rectangles Hh, Gg, Ff, together with 
those described about the cone, that is, lie cylinders described by the revo- 
lution of the rectangles Hs, Gr, Fq, and DN are equal to the cylinder de- 
scribed by the revolution of the rectangle BD. 

Let L be the point in which GO meeta the circle ABD, then, because 
CGIi is a right angle if CL he joined, the circles described with the dis- 
tances CO and GL are equal to the circle described with the distance CL 
(2. C ir. 6. 1 Sup.) or GO; now, CG is equal to GR, because CD is^qual 
to DE, and therefore also, the circles described with the distance GR and 
GL are together equal to the circle described with the distance GO, that 
is, the circles described by the revolution of GR and GL about the point 
G, are together equal to the circle described by the revolution of GO about 
the same point G ; therefore also, the cylinders that stand upon the two 
first of these circles, having the comnuMi altitudes GH, aie equal to th« 
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cylinder which sUnds on the remaining circle, and which has the aame 
altitude GH- The cylinders described by the revolution of the lectanglea 
Gg, and Gr are therefore equal to the cylinder described by the rectangle 
GP. And as the same may be ahewn of all the rest, therefore the cylin- 
ders described by the rectangles Hh, Gg, Ff, and by the rectangles Hs, Gi, 
Fq, DN, are together equal to the cylinder described by BD, that ia, to the 
cylinder having the same base and altitude ifith the hemisphere. 

PROP. XXL THEOE. 

Every aphert i» two-thirds of the circumteribitig eylinder. 

Let the figure be constructed aa in the two last propositions, and if the 
hemisphere described by BDC be not equal to two-thirds of the cylinder 
described by BD, let it be greater by the solid W. Then, as the cone de- 
scribed by CDE is one-third of the cylinder (18. 3. Sup.) described by BD, 
the cone and the hemisphere together will exceed the cylinder by W. Bat 




O ± 



that cylinder is equal to the sum of all ihe cylmders described by the rect- 
angles Hh,Gg,Ff,Hs,Gr,Fq,DN (20.3. Sup.); therefore the hemisphere 
and the cone added together exceed the aura of all these cylinders by the 
given solid W, which ia absurd ; for it has been ahewn (19. 3. Sup.), that 
the hemisphere and the cone together differ from the sum of the cylinders 
by a solid less than W. The hemisphere ia therefore equal to two-thirds 
of the cyUnder described by the rectangle BD ; and therefore the whole 
sphere is equal to two-thirds of the cyUnder described by twice the rectan- 
^e BD, that is, to two-thirds of the circumscribing cylinder. 



M3Xa or THZ SVPPLEiraNT TO THE ILEMlKTt. 
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PLANE TRIGONOMETRY. 



TKiaONOKETKT K the application of Arithmetic to Geometry : or, more 
precisely, it is the applicsdon of number to express ibe relations of the sides 
and angles of triangles to one another. It tlierefore necessarily supposes 
the elementary operations of arithmetic to be understood, and it borrows 
from that science several of the signs or chaiacterB which peculiarly be- 
long to it. 

The elements of Plane Trigonometry, as laid down here, are divided into 
three sections : the first explains the principles ; the second delivers the 
rules of calculation ; the third conttune the construction of trigonometrical 
tables, together with the investigation of some theorems, useful for extend* 
ing trigonometry to the solution of the more difficult problems. 



SECTION I. 



An angle at the eeittn of a arch is to four right angles as the are on vAieh 
it stands is to the vSiole drcamferenct. 

Let ABC be an angle at the centre of the circle ACF, standing on the 
circumference AC : the angle ABC is to four right angles as the arc AC 
to the whole circumference ACF. 

Produce AB till it meet the circle 
in E, and draw DBF perpendicular to 
AE. 

Then,J^ecauBe ABC, ABD are two 
angles at the centre of the circle ACF, 
the angle ABC ia to the angle ABD as 
the arc AC to the arc AD, (33. 6.) ; 
and therefore also, Ae angle ABC is to 
four times the angle A^D as the arc 
AC to four times the arc AD (4. 5.). 

But ABD ia a right angle, and there- 
fore four times the arc AD is equal to 
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the whole circumference ACF ; therefore the angle ABC is to four right 
uiglea as the arc AC to the whole ciicumference ACF. 

Cor. Equal angles at the centres of diHerent circles stand on arcs which 
have the sajne ratio to their circumferences. For, if the angle ABC, at 
the cenwe of the circles ACE, GHK, stand on the arcs AC, GH, AC is 
to the whole circumference of the circle ACE, as the angle ABC to four 
right angles ; and the arc HG is to the whole circumference of the circle 
GHK in the same ratio. 



DEFINITIONS. 



1 . If two straight lines intersect one another in the centre of a circle, the 
arc of the circumference intercepted between them is called the Measvre 
of the angle which they contain. Thus the arc AC is the measure of 
the angle ABC. 

2. If the circumference of a circle be divided into 360 equal parts, each of 
these parts is called a Degree ; and if a degree be divided into 60 equal 
parts, each of theae is called a Minute ; and if a minute be divided into 
60 equal parts, each of ibem is called a Second, and ao on. And as many 
degrees, minutea, seconds, &c. as are iu any arc, so many degrees, mi- 
nutes, secoads, &c. are said to be in the angle measured by that arc. 

Cor. 1. Any arc ia to the whole circumference of which it is a part, as 
the number of degrees, and parts of a degree contained in il is lo the 
number 360, And any angle is to four right angles aa the number of 
degrees and parts of a degree in the arc, which ia the measure of that 
angle, is to 360. 

Cor. 2. Hence also, the arcs which measure ihe same angle, whatever 
be the radii with which they are described, contain the same number of 
degrees, and parts of a degree. For the number of degrees and parts of 
a degree contained in each of these arcs has the same ratio to the num- 
ber 360, that the angle which they measure haa to four right angles 
(Cor. Lem. 1.). 

The degrees, roinutea, seconds, 6lc. contained in any arc or, angle, are 
naually written as in ihia example, 49°. 36'. 24". 42'" ; that 'is, 49 de- 
grees, 36 minutes, 24 seconds, and 42 thirds. 

3. Two angles, which are together equal to two right angles, or two arcs 
which are together equal to a semicircle, arq^called the Supplements of 
one another. 

4. A itraight line CD drawn through C, one of the extremities of the aic 
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AC, peTpendicular to the diameter 
pawing through the other extTemity 
A, is caiLed the Sine of the arc AC, 
or of the angle, ABC, of which AC 
is the measuie. 

Cor. 1. The sine of a quadrant, or of 
a right angle, is equal to the radius. 
Cob. 3. Thesineofanarciahalfthe 
. chord of twice that arc : this is evi- 
dent by producing the sine of any 
arc till it cut the circumference. 



5. The segment DA of the diameter passing through A, one extremity of 
the arc AC, between the sine CD and the point A, is called the Va^sed 
sine of the arc AC, or of the angle ABC. 

6. A straight line AE touching the circle at A, one extremity of the arc 
AC, and meeting the diameter BC, which passes through C the other 
extremity, b called the Tangent of the arc AC, or of the angle ABC 

CoR. The tangent of half a right angle b equal to the radius. 

7. The straight line BE, between the centre and the extremity of the tan- 
gent AE ia called the Secant of the arc AC, or of the angle ABC 

Con. to Def. 4, 6, 7, the sine, tangent and secant of any angle ABC, are 
likewise the sine, tangent, and secant of its supplement CBF. 

It is manifest, from Def. 4. that CD is the sine of the angle CBF. Let 
CB be produced till it meet the circle again in I ; a 
fest, that AE is the tangent, and BE the secant, of the a 
CBF, from Def. 6. 7. 

Cos. lo Def. 4, 5, 6, J. The sine, versed sine, tangent, and si 
arc, which is the measure of any gi- 
ven angle ABC, is to the sine, versed 
sine, tangent and secant, of any other 
arc which is the measure of the same 
angle, as the radius of the first arc is 
to the radius of the second. 

l^t AC, MN be measures of the angle 

ABC, according to Def. 1. ; CD the B-^ ^.^w - 

8ine,DA the versed sine. AE the OJJLiJ 

tangent, and BE the secant of the arc AC, according to Def. 4, 5, 6, 7 , 
NO the sine, OM the versed sine, MP the tangent, and BP the secant 
of the arc MN. according to the same definitions. Since CD, NO, AE, 
MP are parallel, CD : NO : : rod. CB T rad. NB, and AE : MP : : rad. 
AB : rad. BM, also BE : BP : : AB : BM ; likewise because BC : BD 
: : BN : BO, that is, BA : BD : : BM : BO, by conversion and alterna- 
tion, AD : MO : : A6 : MB. Hence the corollary is manifest. And 
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therefore, if tables be constrncted, exhibiting in nnmbBn the einei, (an- 
gents, secants, and versed sines of cenain angles to a givea radius, they 
will exhibit the ratios of the sines, tangents, dec. of the same angles to 
tay radius whatsoever, 
la such tables, which are called Trigonometrical Tables, the radius ia 
either supposed 1, or some in the series 10, 100, 1000, ^c. The uaa 
and construction of these tables are about to be explained. 

8. The difference between any angle 
and a right angle, oi between any 
arc and a quadrant, is called the 
CompUment of that angle, or of that 
arc. Thua,if BHbe perpendicular 
to AB, the angle CBH ia the com- 
plement of the angle ABC, and the 
arc HC the complement of AC ; 
also, the complement of the obtuse 
angle FBC is the angle HBC, its 
excess above a right angle ; and 
the complement of the arc FC is 
HC. 

9. The sine, tangent, or secant of the complement of any angle is called 
the Cosint, Colangmt,oi Cofscant of that angle. Thus, let CL or DB, 
which ia equal to CL, be the sine of the angle CBH ; HK the tangent, 
and BK the secant of the same angle : CL or BD is the cosine, HK the 
cotangent, and BK the cosecant of the an^e ABC. 

Cob. 1. The radius is a mean proporttonal between the tangent and the 
cotangent of any angle ABC ; that is, tan. ABC x cot ABC=R'. 

For, since HK, BA are parallel, the onglea HKB, ABC are equnl, and 
KHB, BAE an right an^es ; therefore the triangles BAE, KHB are 
similu, and therefore AE is to AB, as BH or BA to HK. 

Cor. 2. The radius is a mean pioportionaj between the cosine and se- 
cant of any angle ABC ; or 
cos. ABCxaec. ABC=R^ 

Since CD, AE are parallel, BD is to BC or BA, as BA to BE. 

PROP. L 

In a right angled plane trianglt, as tht hypotenuse to tither of the tides, to 
the radius to the sine of the angle opposite to that side ; and as either of the 
tides is to the other svie, so is the radius to the taTigent of the angle oppih 
site to that side. 

Let ABC be a right angled plane triangle, of which BC is the hypote- 
nose. From the centre C, with any radius CD, describe the arc DE ; 
draw DF at right angles to CE, and from E draw EG touching the circle 
in E, and meeting CB in G ; DP is ibs sine, and EG the tangent of the 
uc DE, or of the angle C. 
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The two triangles DFC, BAG, &ie equiangular, b«oaDae 
DFC, BAG are right angles, and the 
angle at C is common. Therefore, 
CB: BA :: GD: DF; but CD ia 
the radius, and DF the sine of the 
angle C, (Def. 4.) ; therefore CB : 
BA : : R : sin. C. 

Also, because EG touches the cir- 
cle in £, CEG is a right angle, and 
therefore eqiial to the angle BAG; 
and since the angle at G ia common 
to the triangles CBA, GOE, these t _ 

CA : AB : : CE : EG ; but GE is the radius, and E'G the tangent of the 
angle C ; therefore, GA : AB : : R : tan. C. 

CoR. 1. As the radius to the secant of the angle C, so is the side adja- 
cent to that angle to the hypotenuse. For GG is the secsnt of the angle 
G (def. 7.), and the triangles GGE, GBA being equiangular, CA : CB : : 
GE : CG, that is, CA : GB : : R : sec. C. 

CoK. 2. If the analogies in this proposition, and in the above corollary 
be arithmetically expressed, malung Uie radius = 1, they give sin. C = 
'" *" BC 

:. C = -;;-p;. Also, since sin. C=oob. B, because B 




F E 

e equiangular, wherefore 



e complement of C, cos. B 



AG' 
AB 



and for the same reason, cos. C = 



AC 
BG" 

CoR. 3. In every triangle, if a perpendicular be drawn from any of the 
angles on the opposite side, the segments of 
that side are to ooe another as the tangents of 
the parts into which the opposite angle is di- 
vided by the perpendicular. For, if in the tri- 
angle ABC, AD be drawn perpendicular to 
the base BG, «nch of the triangles CAD, ABD 
being right angled, AD : DC : : R : tan. GAD, 
and AD : DB : : R : tan. DAB ; therefore, ex 
squo, DC : DB : : tan. CAD ; tan. BAD. 

SCHOLIUM. 

The proposition, just demonstrated, is most easily remembered, by stating 
it thus : If in a right angled triangle the hypotenuse be made the radius, 
the sides become the sines of the opposite angles ; and if one of the sides be 
made the radius, the other side becomes the tangent of the opposite angle, 
and the hypotenuse the secant of it. 
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PROP. II. THEOR. 
The aides of a plmte triat>gU aretoonn another as the tines cf the o^orit* 

From A any angle in llie triangle ABC, 
let AD be ^awu perpendiculai to BC. 
And because the tnangle ABD is right 
angled at U, AB : AD : : R ; sin. B ; and 
for the same reason, AC : AD : : R : 
sin. C, and inversely, AD : AC : : sin. 
C 1 R I therefoie, e£ aequo inversely, AB 
: AC : : sin. C : sin. B. In the same 
manner it may be demonstrated, that AB 
: BC : : BID. C : sin. A. 




PROP. III. THEOR. 

The sum of the sines of any too ares of a circle, is to the differeiKe of their 
stTies, as the tangent of half the swn of the arcs to the tangent of half their 

difference. 

Let AB, AC be two arcs of a circle ABCD ; let E be the centre, and 
AEG Ae diameter which passes through A ; sin. AC-trsin. AB : sin. AC 
—sin. AB : : tan. i (AC+AB) : tan. } (AC— AB). 

Draw BF parallel to AG, meeting the circle again in F. Draw BH 
and CL perpendicular to A£, and ^ey will be the sines of the arcs AB 
and AC ; produce CL till itmeet the circle agaiain D j join DF, FG, DE, 
EB, EC, DB. 

Now, since EL from the centre is perpendicular to CD, it bisects the 
Une CD in L and the arc CAD in A : 
DL is therefore equal to LC, or to the 
sine of the arc AC ; and BH or LK 
being the sineof AB, DK is the sum 
of the sines of the arcs AC and AB, 
and CK is the difference of their sines; 
DAB also is the sum of the aica AC 
and AB, because AD is equal to AC, 
and BC is their difference. Now, in 
the triangle DFC, because FK is per* 
pendicular to DC, (3. cor. 1.}, DK : 
KC : : tan. DFK : tan. CFK ; but 
tan. DFK=taQ. \ arc. BD, because 
the angle DFK (20. 3.) is the half of DEB, and therefore measnred by 
half the arc DB. For the same reason, tan. CFK=tan. \ arc. BC ; aod 
consequently, DK : KC : : tan. \ arc. BD : tan. ^ arc. BC. But DK la 
the sum of me sines of the arcs AB and AC ; and KC is the difference of 
the sines ; also BD is the sum of the arcs AB and AC, and BC the diffe- 
nnc« of thoM arcs 
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Cor. 1. BBcame EL is the cosine of AC, and EH of AB, FK is the 
mim of these cosines, and KB theit difference ; for FK=jFB+EL=EH 
-PEL, and KB=LH = EH~EL, Now, FK : KB : ; tao, FDK : tan. 
BDK; and Ian. DFK=:cntan. FDK, because DFK ie the complement 
of FDK; therefore, FK r KB : : cotan. DFK : tan. BDK, that is, FK : 
KB : : cotan. \ arc. DB : tao. J arc. BC. The sum of the cosines of two 
arcs is therefore to the difference of the same cosiaea as the cotangent of 
half the sum of the arcs to the tangent of half their difference. 

Cor. 2. In the right angled triangle FKD, FK : KD ; : R : tan. DFK; 
Now FK=cos. AB+cos. AC, KD= sia. AB+sin. AC, and lan. DFK= 
tan. A (AB-f- AC), therefore cos. AB+cos. AC : sin. AB+ein.AC:; R : 
tan.|(AB+AC), 

In the samei manner, by help of the triangle FKC, it may be Hhewn that 
COS. AB+oos. AC : sin. AC— sin. AB : : R : tan. i{AC-AB). 

Cob. 3. If the two arcs AB and AC be together equal to 90", the tan- 
gent of half theii sum, that is, of 45°, is equal to the radius. And the arc 
BC being ihe excess of DC above DB, or above 90°, the half of the arc 
BC will be equal to the excess of the half of DC above the half of PB, thai 
is, to the excess of AC above 4.'j° ; therefore, when the sum of two arcs is 
90°, the sum of the sines of those arcs is to their difference as the radius to 
the tangent of the difference between either of them and 45°. 

PROP. IT. THEOR. 

7^ mm of any two sides of a triangle is to their difference, as the tangent if 
half the sum of the angles-opposite to those sides, to the tangent of half thetr 
difference. 

Let ABC be any plane triangle ; 
CA+AB: CA— AB;: tan.J{B+C}: tan. i{Br-C). 
For (2.) CA : AB : : sin. B ; sin. C ; 
and therefore (E. 5.) 

CA+AB : CA— AB:; sin. B+sin. C :sin.B— sin. 0. 
But, by the last, sin. B+sin. C ; sin. B— ain. C ; : 
tan. i (B+C) : tan. I {B— C) ; therefore also, (1 1. 5.) 
0A+ AB : CA-AB : : tan. J (B+C) : tan. ^ (B-C). 
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Otherwise, withoat the 3d. 

Let ABC be a Iriaogle i the atim of AB and AC any tiro lideB, is to the 
difference of AB and AC as the tangent of half the sum of the angies ACB 
and ABC, to the tangent of half their difference. 

About the centre A with the radiue AB, the greater of the two aides, de- 
Bcribe a ciiclo meeting BC produced in D, and AC produced in E and F. 
Join OA, £fi, FB ; and draw FG panllel to CB, meeting £B in G. 




Bec&iue the exterior angle EAB is equal to the two interior ABC, ACB 
(32. 1.): and the angle EFB,at the circumference is equal to half the an- 
gle EAB at the centre (20.3.); therefore EFB is half the sum of the an- 
gles opposite to the sides AB and AC. 

Again, the exterior angle ACB is equal to the two interior CAD, ADC, 
and therefore CAD is the difference of the angles ACB, ADC, that is, of 
ACB, ABC, for ABC is equal to ADC. Wherefore also DBF, which is 
the half of CAD, orBFG, which is equal to DBF, is half the difference of 
the angles opposite to the sides AB, AC. 

Now because the angle FBE, in a semicircle is a right angle, BE is the 
tangent of the angle EFB, and BG the tangent of the angle BFG to the 
radius FB ; and BE ia therefore to BG as the tangent of half the sum of 
the angles ACB, ABC to the tangent of half their difference. Also CE ia 
the sumofthesidesof the triangle ABC, and CF their difference; and be- 
cause BC is parallel to FG, CE : OF : : BE .- BG, (2. 6.) that is, the sum 
of the two sides of the triangle ABC is to their difference as the tangent of 
half the sum of the angles opposite to those sides to the tangent of half 
their difference. 
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PROP. Y. THEOR. 

If a perpendicular he draina from any angle of a triangle to the opposite side, 
or base; the sum of the segments of the base is to the sum of the other two 
sides of the triangle as the difference of those sides to the differerice of t&a 
segments of the base. 

For (K. 6.}, the TQcCangle under the sum and difference of the aegmenta 
of the base is equal to the rectangle under the sum and difTerelice of the 
sides, and therefore (16. 6.) the sum of the segments of the base is to the 
sum of the sides as the difierence of the sides to the difference of the seg- 
ments of the base. 



PROP. VI. THEOR. 



ference between the sum of the squares of those sides, and the square of tM 
base, as the radius to the cosine of the angle included by the two sides. 

Let ABC be any triangle, 2AB.BC is 
to the difference between AB^+BC> and 
AC^ as radius to cos. B. 

From A draw AD perpendicular to BC, 
and (12. and 13. 2.) the difference be- 
tween the sum of the squares of AB and 
BC, and the square on AC is equal to 
2BC.BD. 

But BC.BA ; BC.BD : : BA : BD : ; ^ 
R : cos, B, therefore also 2B0.BA : 2BC. U 
BD : : R ; cos. B. Now 2BC.BD is the differen< 
and AC^, therefore twice the rectangle 
AB.BO is- to the difference between 
ABHBC^ »Jid AC as radius to the 
cosine of B. 

CpR. If the radius =1, BD=BA 
Xcos. B, (1.), and 2BC.BAxcos. B 
=2BC.BD, and therefore when B ie 
acute, 2BC.BAXC08. B = BCHBAa 
— AC^and adding AC^toboth; AC 
-J- 2 COS. B X BC.BA = BU^ + BA^ ; 
and taking 2 cos. Bx BC.BA from both, AC«=BC«— 2 cos. Bx BC.BA 
+BA«. Wherefore AC=f v'^BC'-3 cos. B xBC.BA-(-BA»). 

If B is an obtuse angle, it is s hewn in the lame way th«t AC** 
V'CBCHS ««- BxBC.BA-|-BA»). 

29' 
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PROP. VII. THEOR. 

Four tttMS the rtetangU contained by any two sides of a triangh, is to the 

rectangle contained by two straight lines, of which one is the base or third 
side of the triangle increased by the difference of the two sides, and the 
other the base diminished by the difference of the same sides, as the square 
of the radius to the square of the sine of half the angle included btttneen the 
two sides of the triangle. 

Let ABC be a triangle of which BC is the base, and AB the greater of 
the two sides ; 4AB.AC : {BC+{AB-AC)) X (BC-(AB-AC)) : ; R» 
:(siD.ABACp. 

Pioduce the sideAC to D, bo that AO=AB ; join BD, and draw AE, 




CF at right angles to it ; front the centre C with the radius CD describe 
the semicircle GDH, cutting BD in K, BC in G, and meeting BC pro- 
duced in H. 

It is plain that CD is the difference of the sides, and therefore that BH is 
the base increased,' and BG the base diminished by the difference tA the 
sides; it is also evident, because the triangle BAD is isosceles, that DE ia 
the half of BD, and DF is the half of DK, wherefore DE— DF=the half 
of BD— DK (6. 5.), that is, EF=1 BK. And because AE is drawn pa- 
rallel to CF, a aide of the triangle CFD, AC : AD : : EF : ED, (3. 6-) ; 
and rectangles of the same altitude being as their bases ACAD : AD" : : 
EF.ED jED^I- 6.), and therefore 4AC,AD:AD=::4EF.EDi ED^o^ 
alternately, 4AC.AD : 4EF.ED : : AD' ; ED'. 

But since 4EF=3BK, 4EF.ED=3BK.ED=3ED.BK=DB.BK= 
HB.BG ; therefore 4AC.AD : DB.BK : : AD^ : EVfi. Now AD : ED : : 
R ; sin. EAC=sin. 4 BAG (1. Trig.) and AD^ : ED' : : R' : (sin. j BAC)»: 
therefore, (U. 5.) 4AC.AD : HB.BG : : R' : (sin. J BAC}S or since AB 
=AD, 4AC.AB : HB.BG r : R^^ r (sLn. J BAG)'. Now 4AC.AB is four 
times the rectangle contained by the sided of the triangle ; HB.BG b that 
contained by BC-|-(AB— AC) and BC-(AB— AC). 

CoE. Hence 2 V^C-AD : ^HB-BG : : R ; sin J BAG. 
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PROP. VIII. THEOR. 



Fmtr times the reebtngle oontained iy any ttno sides of a tritrngte, is to th» 
rectangle contained by tioo straight lines, of which one is the sum of these 
sides increased by the base of the iTiangle, and the other the sum of the same 
sides diminished by the base, as the square of the radius to the square of 
the cosine of half the angle included betuieen the tioo sides of the triangle. 

Let ABC be a triangle, of which BC is the base, and A6 the greater of 
ihe other two sides, 4AB.AC : (AB+AC+BC) (AB+AC— BC) : : R«: 
(COS.JRAC)'. . . 

From the centre C, with the radius GB, describe the circle BLM, meet- 
ing AC, produced, in L and M. Produce ALlo N, bo th^ AN=ABi let 
AD=AB ; di'aw AE perpendicular (o BD ; join BN, and let it meet the 
circle again in P j let CO be perpendicular to BN ; and let it meet AE in R. 

It is eHdeDtthatMN=AB-fAC+BCi and that LN=AB+AC— 
BC. Now, because BD is bisected in £, and DN in A, BN is parallel to 
AE, and is therefore perpendicular Ut BD, and the triangles DAE, DNB 
are equiangular; wherefore, since DN=ZAD.BN=2AE, and BP=2B0 
=2RE ; also PN=2AR. 

But because the triangles ARC and A£D are equiangular, AC : AD : : 
AR : AE, and because rectangles of the same altitude are aa their baset 




(1. 6^, ACAD : AD* : : AR.AE : AE>, and alternately ACAD : AR.AE 
: : AD' : AE^ and 4AC.AD : 4AR.AE : : AD' : AE^ But 4AR.AE= 
2ARx2AE=NP.NB=MN.NL ; therefoTB 4ACAD : MN.NL : ; AD* : 
AE*. But AD : AE : : R : cos. DAE (1 ) =»cob. i (BAG) : Wherefore 
4AC.AD : MNJ«L : : R» : (cos. ^ BAG)*. 
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Now 4AC.AD is fonr times the rectangle under the sides AC and AB, 
(for AD=AB), and MN.NL is the rectangle under the sum of the sidn 
increased by the base, and the sum of the sides diminished by the bsae. 

Cor. 1. Hence 2 VAC.AB : VMN.NL : : R : cos. l BAC. 

Cor. 2. Since by Prop. 7. 4AC.AB : (BC+{AB-AC)) (BO— (AB 
— BC)) : : R» : (sin. * BAC)^; and as has been now proved 4AC.AB : 
(AB+AC+BC) (AB+AC-BC) : : R« : (cos. i BAC «; therefore, ex 
(equo, (AB + AC + BC) (AB+AC-BC) : {BC + (AB-AC)) (BC— 
(AB— AC)) ; ; (cos. ^ BAC)^ : (sin. J BAC)^. But the cosine of any arc 
18 to the sine, as the radius to the tangent of the same arc ; therefore, (AB 
+AC+BC) (AB+AC-BC) : (BC+(AB-AC)) BC-(AB-AC)) : : 

R ':(ian. jBAC)=; and 

V (AB+AC+BC) (AB+AC-BC ; 
V(BC+AB-AC) (BC-(AB-AC)) : : R : tan. J BAC. 



LEMMA n. 



If there he ftoo vne^al magmbides, half their difference added to haifihMr 
sum it eqwH to the greater ; and half their difference taken from kidf their 
turn is equal to theiese. 

Let AB and BC be two unequal magnitudes, of which AB is the great- 
er; suppose AC bisected in D, and AB 

equal to BC. It is manifest that AC is J E D B C 

(he sum, and EB the difference of the 

magnitudes. And because AC is bisected in D, AD is equal to DC : but 
AE is also equal to BC, therefore DE is equal to DB, and DE or DB ia 
half the difference of the magnitudes. But AB is equal to BD and DA, 
that is, to half the difference added to half the sum ; and BC is equal to 
the excess of DC, half the sum above DB, half the diiSerence. 

Cos.. Hence, if the sum and the difference of two magnitudes be given, 
^e magnitudes themselves may be found ; for to half the sum add half the 
difference, and It will give the greater : from half the sum subtract half 
the difference, and it mil give the less. 

SCHOLIUM. 

This property is evident from the algebraical sum and difference of the 
two quantities a and (, of which a is the greater ; let their sum be denoted 
by s, and their difference by d : then, 
a+b=s I 
a-'b=di 
.'. by addition, 2a=s+ii 

*"^ "="2 +T- 
By mibtractioii, 2i=«— d ; 

ttd .-. 6=4—:r- 
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SECTION n. 



OF THE RULES OF TRIGONOMETRICAL 
CALCULATION. 

The General Probleh which Trigonometiy proposes to resolve is: 

In any plane triangle, of the three sides and the three angles, any three being 
given, and one of these three being a side, to find any of ike other three. 

The things here said to be given are understood to be expressed hy theii 
numerical values ; the angles, in degrees, miiiutes, &c.; and the sides in 
feet, or any other known measute. 

The reason of the restriction in this problem to those cases in which U 
least one side is given, is evident from this, that by the angles alone being 
given, the magnitudes of the sides are not determined. Initumeiable tri- 
aegles, equiangular to one another, may exist, without the sides of any 
one uf them being equal to those of any other ; though the ratios of their 
sides to one another wilt be the same in ihem all (4. 6.). If therefore, only 
the three angles are given, nothing can be determined of the triangle but 
the ratios of the sides, which may be found by trigonometry, as beiogthe 
same with the ratios of the sines of the opposite aqgles. 

For the conveniency of calculation, it is usual to oiTide the general pro- 
blem into two ; according as the triangle has, or has not, one of the angles 
a right angle. 

PROBLEM I. 

In a right angled triangle, of the three sides, and three angles, any two hemg 
given, besides the right angle, and one of those tux being a side, it is reqaired 
to find the other three. 

It is evident, that when one of the acute angles of a right angled triangle 
is given, the other is given, being the complement of the former to a right 
angle ; it is also evident that the sine of any of the acute angles is the 
cosine of the other. 

This problem admits of several cases, and the solutions, or rules for cal- 
culation, which all depend on the fitat Proposition, may be conveniendy 
exhibited in the form of a table ; where the first column contains the things 
given ; the second, the things required ; and the third, the rules or propo- 
sitionBby which thiey aie foimd. 
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GWB.. 


BOOOHT. 


■onmoH. 




CB and B, the 
hypoienuse and 
angle. 


AC. 
AB. 


R : sin B : r CB : AC. 
R : cosB :: CB : AB. 


1 
2 


AC and C, a 
side and one o( 
the acute angles. 


EC. 
AB. 


CosC ; R:: AC : EC. 
R : tan : : AC : AB. 


3 
4 


CB and BA, 

the hypotenuse 
and a side. 




AC. 


CB : BA : : R : sin C. 
R : cos C : : CB L AC. 


5 

6 


AC and AB 

the two Bides. 


C. 
CB. 


AC : AB : ; R : lan C 
Cos C : R : : AC : CB 


7 
6 




Remarks tm tha Solutions m tJie table. 

In the second case, when AC and C are given to find the hypotenusa 
BC, a solution may also be obtained by help of the secant, for CA : CB : : 
R : sec. C. ; if, therefore, this proportion be made R : sec. C : : AG : CB, 
CB will be found. 

In the third case, when the hypotenuse BC and the side AB are giren 
40 find AC, this may be done either as directed in the Table, o r by the 
47th of the first ; for since AC» = BC* — BA», AC = ^BC"^ - BA*. 
This value of AC will be easy to calculate by logarithms, if the quantity 
BC^— BA^ be separated into two multipliers, which may be done ) because 
(C or. 5. a. ), BC'-BA^ =(BC + BA) . (BC—BA). Therefore AC as 
V(BC+BA) (BC-BA). 

When AC aoA AB are given, BC may be foimd from the 47th, as in the 
I»^ceding instance, for BC= VBA^+AC^. But BA^+AC^ cannot be 
soparated into two multipUerB ; and therefore, when BA and AC are largo 
numbers, this rule is inconvenient for computation by logarithms. It is 
tiest in such cases to seek first Rtr the tangent of C, by the anaJogy in the 
Table, AC: AB :: R :tan.Ci but if C ilselfisnotrequired, it is sufficient, 
having found taa. by this proportion, to take from the Trigonometric 
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Tables tbe cosine that corresponds to tan. C, aifd then to compute CB from 
the proportion cos. C : R : : AC ; CB. 



In an obU^e angled triangle, of the three sides and three angles, any threa 
being given, mid one of these three being a side, it is required to find the 
■ other three. 

This problem has four cases, in each of which the solution depends on 
some of the foregoing propositians. 



Two angles A and B, and one side A6, of a triangle ABC; being given, 

to find the other sides. 



Because the angles A and B are given, C is also given, being tha tnt^ 
plement of A+B ; and, (2.) 

Sin. ; sin. A : : AB : BC ; also, 
Sin. C : sin. B : : AB : AC. 




Two sides AB and AC, and die angle B opposite to one of them, being 
given, to find the other angles A and C, and also the other side BC. 



The angle C is found from this proportion, AC : AB : : sin. B : sin. C. 
Also, A=180°— B— C; and then, sin. B : sin. A ; : AC ; CB,byCasel. 

In this case, the angle C may have two values ; for its sine being foimd 
by the proportion above, the angle belonging to tliat sine may either be that 
which is found in ihe tables, or it may be the supplement of it (Cor. def. 4.). 
This ambiguity, however, does not arise from any defect in the solution,, 
but from a circumstance essential to the problem, viz. that whenever AC 
is less than AB, there are two triangles which have the aides AB, AC, and 
the angle at B of the same magnitude in each, but which are nevenheleas 
unequal, the angle opposite to AB in the one, being the supplement of that 
which is opposite to it in the other. The truth of this appears by describ- 
iog from the centre A wUh the radius AC, an arc intersecung BC in C 
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A. 




B C ^ 'C 

and.C ; then, if AC and AC be drawn, it is evident that the tnangles 
ABC, ABC have the eide AB and the angie at B common, and the sideB 
AC and AC equal, but have not the remaining side of the one equal to the 
remaining aide of the other, that is, BO to BC, nor their other angles equal, 
via. BC'A 10 BCA, nor BAC to BAC. But in these triangles the angles 
ACB, AC'B are the supplements of one another. For the triangle CAC 
is isosceles, and the angle ACC'=AC'C, and therefore, AC'B, which is 
the supplement of ACC, is also the supplement of ACC or ACB ; and 
these two angles, ACfi, AC'B are the angles found by the computation 

, From these two angles, the two angles BAC, BAG' will be found : the 
angle BAC is the supplement of the two angles ACB, ABC (33. 1.), and 
therefore its sine is the same with the sine of the sum of ABC and ACB. 
But BAC is the difference of the angles ACB, ABC : for it 'is the diffe- 
rence of the angles ACC and ABC, because ACC, that ia, ACC is equal 
to the Bum of the angles ABC, BAC (33. I.). Therefore, to find BC, 
having found C, make sin. C : sin. (C+B) : : AB : BC ; and again, sin. 
C:sin. (C-B):: AB: BC. 

Thus, when AB is greater than AC, and C consequently greater than 
B, there are two triangles which satisfy the conditions of uie question. 
But when AC is greater than AB, the iutersections C and C fall on oppo- 
site sides of B, so that the two triangles have not the same angle at B com- 
mon to them, and the solution ceases to he ambiguous, the angle required 
being necessarily less than B, and therefore an acute angle. 

CASE III. - 

Two sides AB and AC, and the angle A,~between them, being giren to 
find the other uigles B and C, and also the side BC. 



First, make AB+AC : AB— AC : : tan. i (C+B) : tan. J (C— B). 
Then, sincei (C+B) and I (C— B) are both given, B and Cmay be found. 
For B=i (C+B)+i (C-B), and C=l (C+B}-.^ (C-B). (Lem. 2.) 



Having found 6, make sin. fi : sin. A : : AC : BC. 
But BC may also be found without seeking for the angle B uid C ; fi>r 
BC= .^/AB'— 2 eoa. A x AB.AC+ AC*, Prop. 6. 
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Thia method of finding 6C is extremely uaeM in many geometrical in* 
vestigBtions, but it is not very welt adapted for computation by logarithms, 
because the quantity under ^e radical sign cannot be separated into sim- 
ple multipliera. Therefore, when AB and AC are expressed by large 
numbers, the other solution, by finding the angles, and then computing BC, 
is preferable. 

CASE IV. 

The three sides AB, BC, AC, being given, to find the angles A, B, C. 



Take F such that BC : BA+AC : : BA-AC : F, then F is either the 
sum or the difieience of BD, DC, the segments of the base (5.)- If F be 
greater than BC, F is the sum, and BC die ditTerence of BD, DC; bat, if 
P be less than BC, BC is the sum, and F the difference of BD and DC. 
In either case, the sum of BD and DC, and theii difference being given, 
BD and DC are found. (Lem. 2.) 

Then. (l.)CA : CD : : a : cos. C j and BA : BD : : R : cm. B ; where- 
fora C sai B are given, and consequently A. 




Let D be the differen ce of the sides AB, AC. Then (Cor. 7.) 2 ^ABJlC 
: V(BC+D) (BC— D) : ; B : sin. J BAC. 

SOLUTION III. 

n of t he sides BA and AC. Then (1. Cor. 8.) 2 ^^.AC 



: VC^+BO) (S— BC) ; : R : COS. J BAC. 



SOLOTION IV. 



S and D retaiiiingthe a ignifica 
: V(BC+D)(BC-D)::R: 



ns above, (2.Cor.8.) V{S+BC){S-fiC) 
1. J BAG. 



It may be observed of these four solutions, that the first has the advan- 
tage of being eaeily remembeted, but that the others are rather more expe- 
ditious in calculation. The second solution ia preferable to the third, when 
the angle aought is less than a right angle ; on the other hand, the third 
is preferable to the second, when the angle sought is greater th&n a right 
30 
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angle ; and in extteme cases, that is, vhen the angle sought is very aente 
or very obtuse, this distinction is very materisl to be conaideied. Thv 
leason is, that the sines of angles, which aire nearly = 90°, or the cosines 
of angles, which are nearly = 0, vsry very little for a considerable varia- 
tion in the corresponding angles, as may be seen from looking into the ta- 
bles of aines and cosines. The consequence of this is, that when the sine 
or cosine of such an angle is given (that is, a sine ot cosine nearly equal to 
the radius,) the angle itself cannot be very accurately found. If, for in- 
stance, the natursl sine .9998500 ia given, it will be immediately per- 
ceived from the tables, that the arc corresponding is between 89°, and 89° 
r ; but it cannot be found true to seconds, because the sines of 89° and of 
89° 1', differ only by 50 (in the two last places,) whereas the arcs them- 
selreedifierby 60 seconds. Two arcs, therefore, that differ by 1", or even 
by more than 1", have the same sine in the tables, if they faU in the Ust 
degree of the quadrant. 

The fourth solution, which finds the angle from its tangent, is not liable 
to this objectioD ; nevertheless, when an arc approaches very near to 90°, 
the variations of the tangents' become excessive, and are too irregular to 
allow the proportional parts to be found with exactness, so that when tbm 
angle sought is extremely obtuse, and its half of consequence very near to 
90, the thir4 solution is the best. 

It may always be known, whether the angle sought is greater or less 
than a right angle by the square of the side opposite to it being greater or 
less than the squares of the other two sides. 



SECTION m. 

CONSTRUCTION OF TRIGONOMETRICAL TABLES. 

Ik all the calculations performed bytbe preceding rules, tables of sines 
and tangents are necessarily employed, the construction of which remains 
to be explained. 

The tables usually contain the sines, &c. to every minute of the quad- 
rant from 1' to 90°, and the first thing required to be done, is to craipute 
the sine of 1', or of the least arc in the tables. 

1. If ADB be a circle, of which the centre is C, DB, any arc of that cir- 
cle, and the arc BQE double of DB ; and if the chords DE, DB be drsvrn, 
also the perpendiculars to them from C, viz. CF, CG, it has been demon- 
strated (8. 1. Sup.), that CG is a mean proportional between AH, half the 
radius, and AF, the line made up of the radius and the perpendicular CF. 
Now CF is the cosine of the arc BD, and CG the cosine of the half of BD ; 
whence the cosine of the half of any arc BD, of a circle of which the ra- 
dius = 1, is a mean proportional between ^ and I-)-cos. BD. Or, for the 
greater generality, supposing A =s say arc, cob. ^ A is & mean proportiaial 
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between ^ and 1+CQ8. A, and tlierefote (co 
= Vi(l+cos. A). 



lA? 



.^A)'=^(14-co3. A) or COB. 



2. From this theorem, (which is the same that is demonstrated (8. 1. 
Sup.), only that it is here expressed trigonometiically,) it is evident, that if 
the cosine of any arc be given, the cosine of half that arc may he, found. 
Let BD, therefore, be equate 60'^, so that the chord BD=rBdiuB, then the 
cosine or perpendicular CF was shewn {9. 1. Sup.) to be =J, and there- 
fore cos. JBD.or co8.30o=VKHrT)=-v/5=-^- lithe same man- 



ner, COS. 15°=Vi{l+co8-30°).aat'co8.7O,3O'=^J{l+cos.l5O),&c. 
In this way the cosine of 3°, 45', of 1°, 52', 30", and so on, will be com- 
puted, till after twelve bisections of die arc (rf 60°, the cosine of 52". 44'". 
93"". 45'. is found. But from the cosine of an arc its sine may be 
foond, forif from the square of the radius, that is, from 1, the square of 
the cosine be taken away, the remainder is the square of the sine, and its 
square root is the sine itself. Thus the sine of 52". 44'". 03"". 45'. iq 

3. But it is manifest, that the sinesof very small arcs are to one another 
nearly as the arcs themselves. For it has been shewn that the number of 
the'sides of an equilateral polygon inscribed in a, circle may be so great, 
that the perimeter of the polygon and the circnmference of die circle may 
differ by a line less than any given line, or, which is the same, may be 
nearly to one another in the ratio of equality. Therefore their like parts 
will also be nearly in the ratio of equality,' so that the side of the polygon 
will be to the arc which it subtends nearly in the ratio of equality ; and 
therefore, half the side of the polygon to half the arc subtended by it, that 
is to say, the sine of any very small arc will be to the arc itself, nearly in 
the ratio of equality. Therefore, if two arcs are both very small, the first 
will be to the second as the sine of the first to the sine of the second. 
Hence, from the sinectf 53". !)4'". 03"". 45'. being ftmnd, the sin»of 1' 
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4. The sine 1' being tlii» found, thesinea of 2', of 3', or of any number 
' ' I, may be found by the following proposition. 



THEOREM. 

Let AB, AC, AD be three snch arcs, that BC the difference of the first 
and second is equal to CD the difference of the second and third ; the ra- 
dius is to the cosine of the common difference BC as the sine of AC, the 
middle arc, to half the sum of the sines of AB and AD, the extreme arcs. 

Draw CE to the centre ; let BF, CO, and DH perpendicular lo AE, be 
the sines of the arcs AB, AC, AD. Join BD, and let it meet C£ in I ; 
draw IK perpendicular to AE, also BL and 
IM perpendicular to DH. Then, because 
the arc BD is bisected in C, EC is at right 
angles to BD, and bisects it in I ; also BI is 
the sine, and EI the cosine of BC or CD, 
And, since BD is bisected in I, and IM is 
parallel to BL (2. 6.), LD ia also bisected in 
M. Now BF is equal to HL, therefore BF 
+DH=DH+HL = DL+2LH = 2LM+ 
2LH=2MH or 2KI ; and therefore IK ia 

half the sum of BF and DH- But because -^= — =^— 

the triangles CGE, IKE are equiangular, -A- F GE. H. 
CE : EI : I CG : IK, and it has been shewn that EI=cos. BC, and IK= 
i{BF+DH}; therefore R: cos. BC :: ain. AC ; J (sin. AB+sin. AD). 

Cor. Hence, if the point B coincide with A, 
R : COS. BC : : sin. BC ; ^ sin. BD, that is, the radius ia to the cosine of 
any arc as the sine of the arc is to half the sine of twice the arc; or if any 
arc=A, J sin. 2A=sin. Axcos. A, or sin. 2A=2 sin. Ax cos A. 

Therefore also, sin. 3'=2' sin. 1' x cos. l' : so Aat from the sine and 
cosine of one minute the sine of 2' is found. 

Again, 1', 2', 3', being three such arcs that the difference between the 
first and second is the same as between the second and third, B : cos. 1' : : 
sin. 2 : 4 (sin. I'+sin. 3'), or sin. I'+sin. 3' =2 cos. I'+sin. 2',snd t^ing 
sin. r from both, sin. 3'=2 cos. I'Xsiu. 2'— sin. 1. 

In like manner, sin. 4' =2' cos. I'xsin. 3' —sin. 2, 
sin. 5'=2' COS. I'Xsin. 4'~Bin. 3, 
sin. G'=2' COS. I'Xsin. 5'— sin. 4, &.t. 

Thus a table containing the sines for every minute of the quadrant may 
be computed ; and as the multiplier, cos. 1' remains always the same, XM 
calculation is easy. 

For computing the sines of arcs that differ by more than 1', the method 
is the same. Let A, A+B, A+^B be three such arcs, then, by this the- 
orem, R : COS. B : : sm. ( A-i-B) : j (sin. A-|-Bin. (A-I-2B)) ; and Aeref<a» 
making the radius 1. 
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ain. A+sm. (A+2B)=2 coa. Bxain. (A+B), 

or Bin. (A+3B)=2 cos. Bxain. (A+BJ-sin. A. 
By means of ^ese theorems, a table of the sines, and conBeqaentl^ alao 
of .the coiioes, of arcs of any number of degreea sud minutes, Irom IqBO, 

maybe constructed. Then, because tan. A=: -—^, the table of tangents 

is computed by dividing the sine of any arc by the cosine of the same arc. 
When the tangents have been found in this manoer as far as 45°, the tan- 
gents for the other half of the quadrant may be found more easily by an- 
other rule. For the tangent of an arc above 45° being the co-tangent of 
an arc as mnch under 45° ; and the radius being a mean proportional be- 
Ivreen the tangent and co-tangfenl of any arc (1. Cor. def. 9), it follows, if 
the difference between any arc and 45° be called D, that taa. (45° — D) : 

1 : : 1 : tan. {45°+D), so that tan. (45°+D)=j^^-^^5-^j. 

Lastly, the secants are calculated from (Cor. 2. def. 9.) where it ie 
shewn that the ladiua is a mean pioportional J>etween the cosine and the 

secant of any arc, so that if A be any arc, sec. A= . .-. ■ . 

The versed sines are found by subtracting the cosines £rom the radiiu. 

5. The preceding Theorem is one of four, which, when arithmetically 
expressed, are frequently used in the application of trigonometry to the so- 
lution of problems. 

1«0, If in the last Theorem, the arc AC=A, the arc BC=B, and the 
radius EC=I, then AD=A-1-B, and AB=A—B ; and by what has Just 
been demonstrated, 

1 ; COS. B : : sin. A : i sin. (A-|-BHi ^in. (A-B). 

and therefore, 
ain. Axcos. B=l- sin. (A+B)+4 (A— B). 
2do, Because BF, IK, DH are parallel, the straight lines BD and FH 
are cut proportionally, and therefore FH, the difference of the straight lines 
FE and HE, is bisected in K ; and therefore, as was shewn in the last 
Theorem, KE is half the sum of FE and HE, that is, of the cosines of the 
arcs AB and AD. But because of the similar triangles EGC, EKI, EC 
: EI : : G£ : £K ; now, GE is the cosine of AC, therefore, 
R : coa. BC : : cos. AC : i cos. AD+j cos. AB, 
or 1 : coa. B :: COS. A : ^cpa. (A+B)+Jcos. (A— B) ; 
and therefore, 
COS. Axcos. B=J COS. (A-f.B)-l-i cos. (A— B); 
3tw>, Again, the triangles IDM, CEG are equiangular, for the angles 
KIM, EID ate equal, being each of them right angles, and therefore, tak- 
ing away the angle EIM, the angle DIM is equal to the togle BIK, that 
is, to the angle ECG ; and the angles DMI, CGE are also equal, being 
both right angles, and therefore the triangles IDM„CGE have the sides 
about ^eir equal angles proportionals, and consequently, EC : CG : : DI 
: IM ; naw,lM is half the difference of the cosines FE and EH, therefon, 
R 1 sin. AC : ; sin. BC : } coa. AB-4 cos. AD, 
or 1 : sin. A : : am. B : ^ cos. (A— B)—"^ cos. (A+B) ; 
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sin. AXBin. B=^ cos. (A— B)— i cos. (A+B). 
*to. Lastly, in the some triangles ECG, DIM, EC : EG : : ID : DM ; 
now, DM is half the difference of the sines DH and 6e, theief<»e, 
R : COS. AC : : sin. BO : J sin. AD~i sin. AB, 
Ot 1 ; COS. A ; : sin. B : ^ sin. {A+B)— J sin. (A+B) ( 
and therefore, 
COB. AXBitL Bs:} sin. (A+B)— ^ sin. (A— 6). 

6. If theiefore A and B be any two aics whatsoever, the radius being 
sappoaed 1 ; 

I. sin. Axc< 
IL C08.AXC, 

III. sin. Axsi 

IV. coa.AXBi 
From these four Theorems are also deduced o 

For adding the first and fourth together, 
sin. Axcos. B+cos. Axsin. B=sin. (A+B). 

Also, by taking the fourth from the first, 
Bin. Axcoa. B— cos. Axain. B=ain. (A— B). 
( ' Afijain, adding the second and third, 

coa. Axcos. B+sin. Axsin. B=cos. (A— B); 
And, lastly, subtracting the third &om the second, 
cos. Axcos. B— sin. Axain. B=cob. (A+B). 

7. Again, since by the first of the above iheoremt, 

sin. Ax cos.B=isin. (A+B)+J ain.(A-B),if A+B= 

1. /T nl . S+D ,„ S-D 

ihen (Lem. 2.) A= ^ ,andB=g ; 

n as S and D may be any axes whatever, to 

preserve the former natation, they may be called A and B, which also ax- 
press any arcs vrhatever ; thus, 

. A+B A— B , . , . , . „ 

sin. — ^ — XcoB. — - — =^ Bin. A+^sin. B,or 



In the same manner, from Tbeor. 2 is derived, 
icos. ' • XCOB.—- — S3C0S. B+cos. A. From the 3d, 



■2cos.— ^Xsin. — -— =sin. A— sin. B. 

In all these Theorems, the arc B is supposed leaa than A. 

8. Theorems of the same kind with lespecl to the tangents of arcs m^ 
be deduced from the preceding. Because the tangent oi any arc is eqnil 
to the sine of the arc divided by its cosine, 



b,GoogIc 



PLANE TRIGONOMETRY. 23 

tto. {A+B)= ^'°' ,.,„. ■ But it has iuBt been ahewn, that 

* ' C08. (A+B) ■■ 

■in. (A+B]=:Bin. Axcos. B+coa. Axsin, B, and that 
coa. fA+B)=coa. Axcoa. B— sin, Axsin. B; therefore, ton. (A+B) = 



1 tan. A X laa. B' 
, ,.. , . _, tan. A tsn. B 

In like manner, tan. (A — 3)=:--; v =. 

' * '■ 1+tan. Axtan. B 

9. If the Theorem demonstrated in Prop. 3, ha expressed in the earns 
manner with those above, it gives 

sin. A+ain. B _ tan, f (A+B) . 

sin. A— sin. B " tan. J (A— B}' 
Also by Cor. 1, to the 3d, 

COS.A+C08. B _ cot. } (A+B) 

cos. A-C08. B ~ tan. i (A-B)' ' 
And by Cor- 2, to the same proposition, 

sin. A+ain. B tan. J (A+B) . « ■ . , , 

— — = i^ ' or since R u here sopposed ^ 1, 

cos. A+coa. BR rr f 

sin. A+sin. B , • , . , », 

r-r D = tan- i (A+ B). 

COS. A+cos. B x\ ' I 

10. In all the preceding Theorems, R, the radius, is supposed =1, be- 
cause in this way the propositions are raoal conciaely expressed, and are 
also most readily applied to trigonometrical circulation. But if it be re- 
quired to enunciate any of them geometrically, the multiplier R, which 
has disappeared, by being made = 1 , must be restored, and it will always 
be evident from inspection in what terms this multiplier is wanting. Thus, 
Theor. 1,2 sin. Axcos. B=sin.(A+B)+8in. (A— B), is attue proposition, 
taken arithmetically ; but taken geometrically, is absurd, unlesa we sup- 
ply the radius as a multiplier of the terms on the right hand of the sine of 
equality. Itthenbecomes 2 sin. Ax cos. B=R (sin. (A+B]fc-sin. (A— B)); 
or twice the rectangle under the sine of A, and the cosine of B equal to ^e 
rectangle under the radius, and the sum of the sines of A+B and A — B. 

In general, the number of linear multipliers, that is, of lines whose nume- 
rical values ore multipUed together, must be the same in every term, other- 
wise we will compare unlike magnitudes with one another. 

The propositiona in this section are useful in many of the higher branches 
of (he Mathematics, and are the foundation of what is called me .drtVAtne^'c 
ofSints. 
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SPHERICAL 

TRIGONOMETRY. 



Ifasphenheeulhyaplane throughtkeeentre, the section is a eireie, having tie 
same centre with the sphere, and equal to the drele by the revolution of which 
fAe sphere xoas described. 

For all the straigbt lines drawn from the centre to the eupedicies of the 
sphere are equal la the radius of the generating Bemicircle, (Def. 7. 3. 
Sup.). Therefore the common section of the spherical auperficies, and of 
aplane passing through its centre, is a line, 'lying in one plane, and hav- 
ing all its points equally distant fiom the centre of the sphere ; therefore it 
is the circumference of a circle {Def. 11. 1.), having for its centre the cen- 
tre of the sphere, and for its radius the ladius of the sphere, that is, of the 
semicircle by which the sphere has been described. It is equal, therefore, 
to the circle of which that semiciicle was a part. 



DEFINITIONS. 



1. Ani circle, which is a section of a sphere by a plane through its centre, 
is called a g^at circle of the sphere. 

Cor. All great circles of a sphere are equal ; and any two of them bisect 
one another. 

They are all equal, having all the same radii, as has just been shewn ; and 
any two of them bisect one another, for as they hay© the same centre, 
their conunon section is a diameter of both, and therefore bisects both. 



3. The pole of a great circle of a sphere is a point in the superficies of the 
sphere, from which all strai ^ht lines drawn to the circumference of the 
circle are equal. 

3. A spherical angle is an angle on the superficies of a sphere, contained 
by the arcs of two great circles which intersect one another ; and is the 
same with the inclinadpn of the planes of these great circles. 
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4. A Bpherical triangle is a ficnre, upon the superficies of a sphere, com- 
prehended b^ three arcs of Uiree great circles, each of which is less than 
a semicircle. 




The arc of a great circle, beltoeen tJiepoie and tJte cireamferejue of another 
great cireU, is a quadrant. 

Let ABC be a great circle, and t) its pole ; if DC, an arc of a great 
circle, pass through D, and meet ABC \a C, the arc DC is a quadrant. 

Let the circle, of which CD is an arp, meet ABC agwn^in A, and let 
AG be the common section of the planes 
of these great circles, which will pass 
through E, the centre of the sphere : Join 
DA, DC. Because AD=DC, (Def. 2), 
and equal straight lines, m the same cir- 
cle, cut off equal arcs (28. 3.), the'arc AD 
= the arc DC ; but ADC is a semicircle, 
therefore the arcs AD, DC are each of 
them Quadrants. 

CoK. 1. If DE be drawB, the angle AED is a right angle ; and DE 
being therefore at right angles to every line it meets with in the plane of 
the circle ABC, is at right angles to that plane (4. 2. Sup.). Therefore 
the straight line drawn from the pole of any great circle to Uie centre of the 
sphere is at right angles to the plane of that circle ; and, conversely, a 
straight lino drawn from the centre of the sphere perpendicular to the plane 
of any greater circle, meets the superficies of the sphere in the pole of that 

CoR.'2. The circle ABC has two poles, one on each side of its plane, 
which are the extremities of a diameter of the sphere perpendicular to the 
plane ABC ; and no other points but these two can bo poles of the circle 
ABC. 

PROP. in. 

If the w^ of a great circh be the tame idlh the intersection of other tmogreat 
eireh$ : the are of the first mentioned circle intercepted between the other 
two, is the measure of the spherical angle which the aajhe two circles viake 
taith one another. 

Let the great circles BA, CA on the superficies 
of a sphere, of which the centre is D, intersect one 
another in A, and let BC be an arc of another great 
circle, of which the pole is A ; BC is the measure 
of the spherical angle BAC. 
■ Join AD, DB, DC ; since A is the pole of BC, 
AB, AC are quadrants (2.), and the angles ADB, 
ADO are right an^es : therefore (4. def. 2. Sup.}, 
the angle CDB is the inclination of the planes of 
31 
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Bphericd angle BAG* 

Cor. If two arcs of great circles, AB and AC, which intereect one an- 
other in A, be each of them quadrants, A will be the pole of the great cir- 
cle which passes through E and C the extremities of those arcs. For 
since the arcs AB and AG. aie quadrants, the angles ADB, ADC are right 
angles, and AD is therefore perpendicular to the plane BDC, ihat is, hi the 
plane of the great circle which passes through B and C. The point A is 
therefore (1. Cor. 2.) the pole of the great circle which passes through B 
and C. 

PROP. IV. 

Jf the planes of tioo great circles of a sphere be at right angles to one OTiother, 
the circumference of each of the circles passes through the poles of the 
Other ; and if the drcumferenee of one great circle pass through the poles 
of another, the plants of these circles are at right angles. 

Let ACBD, AEBF be two great circles, the planes of which are right 
angles to one another, the poles of the circle AEBF are in the circumference 
ACBD, and the poles of the circle ACBD in the circumference AEBF. 

From G the centre of the sphere, draw GC in the ^ane ACBD perpen- 
dicular to AB. Then because GC in the plane ACBD, at right angles 
to the plane AEBF, is at right angles 
to tjie common section of the two 
planes, it is (Def. 3. 2. Sup,) also at 
right angles to the plane AEBF, and 
therefore (1. Cor. 2.) C is the pole of 
the circle AEBF ; and if CG be pro- 
duced in D, D is the other pole of the 
circle AEBF. 

In the same manner, hy drawing 
GE in the plane AEBF, perpendicu- 
lar to AB, and producing it to F, it has 
shewn that £ and F are the poles of 
the circle ACBD. Therefore, the 
poles of each of these circles are in 
the circumference of the other. 

Again, If C be one .of the poles of the circle AEBF, the great circle 
ACBD which passes through C, is at right angles to the circle AEBF. 
For, CG being drawn from the pole to the centre of the circle AEBF, is 
at right angles(l. Cor. 3.) to the plane of ^ha^ circle ; and therefore, every 
plane passing through OG (17. 2. Sup.) is at right angles to the plana 
AEBF ; now, the plane ACBD passes through CG. 

CoR. 1. If of twogreatcircles,tbefiistpasses throughthepolesofthe 

■•■ When in iry rafenncs no menlioa i> mkds of », Book, or of tha Plsae Tripmomeliy, d* 
Spbtiieal TiigMUSaetr; is meinb 
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Becond, ih.e Becond al^o passes through the poles of the first. For, if the 
first passes through the poles of the second, the plane of the first must be 
' at right angles to the plane- of the second, by the second part of this propo- 
sidoD ; and therefore, by the first partiof it, the circumference of each 
passes through the poles of the other. ijf 

CoR. 2. All greater circles that hare trcommon diameter have their 
poles in the ciicntuference of a circle, the pkae of which is perpendicular 
to that diameter. * 



Jn isosceles spherical triangles the angles at the base ore equal. 

Let ABC be a spherical triangle, having the side AB equal to the side 
AG ; the spherical angles ABC and ACB are equal. 

Let be the centre of the sphere ; join a 

DB, DC, DA, and from A on the straight ■^- 
Unea DB, DC, draw the perpendiculars AG, 
AF ; and from the points E and F draw in 
the plane DBC the straight lines EG, FG 
perpendicular to DB and DC, meeting one 
another in G : Join AG. 

Because DE is at ri_ght angles to each of 
the straight lines AE , E G, it is at right angles 
to the plane AEG, which passes through 
AE, EG (4. a. Sup.) ; and dierefore, every 
plane that passes through DE is at right angles to the plane AEG (17. 2. 
Sup.) ; wherefore, the plane DBC is at right angles to the plane AEG. 
For the same reason, the plane DBC is at right angles to the plane AFG, 
and therefore AG, the common section of the. planes AFG, AEG is at 
right angles (18. 2. Sup.) to the plane DBC, and the angles AGE, AGF, 
are consequently right angles. 

But since the arc AB is equal to the arc AC, the angle ADB is equal 
to the angle ADC. Therefore the triangles ADE, ADF, have the angles 
EDA, FDA, equal, as also the angles AED, AFD, which are right an- 
gles ; and they have the side AD common, therefore the other sides are 
equal, viz. AE to AF{26. 1.), andDE to DF. Again, because the angles 
AGE, AGF are right angles, the squares on AG and GE are equal to the 
square of AE ; and the squares of AG and GF to the square of AF. But 
the squares of AE and AF are equal, therefore the squares of AG and GE 
are equal to the squares of AG and GF, and taking away the common 
square of AG, the remaining squares of GE and GF are equal, and GE is 
therefore equal to GF. Wherefore, in the triangles AFG, AEG, the side 
GF is equal to the side GE, and AF has'been proved to be equal to AE, 
and the base AG is common ; therefore, the angle AFG is equal to the 
angle AEG (8. 1.). But the angle AFG is the angle which the plane 
ADC makes with the plane DBC (4. def. 2. Sup.), because FA and FG, 
which are diawn in these planes, are at right angles to DF, the common 
section of the planes. The angle AFG (3. def.) is therefore equal to &e 
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splierical angle ACB ; aod, for the same reason, the angle AEG ia equal 
to the spherical angle ABC. But the angles AFG, AEG are equaL 
Thetefore the spherical angles ACB, ABC are also equal. 



If the apgies at the base of a spherieat triangle he tqaal, the triangle is ttoseths. 

Let ABC be a spherical triangle having the angles ABC, ACB equal 
to one another ; the sides AC and AB are also equal. 

Let D be the centre of the sphere ; join DB, J>C, DA, and from A oa 
the straight lines DB, DO, draw the perpendiculars AE, AF ; and from 
the points E and F, draw ia the plane DBC ^ 

the straight lines EG, FG perpendicular to 

DB and DC, meeting one another in G ; 

join AG. I \\x X X 

Then, it may be proved, as was done in | V\\ \ ^f^ 

the last proposition, that AG is at right an- 
gles to the plane BCD, and that therefore 
^e angles AGF, AGE are right angles, and 
also that the angles AFG, AEG are equal 
to the angles which the planes DAC, DAB 
make with the plane DBC. But because -" 
the spherical angles ACB, ABC are equal, the angles which the plane* 
DAC, DAB make with the plane DBC are equal (3. def^, and therefore 
the angles AFG, AEG are also equal. The triangles AGE, AGF have 
therefore two angles of the one equal to two angles of the other, and they 
have also the side AG common, wherefore they are equal, and the side AF 
is equal to the side AE. 

Again, because the triangles ADF, ADE are right angled at F and E, 
the squares of DF and FA are eqnai to the square of DA, that is, to the 
Squares of DE and DA ; now, the square of AF is equal to the square of 
AE, therefore the square of DF is equal to the square of DE, and me side 
DF to the side DE. Therefore, in the triangles DAF, tlAE, because DF 
is equal to DE and DA common, and also AF equal to AE, the angle 
ADF is equal to the angle ADE ; therefore also the arcs AC and AB, 
which are the measures of the angles ADF, and ADE, are equal to one 
another ; and the triangle ABC is isosceles. 



Any tieo sides of a spherical tfiaitgle are greater than the th^. 
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Let D be the centre of the sphere *, 
join DA, DB, DC. 

The solid angle at D ii contained by 
three plane angles ADB, ADC, EDO ; 
any two of which, ADB, BDC ara 
greater (20. 2. Sup.) than the third 
ADC ; and therefore any two of the 
arcs AB, AG, EG, which meEtanie 
these angles, as AB and BG must also 
be greater than the third AC. 

PROP. VIIL 

The three sides of a spherical triangle are less than the etreumfermee of a 
great circle. ' 

Let ABC be a spherical triadgle as before, the three sides AB, BC, AC 
are less than the circumference of a great circle. 

Let D be the centre of the sphere : The solid angle at D is ctmtained 
if three plane angles BDA, BDC, ADC, which together are less than 
four right angles (21. 2. Sop.) therefore the sides AB, BG, AG, which aie 
the measures of these angles, are together less than four quadrants describ- 
ed with the radius AD, that is, than the circumference of a'great circle. 

PROP. IX. 

In a tpberiad triangle the greater angU is opposite to tha greater side ;> anA 
conversely. 

Let ABG be a spherical triangle, the greater angle A is opposed to the 
greater side BC. 

Let the angle BAD be made equal A 

to the angle B, and then BD, DA will 
be equal (6.), and therefore AD, DC 
are equal to BC ; but AD, DG are 
greater than AC (7.), therefore BG is 
greater than AG, that is, the greater 
angle A is opposite to the greater aide 
BC. The converse is demonstrated as 
Prop. 19. 1. Elem. 

PROP. X. 

Accordivg as the sum of two of the sides of a spherical triangle, is greater than 
a semicireU, equal to it, or less, each qftJte interior angles <U the base is greater 
(Aon the exterior and opposite angle at the base, equal to it, or less ; and also 
the stmt of the two interior angles at the base greater than two right angles, 
equal to two right angles, or less than two right angles. 

Let ABC be r spherical trian^e, of which the sides are AB and BC ; 
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produce any of ike two sides as AB, and the baae AC, till they meet again 
in D ; thea, the arc ABD is a semicircle, and the spheric^ angles at A. 
and D are equal, because each of them ia die inclination of the circle ABD 
to the circle ACD. 

I. If AB, BC be equal to a 
Bemicircle, that is, to AD, BC will 
be equal to BD, and therefore (5.) 
the angle D, or the angle A, will 
be eq^ ta the angle BCD, that 
ie, the interior angle at the base 
equal tij the exterior and oppo- 

"' 2. If AB, BC together be greater tian a semicircle, that is, gif**'^^ 
ABD, BC will be peater than BD ; and therefore (9.), the angle D, that 
is, the anele A, ia greater than the angle BCD. , , , .v 

3. In the same manner it is shewn, if AB, BC togelhei be less than a 
semicircle, that the angle A ia less than the angle BCD. 

Now, since the aories BCD, BCA are equal to two right angles, if the 
angle A be greater than BCD, A and ACB Wgether will be peater diaa 
two right angles. If A be eqoal to BCD, A and ACB l^gMher, mU bo 
equal to two right angles ; and if A be less than BCD, A and ACB wiU 
be less than two right an^s. 

PROP. XI. 

Jf (Ae angular pointt of a spheru-.al Iriangh he made the poles of three gnat 
eireles, these three circles by their intersections will form a triangle, wAuta 
is said to he supplemental to the former) and the tvx trtangles are swA, 
thai the sides of the one are the supplements of tU arcs whuh measure the 
angles of the other. 

Let ABC be a spherical triangle ; and from the points A, B, and C aa 
poles, let the great circles FE, ED, DF be described, intersecting one an- 
other in F, D and E ; the sides of the triaagle FED are the supplement of 
the measures of ihe angles A, B, C, via. FE of the angle BAC, DE of the 
angle ABC, and DF of the angle ACB : And again, AG is the supplement 
of the angle DFE, AB of the angle FED, and BO of the angle EDt. 

Let AB produced meet DE, EF in G, M ; 
let AC meet FD, FE in K, L ; and let BC 
meet FD, DE in N, H. 

Since A ia the pole of FE, and the circle 
AC passes through A, EF will pass through 
the pole of AC {1. Cor. 4.) and since AC 
passes through C, the pole of FD, FD will 
pass through the pole of AC ; therefore the 
pole of AC is in the point F, in which the 
arcs DF, EF intersect each other. In the 
same manner, D is the pole of BC, and £ 

the pole of AB. ' . 

And since F, E are the poles of AL. AM, the arcs Fi and EM (3-) we 
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quadrants, and FL, EM together, that is, FE and ML together, »ie equal 
to & semicircle. But since A ia the pole o/ ML, ML is the measure of the 
angle BAG (3.), cousequently FE is the supplement of the messiure of the 
Mgle BAG. In the same manner, ED, DF are the supplements of the 
measures of the angles ABC, EGA. 

Since likewise CN, BH are quadrants, CN and BH together, that is, 
NH and BC together, are equal to a aemiciicle ; and since D is the pole of 
NH, NH is the measure of the angle FD£, therefore the measure of the 
angle FDE is the supplement of the side BC. In the same manner, it is 
shewn that the measures of the angles DEF, EFD are the supplements 
of the sides AB, AC in the triangle ABC. 

PROP. XII. 

Tie three angles of a sphericat triangle are greater than two, and lets than sia, 

right angles. 

The measure of the angles A, B,'C, in the triangle ABC, together with 
the three sides of the supplemental triangle DEF, are (11.) equal to three 
semicircles ; but the three sides of the triangle FDE, are (8.) less than two 
semicircles; therefore the measures of the angles A, B, C, are greater than 
a semicircle ; and hence the angles A, B, G are greater than two right 

And because the interior angles of any triau^e, together nith the exte- 
rior, are equal to six right angles, the interior tdone are less than six right 
angles. 

PROP. XIII. . 

If to the eirettmferenee cfagrtat circle, from apoint in the surface of the sphere, 
vshieh is not the pole ofthatdrele, ares of great circles he drawn ; the greatest 
of these ares is that which passes through the pole of the firsi'tnentioned dr- 
ele, and the supplement of it is the least ; and of the other arcs, that which is 
nearer to the greatest is greater than that inhieh is more remote. 

Let ADB he the circumference of a great circle, of which the pole is H, 
and let C be any other point ; throiigh C and H let the semicircle ACB be 
drawn meeting the circle ADB in A »nd B ; and let the arcs CD, CE, CF 
also be described. From C draw CG ];>erpeiidicular to AB, and then, be- 
cause the circle AHCB which passes 
through H, the pole of the circle ADB, 
is at right angles tp ADB, CG is per- 
pendicular to the plane ADB. Join 
GD, GE, GF, OA, CD, CE, CF, CB. 

Because AB is the diameter of the 
circle ADB, and G a point in it, which 
is not the centre, (for the centre is in 
the point where the perpendicular from 
H meets A B), therefore AG, the part 
of the diameter in which the centre is. 
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isthegreatest (7. 3), andGB theleast of all the straight Uses that can be 
dravu from G lo the circuntfeteDce ; and GD, which is nearer to AB, is 
greatei than GE, which is more remote. But the triangles CGA, CGD 
are right angled atG, and therefore AC»=AGHGC^ and DC==DG24- 
GC^ but AG^+GC^/DG'+GC^ because AG/DG; therefore AC" 
7DC^, and AC/DC, And because the chord AC is greater than, the 
chord DC, the arc AC is greater than the arc DC. In the sanie manner, 
since GD is greater than GE, and GE than GF, it is shenn that CD is 
greater than CE, and CE than CF. Wherefore also the arc CD is greater 
Aan the^rc CK, and the arc GE greater than the arc GF, and CF thsn 
CB, that is, of all the arcs of greater circles drawn from C to the circuih- 
ference of the circle ADB, AC which passes through the pole H, is the 
greatest, and GB its supplement is the least ; and of the others, that which 
is nearer to AG the greatest, is greater than that which is more remote. 

PROP. XIT. 

In a right angled spherical triangle, the sides containing tht right angle are Oj 
the same affection lailh the angles opposite to them, that is, if the sides be 
greater or less than quadrants, the opposite angles mil be greater or less than 
right angles, and conversely. 

Let ABC be a spherical triangle, right angled at A, any side AB will 
be of the same affection with the opposite angle ACB. 

Produce the arcs AC, AB, till they meet again in D, and bisect AD in 
E. Then ACD, ABD are semicircles, and AE an arc of 90*. Also, be- 
cause CAB is by hypothesis a right angle, the plane of the circle ABD is 
perpendicular to the plane of the 
circle ACD, so that the pole of 
ACD is in ABD, (1. Cor. 4.), 
and is theiefore the point E. Let 
EC be an arc of a great circle 
passing through E and C. 

Then because E is the pole of 
the circle ACD, EC is a (2.) 
quadrant, and the plane of the 
biicle EC (4.) is at right angles 
to the plane of the circle ACD, 
that is, the spherical angle ACE 
is a right angle ; and therefore, 
when AB is less than AE, the 
angle ACB, being less' than 
ACE, is less than a right angle. 
But when AB is greater ^au 
AE, the angle ACB is greater 
than ACE, or than a right an- 
gle. In the same way may the 
oonverae be demonstrated. 
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If the two tidei of a right tmgUd sphTteal triangle about the right angle he of 
the same affection, thehypoteraise will be less than a quadrant ; and if they b» 
ofdifferwU affection, the hypotenuse will hegreater than a quadrant. 

Let ABC be a light angled spherical triangte ; sccording as the two 
sides AB, AC are of the same or of different affection, the hypotenuse BC 
will be less, or greater thaa a quadrant. 

The construction of the last proposition lemaining, bisect the semicircle 
ACD in G, then AG will be an arc of 90°, and 6 will be the pole of the 
circle ABD. 

1. Iiet AB, AC be each less than 90°. Then, because C is a point on 
the surface of the sphere, which is not the pole of the circle ABD, the arc 
CGD, which passes through G the pole of ABD ia greater than OE (13.), 
and CE greater than CB. But CE is a quadrant, as was before shewn, 
therefore CB is less than a quadrant. Thus ^so it ia proved of the right 
angled triangle CDB, (right angled at D), in which each of the sides CD, 
DB is greater than a quadrant, that ihe bypotennse BC is less than a 
quadrant. 

2. Let AC be less, and AB greater than 90°. Then because CB falls 
between CGD and CE, it is greater (12.) than CE, that ia, than a quad- 
Con. 1 . Hence conversely, if the hypotenuse of a right angled triangle 

be greater or less than a quadrant, the sides will be of different or the same 
affection. 

Cor. 2. Since (14.) the oblique angles of aright angled spherical triau' 
gle have the same affection with the opposite sides, therefore, according as 
the hypotenuse is greater or less than a quadrant, the oblique angles will 
be different, or of the same affection. 

Cor. 3. Because the sides are of the same affection with the opposite 
angles, therefore when an angle and the side adjacent are of thesame afiec- 
tiou, the hypot«nuse is less than a quadrant : and conrersely. 

PROP. XVI. 

In any spherical triangle, iftheperpendieularupon the base from the opposite 
angle fall within the triangle, the angles at the base are of the same affection; 
and iftheperpendieularfall without the triangle, the angles at the base are of 
different affection. 

Let ABC be a sphericaJ triangle, and let the arc CD be drawn from C 
perpendicular to the base AB. 

1. Let CD fall within the^triangle ; then, since ADC, 6DC are right 
angled spherical triangles, the angles A, B must each be of the same affec 
- tion with CD (14.). 
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3. Let CD fall without the triangle ; then (14.) the angle B ii of the 
same affection with CD ; and the angie CAD is of the same affection with 
CD ; therefore the angle CAD'and B are of the same affection, and the 
angle CAB and B are &eiefore of different affections. 

CoR. Hence, if the angles A and B be of the same affection, the per- 
pendicular will fall within the base ; for if it did not, A and B wonld be of 
different affection. Aikd if the angles A and B be of different affection, 
the perpendicular will fall without the triangle ; for, if it did not, the angles 
A and B would be of the same affection, contrary to the supposition. 

PROP. xvn. 

If to the base of a spherical trianglt a peTperidicularhairaain from the opposite 
angle, which eilher falls toilhin the triangle, or is t!ie nearest of the two that 
faU tuithout; the hast of the segments of the base is adjacent to the least of 
the sides of the. triangle, or to^ greatest, according as the sum of the sides 
is less or greater than a semicircle. 

Let ABEF be a great circle of a sphere, H its pole, and GHD any cir- 
cle passing through H, which therefore is perpendiculai to the circla 
ABEF. Let A and B be two points in the circle ABEF, < 
sides of the point D, and let D be nearer 
to A than to B, and let C be any point 
in the circle GHD between H and D. 
Through the points A and C, B and C, 
let the area AC and BC be drawn, and 
let them be produced till they meet the 
circle ABEF in the points E and F, 
then the arcs ACE, BCF are semicb- 
cles. Also ACB, ACF, CFE, ECB, 
are four spherical triangles continued 
by arcs of the same circles, and haying 
the same perpendiculars CD and CG. 

I. Now beoauBe CE is nearer to the arc CHG than CB is, CE is greater 
than CA, and therefore CE and CA are greater than CB and CA, where- 
fore CB and CA are less than a semicircle ; but becanse AD is by sup- 
position less than DB, AC is also less than CB (13.), and therefore in tins 
case, viz. when the perpendicular falls within the triangle, and when the 



1 opposite 
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sum of the sides is leas than a semicircle, the last segment is adjacent to the 
least side. 

2. Again, in the triangle FCA the two sides FC and CA are less than 
a semicircle ; for since AC is less than OB, AC and OF are less than BC 
and OF. A^o, AC is less than CF, because it is more remote from CHO 
than CF is ; therefore in this case also, viz. when the perpendicular falls 
without the triangle, and when the sum of the sides is less than a semicir- 
cle, the least segment of the base AD is adjacent to the least side. 

3. But in the triangle FCE the two sides FC and CE are greater than 
a semicircle ; for, since FC ia greater than CA, FC and CE are greater 
than AC and CE. And because AC is leas than CB, EC is greater than 
CF, and EC is therefore nearer to the perpendicular CHG than CF is, 
wherefore KG ia the least segment of the base, and is adjacent to the 
greater side. 

4. In the triangle ECB the two sides EC, OB are greater than a semi- 
circle ; for, since by supposition CB is greater than OA, EC and CB are 
greater than EC and CA. Also, EC is greater than CB, wherefore ia 
this case, also, the least segment of the base EG is adjacent to the greatest 
side of the triangle. Therefore, when the sum of the sides is greater than 
a semicircle, the least segment of the base is adjacent to the greatest side, 
whether the perpendicular fall within or without the triangle ; and it has 
been shewn, that when the sum of the sides is less than a semicircle, the 
least segment of the base is adjacent to the least of the sides, whether the 
perpendicular fall within or without the trian^. 

PROP. XVIII. 

/» right angled spherical triangles, the sine of either of the sides about the right 
angle, is to the radius of the sphere, as the tangent of the remaining side is 
to the tangent of the angle opposite to that side. 

Let ABC he a triangle, having the right angfe at A ; and let AB be 
either of the sides, the sine of the side AB will be to the radius, as the tan- 
gent of the other side AC to the tangent of the angle ABO, opposite to AC. 
Let D be the centre of the sphere ; join AD, BD, CD, and let AF be drawn 
perpendicular to BD, which therefore will -be the sine of the arc AB, and 
firom the point F, let there be drawn in the plane BDC the straight line 
FE at right angles to BD, meeting DO in 
E, and let AE be joined. Since therefore 
the straight line DE is at right angles to 
both FA and FE, it will also be at right 
angles to the plane AEF (4. 2. Sup.) ; 
wherefore the plane ABD, which passes 
through DF, is perpendicular to the plane 
AEF {17. 2. Sup.), and the plane AEF 
perpendicular to ABD : But the plane 
ACD or AED, is also perpendicular to 
the same ABD, because the apherical an- 
gle BAC ia a right angle . Therefore AE, 
uie common section of the planes AED, 
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AEF, is at right angles to the plane ABD (18. 2. Sup.), and EAF, EAD 
are right angles. Therefore AE is the tangent of the arc AC ; and in the 
rectilineal triangle AEF, having a right ai^le at A, AF is to the radius as 
AE to the tangent of the angle AFE (1. PL Tr.) ; but AF is the aine of 
the arc AB, and AE the tangent of the arc AC ; and the angle AFE is 
the inclination of the planes CBD, ABD (4. def. 3. Sup.), or is equal to the 
spherical angle ABC : Therefore the sine of the arc AB is to the radius as 
the tangent of the arc AC to the tuigent of the opposite angle ABC. 

Cor. Since by this proposition, aia- AB : R : : tan. AC : tan. ABC ; 
and because R : cot. ABC : : tan. ABC : R (1 Cor. def. 9. PI. Tr.) by 
equality, sin. AB : cot. ABC : : tan. AC : R. 



In right angled spherical triangles the sine of the hypotenuse ts to the radius as 
the sine of cither side is to the siTie of the angle opposite to that side. 

Let the triangle ABC be right angled at A, and let AC be either of the 
sides ; the sine of the hypotenuse 6C will be to the radius as the sme of 
the arc AC is to the sine of the angle ABC. 

Let D be the centre of the sphere, and let CE be drown perpendicular 
lo t)B, which will therefore be the sine of the hypotenuse BC ; and from 
the point £ let there be drawn in the 
plane ABD the straight line EF per- 
pendicular to DB, and Ut CF be joined ; 
then CF will be at right angles to the 
plane ABD, because as was shewn of 
£A in the preceding ptoposidoD, it is 
thecommoo section of two planes DCF, 
ECF, each perpendicular to the plane 
ADB. Wherefore CFD,CFE are right 
angles, and CF is the sine of the arc 
AC i and in the triangle CFE having 
the right angle CFE, CE is to the radius, aa CF to the s 
CEF(I. PI. Tr.). But, since CE, FE are at right angles to DEB, which 
is the coramon section of the planes CBD, ABD, the angle C£F is equal 
to the inclination of these planes (4. def. 2. Sup.), that is, to the spherical 
. angle ABC. Therefore the sine of the hypotenuse CB, is to the radius, as 
the sine of the side AC lo the sine of the opposite angle ABC. 

PROP. XX. 
In right angled spheriet^^ tnangles, the cosine of the hypotenuse is to the radius 




rof. 



as the cotangent of etthsr of the angles is to the tangent of the remaining 

Let ABC be a spherical triangle, having a right angle ^ A, the cosine 
of die hypotenuse BC is to the ladius as &e cotangent of the angle ABC 
to the tangent of the angle ACB. 
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Describe tlie circle DE, of vhich B is the pole, and let it meet AC in 
F uid the circle BC in E ; aud siuce the oitcle BD pases thiough the 




pole B, of the circle DF, DF must pass through the pole of BD (4.). And 
since AC is perpend icular to BD, the plane of the circle AC is perpendi- 
cular to the plane of the circle BAD, and therefore AC must also (4.) pass 
through the pole of BAD ; wherefore, the pole of the circle BAD is in the 
point F, where the circles AC, DE, intersect. The arcs FA, FD are 
therefore quadrants, and likewise the arcs BD, BE. Therefore, in the tri- 
angle CEF, right angled at the point E, CE is the complement of BC, the 
hypotenuse of the triangle ABC ; EF is the complement of the arc ED, 
the meaaore of the angle ABC, and FC, the hypotenuse of the triangle 
CEF, is the complement of AC, and [he arc AD, which is the measure of 
the angle CFE, is the complement of AB. 

But (1 8.) in the triangle CEF, ain. CE : R : : tan. EF : tan. EOF, that 
is, in the triangle ACB, cos. BC : R : : cot. ABC : tan. ACB. 

Cor. Because cos. BC : R : : cot. ABC : taii. ACB, and (Cor. 1. def. 9. 
PI. Tr.) cot. ABC : R : : R : tan. ABC, ex tequo, cot. ACB : coa. BC : : R 
: cot. ABC. 



In right angled spheneal triangles, the cosine of an angle is to the radius as the 
tangenlof the side adjacent to that angle is to the toTigent of the hjfpotenttse. 

The same construction Tomaining ; In tho triangle CEF, sin. FE : R : : 
tan.CE :tan.CFE(18.): butsin.EF=coH. ABC ; tan. CE=cot. BC,and 
tan. CFE=cot. AB, therefore coa. ABC : R : : cot. BC : cot. AB. Now, 
because (Cor. I. def. 9. PI. Tr.) cot. BC r R : : R : tan. BC, and cot. AB : 
R : : R : tan. AB, hy equality inrerscly, cot BC : cot. AB : : tan. AB : 
BC; therefore (11. 5.) coa. ABC : R : : Ian. AB : tan. BC. 

CoK. 1 . From the demonstrstion it is manifest, that the tangents of any 
two arcs AB, BC are reciprocally proportional to their cotangents. 



b, Google 



SPHERICAL TRIGONOMETRY. 
P 




Cor. 2. Because cos. ABC : R : i tan. AB : tan. BC, and R : coa. 6C : : 
tan. BC : R, by equality, coa. ABC : cot. BC : : tan. AB : R. That ie, the 
cosine of any of iJie oblique angles is to the cotangent of the hypotenuse, 
as the tangent of the side adjacent to the angle is to the radius. 

PROP. XXII. 

In right angled spherical triangles, the cosine of either of the sides is to the ra- 
dius, as the cosine of the hypotenuse is to the eosine of the other side. 

The same construction remaining: In the triangle CEF, sin. CF : R : : 
sin. CE : sin. CFE (19.) ; but sin. CF=co9. CA, sin. CE=cos. BC, and 
sin. CF£=cos. AB ; theiefore coa. CA : R : : cos. BC : cos. AB. 



Inright angled spherical triangles, thecosineof either of the sides is to the ra- 
diuSfOS the eosint of the angle opposite to that side is to the sine of the other 

The same construction remaining : In the triangle CEF, sia. CF : R : : 
sitt.EF : ain.ECF(19.); but ain. CF=cos. CA.sin. EF=co8. ABC.and 
sin. ECF=Bin. BCA : therefore, cos. CA : R : : cos. ABC : sin. BCA. 



In spherieal triangles, whether right angled or obK^ue angled, the sines of the 
sides are proportional to tSl sines of the angles opposite to them. 

First, let ABC be a right angled triangle, haTine a right angle at A; 
therefore (19.), the sine of the hypotenuse BC is to Uie ladius, (or the sine 
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of the light angle at A), as tlie nne of 
the side AC to the sine of the angle B. 
And, in like raaiinei, the sine of 6C is 
10 the sine of the angle A, as the sine 
of AB to the sine of the angle C ; 
wherefore (11. 5.) the sine of the side 
AC is to the siae of the uigle B, as the 
sine of AB to the sine of the angle C. 

Secondly, Let ABC he an oblique angled triangle, the sine of any of the 
sides BC will be to the sine of any of the other two AC, as the sine of the 
angle A opposite lo BO, is to the sine of the angle B opposite to AC. 
Through the point C, let there be drawn an arc of a great circle CD per- 
pendicular to AB ; and in the right angled triai^e BCD, sin. BC : K : : ' 



r^ 




sin. CD : sin. B (19.); and in the triangle ADC, sin. AC : R :: sin. CD : 
sin. A ; wherefore, by equality inversely, sin. BC : sin. AC : : sin. A : sin. 
B. In the same manner, it maybe proved that sin. BC : sin. AB : : sin. 
A : sin. C, &.C. 

PROP. XXV. 

/« oblique angled spherical triangles, a perpendicular arc ieing draien from 
any of the angles upon the opposite side, the cosines of the angles at the base 
are proportional tothe sinesofthe segments of Ike vertical angle. 

Let ABC be a triangle, and the are CD perpendicular to the base BA ; 
the cosine of the angle B will be W the cosine of the angle A, as the sine 
of &e angle BCD to the sine of the angle ACD. 

For having drawn CD perpendicular to AB, in the right angled triangle 
BCD (23.), COS. CD : R : : cos. B : sin. DCB ; aud in the right angled 
triangle ACD, cos. CD : R : : cos. A ; sin. ACD ; therefore (11. 5.) cos. 
B : sin. DCB i : cos. A : sin. ACD, and alternately, cos. B : cob. A : : sin. 
BCD : sin. ACD. 

PROP. XXYI. 

The same things remaining, the cosines of ike sidesBC,CA,areproportioMU 
to the cosines ofBD, DA, the segments of the base. 

ForinthetriangleBCD(22.),coa.BC: cos. BD : ; cos. DC; R, andin 
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the triangle ACD, cos. AC : cos. AD : : cos. DC : R ; therefore (11. S.> 
COS. BC : COS. BD : : cos. AC : cos. AD, and alternately, cos. BC : cos, 
AC : : COS. BD : cos. AD. 

PROP. XXVII. 

The same eonstruetion Temaining, the sines of BD, DA, (Ac segments ef the 
basa are reeiproeatty pn^ortiokcU to the tangents ofB and A, the angles 

at the base. 

In the triangle BCD (18.), sin. BD : R : : tan. DC : tan. B; and in the 
triangle ACD, sin. AD : R : : tan. DC : tan. A ; therefore, hy equality in- 
versely, sin. BD : sin. AD ; : tan. A : tan. B. 




PROP. XXVIII. 

The Sams construction remaining, the cosines of the segments of the verttad 
angle are reciprocally proportional to the tangents of the sides. ■ 

Because (21.), cos. BCD : R : : tan. CD ; tan. BC, and also cos. ACD 
R : ; tan. CD : (an. AC, by equality tuTersely, cos. BCD : cos. ACD : : 



PROP. XXIX. 

If from an oTigle of a spherical triangle there be dravm a perpeitfticular to the 

opposite side, or base, the rectangle contained by the tangents of haif the 
sum, and of half the differejiee of the segments of the base is equal to the 
rectangles contained by the tangents of half the sum, and of half the diffe- 
rence of the two sides of the triangle. 

Let ABC be a spherical triangle, and let the arc CD be drawn irom the 
angle C at right angles to the base AB, tan. \ (m+n) x tan. X im—n)=\ 
tan.(a+i)Xitan.(«-J). 

Let BC=o, AC=6 ; BD=fft, AD=:n. Because (36.) cos. a : cos. 6 ; : 
COS. m; COS. m(E..'>.), cos. o+6 ; cos. o— cos. 6 : : cos. m+cos. n : cos. m— 
COS. n. But (1. Cor. 3. PI. Trig.), cos. a+cos. b : cos. 
(o+6) : tan. \ (a—b), and also, cos. m+cos. n : cos. 
(ns+n) : tan. ^ {m—n). Therefore, (U. 5.) cot. \ (o+i) : Un. J (i 
: : cot. ^ (ffl-f n) : tan. ^ {m—n). And because rectangles of the same al- 



1 : : cot. * 
i same al 
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bttide are u theii bases, Ian. i (ii-|-i)xcoL i(fi+i) : tan. 1 (ii+&)xtan. 
4 («-6) :: tan. i (m+n)xcot.lf («,+») : tan. * (mX»)+tan. J(m-«). 
Now the firat and thud terms of this proportion are equal, being each etpial 
to the square of the radius (l.Cot. PI. Trig.), therefore the remaining two 
are equal (9. 5.), or tan. l(m+n}xtan. |(m-T.)=tan. J (o+6)xtan. J 
(a-i); that is, tan. I (BD+AD)xtan. 4 (BD— AD)=tan. 4 (BC+AC) 
XtM. i(BC-AC). 

Cor. 1. Because the sides of equal rectangles are recipiocall]r propor- 
tional, tan. ^ (BD+ AD) : tan. 4 (BC+AC) :: tan. ^(BC —AC) : tan. 1 
(BD-AD). 

CoK. 2. Since, when the perpendicular CO faUs within the triangle, 
BD+ AD=AB, the base ; and when CD falls without the thangle BD— 
AD=AB, therefore, in the first caae, the pToportion in the last corollary 
becomes taa.J(AB) : tan. j(BC+AC) :: tan.|(BC— AC) : tan.^JBD— 
AD) ; and in the second case, it becomes by inversion and alternation, tan. 
} (AB) : tan. \ (BC+AC) : : tw. ^ (BC— AC) : tan. } (BD+AD). 




The preceding proposition, which is very useM in spherical trigonome-< 
try, may be easOy remembered from ita analogy to the (^oposition in plane 
trigonometry, that the rectangle under half the sum, and half the diSerence 
of the sides of a plane triangle, is equal to the rectangle under half the 
stim, and half the difference of the aegments of the base. See (K. 6.], also 
4th Caae PI. Tr. We are indebted to Napier for this and the two foUow- 
inf theorems, which are so well adapted to calculation by Logarithms, 
that they must be consideied as three of the most valuable proposidous in 
Trigonometry. 

33 
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PROP. XXX. 
If a perpendicular be drmon fivm an angle of a spherical triangle to tSe oppo- 
site side or bast, the sine of the sum of the angles at the base is to the sins 
of their difference as the tangent of ^f the base to the tangent of half the 
difference of its segments, i^ien the perpendiealar falls within; bat as tht 
eo-tangenttf half the base to theco-langeM of hdf the torn of the segments, 
when the perpenaietdar falls without the triangle ; And the sine of the sum 
of the tv>o ^des is to the tine of their difference as the eo-tangeiU of half 
the angle contained by the sides, to the tangent of half the difference of 
the angles which the perpendiealar makes with the same sides when it fails 
within, or to the tangent of half the sum of these angles, vhen it fails with- 
out the triangle. 

If ABC be a aphericat triangle, and AD a perpendicular to the baae BO, 
eia. (C+B) : Bin.(O-B) : : taQ. JBO i tan. 1 (BD-DC), when AD feUa 
within the triangle ; but «in. (C+B) : sin. (C— B) : ; coL ^ BC : cert. | 



(BD+DC), when AC falls without. And again, 




sin. (AB+AC) : sin. (AB— AC) : : cot. J BAG : tan. ^ (BAD— CAD), 
when AD falls within ; but when AD falls without the triangle, 
sin. (AB+AC) : sin. (AB— AC) : : cot. ^ BAG : tan. i(BAD+CAD). 
Forinth6triangleBAC(37.),tan. B ; tan. C ; : sin. CD : sin. BD.and 
therefore (E. 5.), tan. C+tan. B ; tan. C— tan. B : : sin. BD+sin. CD : 
sin. BD— sin. CD. Now (by the annexed Lemma), tan. C+tan. B : tan. 
C— tan. B : : ain. (C+B) : sin. (C—B), and bid. BD+sin. CD : sin. BD 
-sin. CD :: tan. J (BD+CD) : tan. ^ (BD~CD), (3. PI. Trig.), there- 
fore, because ratios which are equal to the same ratio are equal to one 
another (11. 5.), sin. (C+B) ; sin. (C—B) : : tan. ^ (BD+CD) : tan. } 
(BD— CD). 
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Now when AD is within the triangle, BD+CD=BC, and therefore sin. 
(C+B) : Bin. (C-B) : : tan. J BC : tan. J (BD— CD). And again, when 
AD is witliout the triangle, BD—CD=BC, and therefore sin. (C-f B) : ain. 
(C— B) ::taR.^(BD+CD) : tan. ^ BC, or because the tangents of any 
two aics are reciprocally as their co-tangents, in (C+B) : ain. (C— B) : : 
cot. * BC : cot, J (BD+CD). 

The second part of the proposition is next to be demonstrated. Because 
(28.) tan. AB : tan. AC : ; COS. CAD ; cos. BAD, tan. AB+tan. AC ; tan. 
AB— ten. AC : : cos. CAD+cos. BAD : cos. CAD-coa. BAD. But 
(Lemma) tan. AB+tan. AC ; tan. AB— tan. AC : : sin. (AB+AC) : sin. 
(AB— AC), and (1. cor. 3. PI. Trig.) cos. CAD+cos. BAD : cos. CAD— 
COS. BAD -. : cot. i (BAD+CAD) : tan. J (BAD-CAD). Therefore (U. 
5.) ain. (AB+AC) : sin. (AB-AC) : : cot. ^ (BAD+CAD) : tan. J (BAD 
—CAD). Now, when AD is within the triangle, BAD+CAD=BAC, 
and therefore sin. (AB+AC) : sin. (AB -AC) : : cot. 1 BAC ; tan. t (BAD 
-CAD.) 
But if AD be wiihoul the triangle, BAD— CAD=BAC, and therefore 
sin. (AB+AC) : sin. (AB-AC) : ; 
cot. I (BAD+CAD) : tan. ^ BAC ; or becauae 
cot. i (BAD+CAD) : tan. I BAC : : cot. 1 BAC : 
tan. 4 (BAD+CAD), sin. (AB+AC) : sin. (AB— AC) : : cot. I BAC : 
tan. i (BAD+CAD). 

LEMMA. 

The «*m of the tangtiUs of any tvM arcs, ii to the difference of their tangents, 
as the sine ^ the sum of the ares, to the sine of their difference. 

Let A and B be two arcs, tan. A+tan. B ; tan. A— tan. B : : sin. (A+B) 
: (A-B). 
For, by (j 6. page 232, sin. A X cos. B + cos. A X si 

therefore dividing all by cos. Acos.B, 




manner it is proved that tan. A —tan. B = '-4 tt- Therefore tan. A 

' COS. Ax COS. B 

+tan. B : tan. A— tan. B : : sin. (A+B) : sin. (A— B). 

PROP. XXXI. 

Tkt sine of half the svm of any two angles of a spherical triangle is to the 
tineof half ^T difference, as the tangent of half the aide a^^cent to these 
angles is to the tangent of half the difference of the sides opposite to them; 
and the cosine of half the sum of the same angles is to the cosine of half 
their difference, as the tangent of half the side adjacent to them, to the tan- 
gent of half the sum of the sides opposite. 

LetC+6=2$, 0—6=30, the base BCsSB, and the difference of 
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the segments of the bue, ot BD— CD=2X. Then, becanse (30.) An. 
(C+B): sin. {C— B)::ian. JBC: tan.i(BD-CD),Bin.3S:sin. 2D 
:: tun. B : tan. X. Now, sin. 2S=Bin. (S+S)=2 aiii. Sx cos. S, (Sect 
III. cor. PI. Tr.). In the same manner, ein. 2D=2 sin. Dxcofc D ' 
Therefore sin. Sxcos. S : sin. Dxcos. D : i tan. B : tan. X. 





Agam, in the epfaerical triangle ABC it has been proved, that sin. 0+ 
sin. B : sin. C— sin. B : ; sin. AB+sin. AC : sin. AB— sin. AC, and suce 
sin. C+sin. B=3 sin. * (C+B)+cos, j(C-B), {Sect. 111.7. PI. Tr.)= 
a sin. S X COB. D ; and sin. C— sin. B=2 cos. i (C+B)Xsin. J (0— B)= 
2 COS. S X sin. D. Therefore 3 sin. S X coa. D : 2 cos. S X sin. D : : sin. 
AB+sin. AC : sin. AB— ain. AC. But (3. PI. Tr.) sin. AB+sin. AC : 
am. AB— sin. AC : : tan. ^ (AB+ AC) : tan. i (AB— AC) : : tan. .Z : tan. 
^, X being equal to ^ (AB+AC) and '^ to ^ (AB— AC). Therefore sin. 

SXcos. D : GOB. Sxstn. D : : tan. .7 : tan. J. Since then ' - -■ 



sin. S X COS. S • tan. i sin. S X cos. D' 

eonalB **". X tan, ^ ^ (sin. Df X cos. S X cos. D (sin. Bf 

•tan. B tan. .£ {sin. S)''xcos. Sxcos. D (sin. 5)^' 

* 'tan. J{AB— AC) tan. J DC ' 'tan.^^ tan. B 

, , ^ tan. X tan, ^x tan. •t:' , tan. X tan. •t:' tan. ^ 

_ Ian. X ton. ^ (sin. D)* , (ton. ^' (sin. D)* , ton. J 

="'srB>=s5:i=(ars)i' "'"•'"' jsrs^-jisrsf- ""'setb 

^-.' ' , or sin. S : sin. D : : tan. B : taa. ^, that is, sin- (C+B) : lin. 

(C— B) : : tan. ^ BC : tan. ^ (AB— AC) ; which is the first pait of the 
... tan. J COS. S X sm. D , tan. X 

propositioii. Again, since ==-= — ^ r^i or inTersely ;= 

f t"^ e • tan. J sin. Sxcob. D' ' tan. .J 

sin.Sxco8.D , . tan.X sin.Dxcoa.D , - . ,„_,. 

n : — =r; and siBce TT=-T — K ai thonrforebTuniltirai" 

, COS. Sxsm. D tan. B wn. Dxcos. S' ' ■ "^ 

^ tan. X tan. J _ (cos. Df 
c^on, ^ B^t^ ^ {ctm. Sf 
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_ . , , , , twi. X tan. X X tan. ^ , ^ 

But It was abead^ shewn that — — 5=* /,_- iim — > wherefore also 

tap.X tan. J _ (taD. Sf 
taa. B*^un. -tf~"(lan. Bf 
„ tan. X tan. X (cob. DP . . . , 

Now, =x 7= , ' ,..- ■ a« haa juat been shewn. 

tan. B tan. j1 (cos. S)* ' 

_, , (cos D)2 (tan. ZV , . cori. D tan. 2 

Therefore ) ^=7:^ jri;, and consequently == fr-.orcos, 

(cos. S)» (tan. B)* * ' cos. S tan. B 

S : COS. D :: tan. B : tan. .S', that is, cos. (C+B) : cos. (C— B) : : tan. ^ 
BC : ton. ^ (C+B) ; which is the second part of the proposition. 

Cor. I. By applying this proposition to the triangle supplemental to 
ABC (11.) and by considering, that the sine of half the sum or half the 
difference of the supplemoBts of two area, is the same with the sine of half 
the sum or half the difference of the arcs themaelves : aad that the same 
is true of the cosines, and of the tangents of half the sum or half the dif- 
ference of the supplements t>f two arcs ; but that the tangent of half the 
supplement of an arc is the same with the cotangent of half the arc itself; 
it will follow, that the sine of half the sum of any two sides of a spherical 
tnangle, is to the sine of half their difference as the cotangent of half the 
an^e contained between them, to the tangent of half the difference of the 
angles opposite to them : and also that the cosine of half the sum of these 
sides, is to the cosine of half their difference, as the cotangent of half the 
angle contained between them, to the tangent of half the snm of the sngles 
opposite to them. 

Cor. 2. If therefore A, B, C, be the three angles of a spherical trian- 
(^e, a, ft, c the sides opposite to them, 
I. sin. 1(A+B):sin. l(A-B):: Um.le : Vai.l(a~b). 
II. COS. I (A+B) : cos. 1 (A-B) : : tan.i e : tan. i (a+i). 

III. sin. t (a+b) : sin. I (a-J) : : tan. J f5 : tan. ITA-B). 

IV. COS. i (a+fr) : coa. \ (a-h) : : tan. | C : tan. | (A+B). 
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PROBLEM L 

In a right angled spherical triangle, of the three ndea and three anglee, any 
two being given, beside* the r^ht angle, to jiiid the other three. 

This problem has sixteen cases, the solutionB of which are contained 
in th« followiDg table, wheie ABC is any spherical triangle right angled 
UA. 



aiTiN. 


MDOHT. 


■OLOTIOH. 




BCandB. 


AC. 

AB. 

c. 


R:einBC::iinB:8inAC, (19). 
R : cos B : : tan BC : lan AB, (21). 
R : cos BC : : tan B : cot C, (20). 


1 
2 
3 


AC and C. 


AB. 
BC. 
B. 


R : sin AC : : tan C : tan AB, (18). 
cosC : R:: tanAC: tanBC. (21). 
R ; cos AC : : sin C : CO* B, (23) 


4 
6 
6 


AC and B. 


AB. 
BC. 
C. 


lan B : tan AC : : R : sin AB, (18). 
sm B : sin AC : : R : Bin BC, (19) 
cos AC : cos B : : H : sin C, (23). 


7 
8 
9 


ACandBC. 


AB. 
B. 
C. 


COB AC : cos BC : : R : cos AB, (22) 
)inBC:sin AC::R:BinB, (19). 
tan BC : tan AC : : R : COB C, (21). 


10 
11 
12 


AB and AC. 


BC. 
B. 

0. 


R : cos AB : : coi AC : cos BC, (22). 
sin AB : R : : tan AC : tan B, (18) 
sin AC : R : : tan AB : tan C, (18) 


13 
14 
14 


BaadC. 


AB. 
AC. 
BC. 


sin B : cos C : ; R : cos AB, (23). 
rin C : cos B : : R : cos AC, (23). 
tan B : cot C : : R : COB BC, (20). 


15 
16 
16 
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TABLE f<n detemiiiiing the affectionB of the Sidea and An^es found by 
the preceding rules. 



AC and B of the same affection. 

If BC ^ 90°, AB and B of the same affection, otherwise dif- 
ferent, (Cot. 15.) 

If BC £ 90°, C and B of the same affection, otheiwiee diffe- 
rent, (15.) 



AB and C are of the same affection, (14.) 

If AC and Care of the same affection, BC'/ 90°; otherwise 

BC/90°, (Cor. 15.) 

B and AC are of the same affection, (14.) 



Ambiguous. 
Ambiguous. 



When BC/ 90°, AB and AC of the same; otherwise of dif- 
ferent affection, (IS.) 
AC and B of the same affection, (14.) 
When DC/ 90°, AC and C of the same ; otherwise of dif- 
ferent affection, (Cor. 15.) 



BC/d0°, when AB and AC are of the same affisction, 

(1. Cor. 15.J 
B and AC of the same affection, (14.1 

C and AB of the same affection, (14.) 



AB and C of the same affection, (14.) 

AC and B of the same affection, (14.) 

When B and C are of the same affection, BC/90o, other- 

wise, BC79()°, (IS.) 



The cases marked ambiguous are those in which the thing sought has 
two values, and may either be equal to a certain angle, or lo the supple- 
ment of that angle. Of these there are three, in all of which the things 
given are a side, and the angle opposite to it ; and accordingly, it is easy to 
shew that two right angled spherical triangles may always be found that 
have a side and &e angle opposite to it the same in both, but of which the 
remaining sides, and the remaining angle of the one, are the supplements 
of the remaining sides and the remaining angle of the other, each of each. 

Though the affection of the arc or angle found may in all the other cases 
be determined by the rules in the second of the preceding tables, it is of 
use lo remark, that all these rules except two, may be reduced lo one, viz. 
that when the thing found by the Titles ut the first table is eith&r a tangent or 
a cosine ; and inhen, of the tangents or cosines employed in the computation of 
it, one only belongs to an obtuse angle, the angle required is also obtuse. 
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Thus, in the 15th case, when cos AB ia found, if Cb« an obtosesn^, 
because of cos C, AB must be obtuse ; and in case 16, if eithoi B or C be 
obtuse, BC is grester thaa 90°, but if B and are either both acute, or 
both obtuse, BC is leas than 90°. 

It is evident, that this rule does not apply when that which is found ia 
the sine of an arc ; and tliis, besides the uiree ambiguous cases, happens 
also in other two, viz. the Ist and 11th. The ambiguity is obviated, in 
these two cases, t^ this rule, that the sides of a spherical right angled tri 
angle are of the same affection with the opposite angles. 

Two rules are therefore sufficient to remove the ambiguity in all the 
cases of the right angled triangle, in which it can possibly be remored. 



b, Google 



SPHERICAL TRIGONOMETRY. 863 

It may be useful to express the same aolulions as in the annexed table. 
Let A be at the right angle as in the figure, and let the aide opposite to it 
be ; let i be the side opposite to B, and c the side opposite to G. 



6IV.». \»OV<,Ut. 


■OWtlON. 




aandB. 


b. 
C. 


sin i = sin a X sin B. 
tan c = tan a X cos B 
cotC = costf X tanB. 


1 

2 
3 


6andC. 


c. 
a. 
B. 


tanc =sin i X tanC. 

tani 

COB B = COB J X sin C. 


4 
5 
6 


iandB. 


0. 

C. 


tan b 
™''~lanB' 

Bin J 

•"•=srB- 


7 
8 
9 


aanib. 


B. 
C. 


Bi„,= 2L!.' 

Cl» f 

. _ «» i 


10 
11 
12 


h and c. 


a. 
B. 

C. 


cos a = COS J X COB c. 
.a.B = ^. 


13 
14 

14 


BandC 


e. 
b 


cosC 
cotC 


15 

15 
16 
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In any ebliqae angled spherical triangle, of the tkrft tides and three OTtglet, 
any three being given, it is rehired to find tht other three. 

In this Table the Tefeieoces (c. 4.), (c. 5.), Slc. are to the caaea in the 
preceding Table, (16.), (27.), &c. to the propositionB in Spherical Trigo- 



»IT.». 


«.nOHT. 


K,LOT.O«. 


I 

TwDsidu 

AB, AC, 

and the in- 

2 eluded angle 

A. 


One of the 

Dlhei angles 

B. 


Let fall the perpendicular CD from 
the unknown angle, not lequir- 
ed,onAB. 

R : COB A : : tan AC : tan AD, 
(c. 2.) ; therefore BD is known, 
and Bin BD : sin AD : : tan A : 
tan B, (27.) ; B and A are ol 
the same or diffeient aflection, 
■ according as AB Ib greater or 
leaa than BD, (16.). 


The third 
Bide 

Ba 


Let faU the perpendicular CD from 
one of the unknown andea on 
the aide AB. 

B : cos A : : tan AC : tan AD, 
(C.2.); therefore BD is known, 
■ndcosAD : cosBD: : cosAC 
: cos BC, (26.) ; according aa 
dke segments AD and DB are of 

AC and OB will be of the same 
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TABLE continued. 



SITU. 




«.l,i™ioi.. 


3" 

Two angles, 
AandACB, 

and 

AC, 
the aide be- 
tween them. 

4 


The aide 
BC. 


From C the eztreinity of AC near 
the side sought, let fall the per- 
pendicular CD on AB. 

R : COS AC :: tan A : cot ACD, 
(c.3.); therefore BCD is known, 
and COB BCD : cos ACD : : laa 
AC : tan BC, (28.). BCialeas 
01 gieatei than 90°, according 
aa the angles A and BCD are 
of the same, oi different affec- 
tion. 


The third 

aogle 

B. 


Let fall the perpendicular CD from 
one of the given angles on the 
opposite Bide AB. 

R : cos AC : : tan A r cot ACD, 
(c. 3.) ; therefore the angle BCD 
is given, and sin ACD : sin BCD 
: : cos A : cos B, (25.) ; B and 
A are of the same or differ- 
ent affection, according as CD 
Ms within or without the tri- 
angle, that is, according as ACB 
is greater or less than BCD, 
(16.). 
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TABLE continued. 



a.T«N. 


.ODOHT. 


.OLUTIOS. 


9 

Two Sides 
AC and BC, 
and an angle 

A 

opposite to 

one of them, 

BC. 

7 


The angle 

B 
opposite to 
the other gi- 
ven side 
AC. 


Sin BC : ain AC ; : sin A : sin B. 
(24.) The affection of B is am- 
biguous, unless it can be deter- 
mined by this rule, that accord- 
ing as AC + BC is greater or 
leas than 180°, A-|-B is greatet 
orless thanlSOo, (10.) 


Th« angle 

ACB 
contained by 

the given 

sides 

ACandBC. 


From ACB the angle sought draw 
CD perpendicular to AB ; then 
R: cos AC:: tanA:cotACD 
(C.3.); and tan BC: tan AC ; : 
COB ACD : COS BCD. (28.) ACD 
± BCD = ACB, and ACB is 

bignous sign + or — . 


The third 
Bide 
AB. 


Let faU the perpendicular CD ftom 
the angle C, contained by the 
given sides, upon the side AB. 
R : cos A : : tan AC : Un AD, 
(c. 2.) ; COB AC : cos BC : : cos 
AD : cos BD, (26.) 
AB=AD±BD, whorefore AB 
is ambiguous. 




b,GoogIc 



SPHERICAL TEIGONOMETBY. 
TABLE coadnned. 





aiTtM. 


iODOHT. 


«aLDI.O«. 




The aide 


Sin B : sin A : : sin AC : sin BC, 






BC 


(24) ; the affection of BC is un- 






Opposite 


certain, except when it can be de- 


8 




to the 


termined bf this rule, that accord- 






oiher 


ing as A-f-B is greater or less than 






given an- 


180°, AC-t-BC is also greater or 






gle A. 


less than ISQO, (10.). 




Two angles 










F^m the unknown an^e C, draw 




A,B, 


' The side 


CD perpendicular to AB ; then 






AB 


R : cos A : : tan AC : tan AD, 




and a side 


adjacent 


(c. 2.) ; tan B : tan A : : sin AD : 






to the 


sin BD. BD is ambiguous ; and 


9 


AC 


given 


therefore AB = AD ± BD mar 
have four values, some of which 






angles 






A,B. 


wUl be excluded by this condition, 
that AB must be less than 160°. 




one of them 












From the angle required, C, draw CD 




B. 




perpendicular to AB. 






The third 


R : eo9 AC : ; tan A : cot ACD, 
(c. 3.), cos A : cos B : : sin ACD : 






angle 


sin BCD, (25.). The affection o( 


10 






BCD is uncertain, and therefore 






ACB. 


ACB = ACD ± BCD, has four 
values, some of which may be ex- 
cluded by the condition, that ACB 
is leas than 180°. 






From C one of the anglea not requir- 




The three 




ed, draw CD perpendicular to AB. 
Find an arc £ such that tan i AB 
: tan 1 (AC-|-BC) : : tan i (AC— 
BC) : tan J E ; then, if'^ AB be 




dd«.. 




II 




One of the 




AB.AC. 




^eater than E, AB is the sum, and 
E the difference of AD and DB ; 






angles 




and 




but if AB be leaa than E, E ia thr 






A. 


sum and AB the difference of AD, 




BC. 




Dp, (29.). In either case, AD and 
BD are known, and tan AC : tan 








_ 






AD::R:co8A. 
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TABLE continued. 





aiTBH. 


Mnam. 


«.LUT«.«. 








Suppose the supplements of the 








three given angles, A, B, C, to 








be a, b, c, and to be the sides ol 




The three 


One of the 


s spherical triangle. Find, hy 
the last case, the angle of thii 


13 


angles 


Bides 


triangle, opposite to the side a, 
and it will be the supplement of 




A, B.C. 


BC. 


the aide of the given triangle op- 
posite 10 the angle A, that is, of 
BC, (11.); and therefore BC is 














found. 



In the foregoing table, the rules are given for ascertaining the afiectioa 

of the arc or angle found, whenever it can be done : Most of these rules 
are contained in this one rule, which is if general application, viz. ikat 
tcA^rt the Iking foand is either a tangent or a cosine, and of the tangents or 
cosines employed in the eotnputatiott of it, either one or three helotig to obtuse 
angles, tlie angle found is also obtuse. This rule is particularly to be attend- 
ed to in cases 5 and 7, where it renjovea part of the ambiguity. 

It may he necessary to remark wiih respect to the 1 1th case, that the 
segments of the base computed there are those cut off by the nearest per- 
pendicular; and also, that when the sum of the sides is less than 180°, 
the least segment is adjacent to the least side of the triangle ; otherwise 
to the greatest, (17.). 
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The last table may also be convenienily expreaaed in th« following 
manner, denoting the side oppoaite to the angle A, by a, to B by h, and to 
C by e ; and aUo the segmenta of the baae, Oi of opposite angloi by « 



and 



Two iddes 
5 and 
thean^e 
between 
them A. 



Find X, so that 
tan x=tan i X cos A ; then 
sin X X tan A 



Bin [c—x) 



Find X, as aboTe, 
. cos 6 X cos (e— (f) 
then cos a= ^ ■. 



Angles 

AandC 

and 

side i- 



Sides 
a and A 

and 
angle A. 



Find X, 80 ihat 
cbt x=cos i X tan A ; then 
tanSxcosa 



cos A X sin (c— a;) 



Find X, so that 

cot x=coB ixtan A ; then 

„ cos X X tan i 



Find X, so that 
tan«=taniXcos A; andfind 
f, so that 

cos aX' 
cos y: 



COS b 



'MSi. 
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TABLE c 





BITIH. 


«,O.IT. 


WILDTION. 


8 
9 

10 
11 

12 


The angles 
A&ndB 
sndthe 
>ide«. 


a 


sioixainA 


e 


Find ly ao tliat 
tsna;=tanixcos A; andy.M 
tliat 

sin jrxtan A 
"■"*= tanB ■ 


C 


Find x, so that 
cot a!=ooa &x tan A ; and also y, 
•othat 

sinaXco* B 
•»»= CO, A 


«,».«. , 


A 


Let o+6+e=a. 


v'™(!<-»)x.in(J»-.: 


"' ^.i„4x.in. 


Y ■J^"\■>"^^i-< 


' Veinlxune 


A,B,C. 


a 


Let A+B+C=S. 


V»»iSxee.(lS-A 


""* ^.mBxeinC 


„e=.l...''""<i^-'"W«-<= 
" V"»Bx>uiO 
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APPENDIX 

TO 

SPHERICAL 

TRIGONOMETRY, 

CONTAININO 

NAPIER'S RULES OF THE CIRCULAR PARTS. 



The rule of ihe Circular Parts, invented by Napiek, is of grew use in 
Spherical Tngonometty, by reducing all the theorems employed in the 
solution of right angled triangles to two. These two are not new proposi- 
tions, but are merely enunciations, which, by help of a particular arrange- 
ment and classification of the parts of a triangle, include all the eii propo- 
sitions, with their corollaries, which have been demonstrated above from 
the 1 8th to the 23d inclusive. They are perhaps the happiest example of 
artificial memory that is known. 



DEFINITIONS. 



I. If in a spherical triangle, we set aside the right angle, and consider only 
the five remaining parts of the triangle, viz. the'three sides and the two 
oblique angles, then the two sides which contain the right angle, and 
the complements of the other three, namely, of the tff o angles and the 
hypotenuse, are called the Circular Porta. 

Thus, in the triangle ABC right angled at A, the circular parts are AC, 
AB with the complements of B, BC, and C. These parts are called 
circular ; because, when they are named in the natural order of their 
succession, they go round the triangle. 

S. When of the five circular parts any one is taken, for the 'middle part, 
then of the remaining four, the two which are immediately adjacent to 
it, on the right and lefl, are called the adjacent parts ; and the other two, 
each of which is separated from the middle by an adjacent part, are call- 
ed opposite parts. 

Thus in the right angled triangle ABC, A, being the right angle, AC, A6, 
90o_B, 90°— BC, 90°— C, are the circular parts, by Def. 1. ; and if 
35 
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anyone, aa AC.be reckoned the middle part, then AB and 9CP—C, which 
are contiguous to it on different sides, are called adjacent parts ; and 90*' 
— B, 90°— BC are the opposite parts. In like manner if AB is taken for 




the middle part, AC and 90°— B are the adjacent parts : SO"— BC, and 
90t>— C are the opposite. Or if 9^— BC be the middle part, 90— B, 
90<3 — C are adjacent ; AC and AB opposite, &c. 

This arrangement being made, the rule of the circular part is contained 
in the following 

PROPOSITION. 

In a right angled spherical triangle, the rectangle under the radius and the sine 
of the middle part, is equal to the rectangle under the tangents of the a^aeent 
parts ; or, to the rectangle under the cosines of the opposite parts 

The truth of the two theorems included in this enunciation may be 
easily proved, by taking each of the live cirovlar parts in succession for 
the middle part, when the general proposition will be found to coincide 
with some one of the analogies in the table already given for the resolution 
of the cases of right angled spherical triangles. Thus, in the mangle ABC, 
if the complement of the hypotenuse BC be taken as the middle pari, 90° 
— 'B, and 90"^ — C, are the adjacent parts, AB and AC the opposite. Then 
the general rule gives these two ^eorems, Bxcoa BCi=cot Bxcot , 
and Rxco8BC=co8 ABxcos AC. The former of these coincides with 
the cor. to the 20tli ; and the latter with the 22d. 

To apply the foregoing general proposition to resolve any case of a right 
angled spherical triangle, consider which of the three qualities named 
(the two things given and the one required) must be made the middle term, 
in order that iho other two may be equi-distant from it, that is, may be 
both adjacent, or both opposite ; then one or other of the two theorems 
contained in the above enunciation will give the value of the thing re- 
quired. 

Suppose, for example, that AB and BC are given, to find C ; it is evi- 
dent that if AB be made the middle part, BC and C are the opposite parts, 
and therefore Rx sin AB=8in Cxsin BC, for sin C=cos (90°— C), and 

cos (90°— BC)=sin BC, and consequently sin C=-: — =^. 

Again, suppose that BC and C are given to find AC ; it is obvious that 
is in the middle between the adjacent parts AC and (90° — BC), there- 
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fore R Xcos C=tan AC Xcot BC, or tan AC=— ,\j=;=C09 C + tan BC -, 
because, as has been shewn above, ■ 



c oa C 
t BC~ 
1 r>^ 



In the same viaj may all the other cases be resolved. One or two trials 
will always lead to the knowledge of the part which in any given case is 
to be assumed as the middle part ; and a little practice wiU make it easy, 
even without such trials, to judge at once which of them is to be so as- 
sumed. It may be useful for the learner to range the names of the fire 
circular parts of the triangle roiznd the circumference of a circle, at equal 
distances from one another, by which means the middle part will be imme- 
diately determined. 

Besides the rule of the circular parts, Napier derived from the last of the 
three theorems ascribed to him above, (achol. 29.) the solutions of all the 
cases of oblique angled triangles. These solutions are aa follows : A, B, 
C, denoting the three triangles of a spherical triangle, and a, b, e. the sides 
opposite to them. 

I. 

Given two sides b, e, and the angle A between them. 

To £nd the angles B and C. 

tan ^ (B— C)=cot ^ AX ^° | j^~°j . (31.) cor. 1. 

tanJ(B+C}=cotiAx^^^ig=^. (31.) cor. 1. 

To find the thiid side a. 
nnB:ai]iA::ain6:fiin(]. 

II. 

CSven the two sides b, e, and the angle B opposite to one of them. 

To £ad C, and the ang^e opposite to the othet side. 



To find the contained angle A. 

coti,A=«ni(B-C)x^|^. (31.)eor.l. 

To find the third side a. 
sinBisinA:: ain(:edna. 



Ghen two angles A and B, and the side e between them. 
To find die o&er two rides a, b. 
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».1(»_.)=U.J,X^|^. (31.) 
o«J(»+.)=t.nJ.x^l|i^. (31.) 



To find the third angle C. 
ain a : sin e : : sin A : ain C. 



IV. 



CHren two an^es A and B, and the aide a, opposite to one of thsm. 

To find b, the side opposite lo the other. 

sin A : Bin B :: ain a : sin 6. 

To find e, the aide between the given anglea. 

«„i.=u.l(,._»)><Si|{^. (3..) 

To find the third angle C. 
sin a : ain c : : sin A : sin C. 

The other two cases, when the three sides are given to find the an^es, 
or when the throe angles are given to find the sidea, are resolved by the 
29lli, (the firat of Napibr's Propowtiona,) in the aame way as in the table 
already given for the ewe of the oblique angled triangle. 

There is a solution of the case of the three sidea being given, which it 
is ol^n very convenient to uae, and which is set down here, thoagh ttte 
proposition on which it depends has not been demonstrated. 

Let a, i, e, be the three given sides, to find the angle A, contained be- 
tween b and e. 




In lite manner, if the three angles. A, B, C are given to find e, the side 
between A and B. 
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LetA + B-|-C = S, 

un i c=~ i ^ t a_ i - or, 

' v'sinBxflinC 



CM 1 ._ Vco8(tS-b)Xcos(^S-C) 
VsinBxsinC. 

These theorems, on account of the facility with which Logarithms are 
applied to them, are the moat conTenient of any for resolving tne two cases 
to which they refer. When A is a reiy obtuse angle, the second theorem, 
which gives the valtie of the cosine of its half, is to be used ; otherwise 
the first theorem, giving the value of the sine of its half its preferable. 
The same is to be observed with respect to the side e, the reason of which 
was explained. Plane Trig. Schol. 



CND or SPHlKtCAL TRIOONOHKTBT. 



b, Google 



b,GoogIc 



NOTES 



OK THE 

FIRST BOOK OF THE ELEMENTS. 



DEFINITIONS. 
I. 



In the definitions m few changes have been made, of which it is neces- 
SB.iy to give some account. One of these changes lespecta the first defini- 
tion, that of a point, which Euclid has said to be, ' That which has no 
parts, or which has no magnitude.' Now, it has been objected to this defi- 
nition, that it contains only a negative, and that it is not convertible, as 
every good definition ought certainly to be. That it is not convertible is 
evident, for though every point is unexten^ed, or without magnitude, yet 
every thing unextended or vrithout magnitude, is not a point. To this it 
is impossible to reply, and therefore it becomes neceBsary to change the 
definition altogether, which b accordingly done here, a point being defined 
to be, that which has position but not magnitude. Here the affirmative part 
includes all that is essential to a point, and the negative part includes 
every thing that is not essential to it. 1 am indebted for this definition to 
a friend, by whose judicious and learned remarks I have oiten profited. 



II. 

Alter the second definition Euclid has introduced the following, " th« 
"extremities of a Hoe are points." 

Now, this is certainly not a definition, but an inference from the defini- 
tions nf a point and of a line. That which terminates a line can have no 
breadth, as the line in which it is has none ; and it can have no length, as it 
would not then be a termination, but a part of that which is supposed to 
terminate. The termination of a line can therefore have no magnitude, and 
having necessarily position, it is a point. But as it is plain, that in all this 
we are drawing a consequence from two definitions already laid down, and 
not giving a new definition, I have taken the liberty of putting it down as 
a corollary to the second definition, and have added, that the intersections of 
one /ineiDi(AanoiAeraryioin/i, as this afibrds a good illustration of the nature 
of a point, and is an inference exactly of the same kind with the preceding. 
The same thing nearly has been done with the fourth definition, where 
that which Euclid gave as a separate definition is made a corollary to the 
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NOTES. 
n fact on infeieDce deduced fiom compaiing the defi- 



080 



(buith, because it is 
nitionB of a BuperficieE 

As it is impossible U> explain the relation of a superficies, a line, and a 
point U> one anotber, and to the solid in which they all originate, better 
than Dt. Simaon has done, I shall here add, with veiy little change, the 
illustration given by that excellent Geometer. 

" It is necessary to consider a solid, that is, a tnaenicude which has 
length, breadth, and thickness, in order to tmderstand anght the definitions 
of a point, line and superficies ; for these all arise from a solid, and exist in 
it ; The boundary, or boundaries which contain a solid, are called superfi- 
cies, or the boundary which is common to two solids which are contiguous, 
or which divides one solid into two contiguous parts, is called a superfi- 
cies ; Thus, if BCGF be one of the boundaries which contain (he solid 
ABCDEPGH, or whichis the common boundary of this solid, and the solid 
BKLCFNMG, and is therefore in the one as well as the other solid, it is 
called a superficies, and has no thickness ; For if it have any, this thick- 
ness must either be a p^ of the thickness ofthe solid AG, or the solid BM, 
or a pan of the thickneasof each of them. It cannot be a part of the thick- 
ness of the solid BM ; because, if this solid be removed from the solid AG, 
the superficies BCGF, the boundary of the solid AG, remains still the 
same as it was. Nor can it be a part of the thickness of the solid AG : 
because if this bo removed from the solid BM, the superficies BCGF, the 
boundary ofthe solid BM, does nevertheless remain ^ therefore the super- 
ficies BCGF has no thickness, hut only length and breadth. 

" The boundary of a enperficies is called a line ; or a line is the common 
boundary of two superficies that are contiguous, or it is that which dividoa 
one superficies into two contiguous parts : Thus, if BC be one of the boun- 
daries which contain the superficies ABCD, or whichis the common boun- 
dary of this superficies, and of the superficies KBCL, which is contiguous 
to it, this boundary BC ia called a line, and has no breadth ; For, if it have 
any, this must be part either of the breadth of the superficies ABCD or 
of the superficies KBCL, or part of 
each of them. It is not part of the 
breadth of the superficies KBCL ; 
forif this superficies be removed from 
the superficies ABCD, the hue BC 
which is the boundaiy of the super- 
ficies ABCD remains the same as it 
was. Nor can the breadth that BC 
is supposed to have, be a part of the 
breadthofthesuperficiesABCD; be- 
cause, if this be removed fi-om the su- 
perficies KBCL, the line BC, which 
is the boundary of the superficies 

KBCL, does nevertheleaa remain : Therefore the line BC has no breadth. 
And because the line BC is in a superficies, and that a superficies has no 
thickness, as was shown ; therefore a line has neither breadth nor thick- 
ness, but only length, 

" The boundary of a line ia called a point, or a point is a common boun- 
dary or extremity of two lines that are contiguous ; Thus, if B be the ex- 
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tnaaty of the line AB, or the common extremity of the two llnea AB, KB, 

dds extremity is called a point, and has no length : For if it have any, this 

length must either be part of the " 

length of the Irae AB, or of the line 

KB. It is not put of the length of 

KB ; for if the line KB be removed 

from AB, the point B, which is the 

extremity of the line AB, remains the 

sameaaitwas; Nor is it part of the 

length of the line AB ; for if AB be 

removed from the line KB, the point 

B, which is the extremity of the line 

KB, doea nevertheless remain : 

Therefore the point B has no length ; ^^ 

And because a point is in a line, and ■'■»- a* j^ 

a line has neither breadth nor thickness, therefore a point has no iength, 

hreadth, nor thickneas. And in this manner the definition of a point, line, 

and superficies are to be understood." 



I 



III. 

Eoclid haa defined a straight line to be a line which (as we translate it) 
"lies evenly between its extreme points." This definition is obviously 
faulty, the word evenly standing as much in need df an explanation as the 
word straight, which it is intended to define. In the original, however, it 
must be confessed, that this inaccuracy is at least less striking than in our 
translation ; for the word which we render evenly is <f iirti, equally, and is ac< 
cordingly translated ex aquo, and equaliter by Commandine and Gregory. 
The definition, therefore, is, that a straight line is one which lies equally - 
between its extreme points : and if by this we understand a line that hes 
between its extreme points so as to be related exactly alike to the space 
on the one side of it, and to the space on the other, we have a definition 
that is perhaps a little too metaphysical, but which certainly contains in it 
the essential character of a straight line. That Euclid took the definition 
in this sense, however, is not certain, because he has not attempted to 
deduce from it any property whatsoever of a straight line ; and indeed, it 
should seem not easy to do so, without employing some reasonings of a 
more metaphysical kind than he has any where admitted into his Elementa. 
To supply the defects of his definition, he has therefore introduced the 
Axiom, that lico itraighi lines cannot inclose a space ; on which Axiom it is, 
and not on his definition of a straight line, that his .demonstrations are 
fbonded. As this manner of proceeding is certainly not so regular and 
■cientific as that of laying down a definition, from which' the properties of 
the thing defined may be logically deduced, I have substituted another defi- 
nitionof a straight line in the roomof Euclid's. This definition of a straight 
line was suggested by a remark of Boscovich, who, in his Notes on the 
philosophical Poem of Professor Stay, says, " Rectam lineam rectce con- 
" gruere totam toti in infinitum productum si bina puncta uniua hinis al- 
* terius congiuant, patet ex ipsa admojum clara rectitudinis idea quam 
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" luibemnB.'' (Supplementum in lib. 3. ^ S50.) Now, that wlucb Mr. 
Bo scovicb would consider m an inference from our idea of straightness, 
seems itself to be the essence of that idea, and to afford the best criterion 
for judging whether any given line ba straight or not. On this principle 
we have given the definition above, If them be two linea which cannot eoin- 
eide in two points, without coinciding atlogether, each of them is calUd a straight 

This definition was otherwise expressed in the two former editions ; it 
was said, that Unes are straight lines which cannot coincide in part, with- 
out coinciding altogether. This was liable to an objection, viz. that it de- 
fined straight tines, but not a straight One ; and though this in truth is but 
a mere«avS, it is better to leave no room for it. The definition in the form 
now given is also more simple. 

From the same definition, the proposiliori which Euclid gives as an 
Axiom, that two straight lines cannot inclose a space, follows as a neces- 
sary consequence. For, if two lines inclose a space, they mnst intersect 
one another in two points, and yet, in the intermediate part, must not coin- 
cide ; and therefore by the definition they are not straight lines. It foUowa 
in the same way, that two straight linos cannot have a common segment, 
or cannot coincide in part, without coinciding altogether. 

After laying down the definition of a straight line, as in the first EcUtioa, 
I was favoured by Dr. Reid of Glasgow with the perusal of a MS. contain- 
ing many exceUent observations on the first Book of Euclid, such as might 
be expected from a philosopher distinguished for the accuracy as well as 
the extent of his knowledge. He there defined a straight line nearly aa 
has been done here, viz. " A straight line is that which cannot meet ano- 
*' tber straight line in more points than one, otherwise they perfectly coincide, 
" and are one and the same." Dr. Reid also contends, that this must have 
been Euclid's own definition ; because, in the first proposition of the 
eleventh Book, that author argues, " that two straight lines cannot bare a 
" common segment, for this reason, that a straight line does not meet a 
" straight line in more points than one, otherwise they coincide." Whether 
this amounts to a proof of the definition above having been actually 
Euclid's, I will not take upon me to decide ; but it is certainly a proof 
thai the writings of that Geometer ought long since to have suggested this 
definition to his commentators ; and it reminds me, that I might have learn- 
ed from these writings what I have acknowledged above to 1^ derived firom 
a remoter source. 

There is another cbaiacteristic, and obvious property of straight lines, 
by which 1 have often thought that they might be very conveniently defin- 
ed, viz. that the position ofme whole of a straight line is determined by the 
position of two of its points, in so much that, when two points of a straight 
line continue fixed, the line itself cannot change its position. It might 
therefore be said, that a straight line is ime in wiueh, if the position of ttoo 
points be determined, the position of the u>h«le line is determined. But this de- 
finition, though it amount in fact to the same thing with that aljeady given, 
is rather more abstract, and not so easily made the founflation of reason- 
ing. I therefore thought it best tp lay it aside, and to adopt the definition 
l^ren in the tezl. 
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V. 

The defioitioa of s plane is given fioni Qr. Sinuon, Euclid's being liable 
to the s&me objections with his definition of a straight line ; for, be sayv, 
that a plane superficies is one which " lies evenly between its extreme 
" lines." The defects of this definition are completely removed in that which 
Dr. Simson has given. Another definition diSereni from both might have 
been adopted, viz. That those superficies are called plane, which are snch, 
that if three points of the one coincide with three points of the other, the 
whole of the one must coincide with the whole of the other. This defini- 
tion, as it resembles that of a straight line, akeady given, might, perhaps, 
have been iutroduced with some advantage ; but as the purposesof demon- 
stration cannot be better answered than by that in the text, it has been 
thought best to make tu> farther alteration. 



VI. 

In Euclid, the general definition of a plane angle is placed before diat of 
a rectilineal angle, and is meant to comprehend those angles which are 
formed by the meeting of the other lines than straight lines. A plane 
angle b said to be "the inclination of two lines to one another which 
" meet together, but are not in the same direction." This definition is 
omitted here, because that the angles formed by the meeting of curve lines, 
though they may become the subject of geometrical investigation, certainly 
do not beloiog to the Elements ; for the angles that must first be considered 
are those made by the intersection of straight lines with one another. 
The angles formed by the contact or intersection of a straight line and a 
circle, or of two circles, or two curves of any kind with one another, 
could produce nothing but peiplexity to beginners, and caimot possibly be 
understood til! the properties of rectilineal angles have been fully explained. 
On this ground, I am of opinion, that in an elementary treatise it may 
fairly be omitted Whatever is not useful, should, in explaining the ele- 
ments of a science, be kept out of sight altogether ; for, if it does not assist 
the progress of the understanding, it will certainly retard it 



AXIOMS. 

Ahono the Ajdoms there have been made only two aheratiens. The 
10th Axiom in Euclid is, that " two straight lines cannot inclose a space ;" 
which, having become a corollary to our definition of a straight line, ceases 
of course to be ranked with self-evident propositions. It is therefore re- 
moved from among the Axioms. 

The 12th Axiomof Euclid is, that "if a straight line meets two straight 
" lines, BO as to make the two interior angles on the same side of it taken 
" together less than two right angles, these straight lines being continaally 
" produced, shall at length meat upon that side on which are the angles 
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"which are less tfaxn two right uiglea." Inatead of this propoaidon, 
which, though true, is by no means eelf-erident ; anothsr that appeared 
more obvious, and better entitled to be accounted an Axiom, has been in- 
troduced, Tiz. " that two straight lines, which intersect one another, can' 
"not be both parallel to the same straight line." On this subject, how- 
ever, a fuller ezplanation is necessary, for which see the note on the 29th 
Ptop. 

PROP. IV. and VIII. B. I. 

ThelV. and VIIT. propositions of the first book are the foundation of all 
that follows with respect to the comparison of triangles. They are de- 
monstrated by what is called the method of superapoeition, that is, by lay- 
ing the one triangle upon the other, and proving U)at they must coincide. 
To this some objections have been made, as if it were ungeometrical to 
suppose one figure to be removed from its plsce and apphed to another 
figure. " The laying," says Mr. Thomas Simson in his Elements, " of 
" one figure upon another, whatever evidence it may afford, is a mechankal 
" consideration, and depends on no postulate." It is not clear what Mr. 
Simson meant here by the word meehameat : but lie probably intended only 
to say, that the meUiod of supcraposition involves the idea of motion, whidi 
belongs rather to mechanics than geometry ; for I think it is impossible 
that such a Geometer as he was could mean to assert, that the evidence 
^derived from this method is like that which arises from the use of instru- 
ments, and of the same kind with what is furnished by experience and ob- 
servation. The demonstrations of the fourth and eighth, as they are given 
by Euclid, are as certainly a process of pure reasoning, depending solely 
on the idea of equality, as established in the 6th Axiom, as any thing in 
geometry. But, if still the removal of the triangle from its place be consi- 
dered as creating a difficulty, and as inelegant, because it involves an idea, 
that of motion, not essential to geometry, this defect may be entirely re- 
medied, provided that, to Euclid's three postulates, we be allowed to add 
I the following, viz. Thai if there be ttoo equal straight lines, and if any figure 
ichalsoever be corutituted on the one, a fig»'^ every way equal to it may be con- 
stituted on tA# other. Thus if AB and DE be two equal straight lines, and 
ABC a triangle on the base AB, a triangle DEF every way equal to ABC ■ 
may be supposed to be constituted on DE as a base. By ^s it is not 
meant to assert that the method of describing the triangle DEF is actual^ 
known, but merely that the triangle DEF may be conceived to exist in 
all respects eqoal to the triangle ABC. Now, there is no truth whatso- 
ever that is better entitled th^ this to be ranked among the Postulates or 
Axioms of geometry ; for the straight lines AB and DE being every way 
equal, there can be nothing belonging to the one that may not also belong 
to the other. 

Onthe strength of thisPostulate the IV. proposition is thus demonstrated. 

If ABC, DEF be two triangles, such that the two sides AB and AC of 
the one are equal to the two ED, DF of the other, and the angle BAG, 
contained by Ute sides AB, AC of the one, equal to the angle £DF, con 
Mined by the sides ED, DF of the other ; the triangles ABC and EDF are 
erery way equal. 
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On AB let a trinngle be conadtated every way equal to the triangle DEF ; 
then if this triangle coincide with the triangle ABC, it is evident that the 
proposition is true, for it is equal to DEF by hypolheBis, and to ABC, be- 
cause it coincides with't ; wherefore ABC, D£F are equal to one another. 
But if it does not coincide with ABC, let it bsve the position ABG ; and first 
suppose G not to fall on AC ; then the angle BAG ia not eqjial lo the angle 
BAC. But the angle BAG is equal to the angle EDF, therefore EOF 
and ABC are not equal, and they are also equ^ by hypothesis, which is 
impossible. Therefore tbe point Gmuat fall upon AC ; now, if it fall upon 
AC but not at C, then AG is not equal to AC ; but AG is equal to DF, 
therefore DF and AC are not equal, and they are also equal by supposition, 
which is impossible. Therefore G must coincide with C, and the triangle 
AGB with the trianrie ACB. But AGB is every way equal to DEF, 
therefore ACB and DEF are also every way equal. 

By help of the same postulate, the fifth may also be very easily de- 
monstrated. 

Let ABC be an isosceles triangle, in which AB, AC are the equal sides ; 
the angle ABC, ACB opposite to these sides are also equal. 

Draw the straight line EF equal to BC, and suppose that on EP the tri- 
angle DEF ia constituted every way equal to the triangle ABC, that b, 
having DE equal lo AB, DF to AC, the angle EDF to the angle BAC, the 
■ugle ACB to the angle DFE, dec. 





Then because DE is equal lo AB, and AB ii equal to AC, DE is equal 
to AC ; and for the same reason, DF ia equal to AB. And because DF is 
equal to AB, DE lu AC, and the angle FDE to the angle BAC, the an^e 
ABC is equal to the angle DFE. Bnt the angle ACB is also, by hy- 
pothesis, equal to the angle DFE ; thetebre the an^ei ABC, ACB an* 
equal to one another. 
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Sucb demoiutrationB, it must, however, be acknowledged, ttMpaas 
BigainBt a rule which Euclid has uniformly adhered to throughout the Ele- 
■nenta, except where be was forced by ueceuity to depart tiom it ; This 
rale is,that nothiiig is ereraupposed tobedoue,the m&nnerof doing which 
has not been already taught, so that the construction is derived eithei di> 
rectly from the thiee postulates laid down in the beginning, or from pro- 
blems already reduced to those postulates. Now, this rule is not esseutial 
to geometrical demonstration, where, for the purpose of discovering the 
properties of figures, we are certainly at liber^ lo suppose any Agure to bo 
constructed, or any line to be drawn, the existence of which does not in* 
volve an impossibility. The only use, therefore, of Euclid's rule is to 
guard against the introduction of impossible hypo^eses, or the taking for 
granted that a thing may esist which ici fact implies contradiction ; from 
such suppositions, false conclusions miglit, no doubt, be deduced, and the 
rule is therefore useful in aa much as it answers the punxiae of excluding 
them. But Qie foregoing postulatum could never lead to suppose the 
actual existence of any thing that is impossible; for it only asaumes the 
existence of a figure equal and similar to one already existing, but in a dif- 
ferent part of space from it, or having one of its sides in an assigned posi- 
tion. As there is no impossibility in the existence ol one of these figures, 
it is evident that there can be none in the existence of the other. 



PROP. XXI. THEOR. 

It is esse'Qtial to the troth of this proposition, that the straight lines 
drawn to the point within the triaa^e be drawn Itom the two extremities 
of the base ; for, if they be drawn &om other points of the base, their sum 
may exceed the sum of the sides of the triangle in any ratio that is loss 
than that of two to one. This is demoostrated by Pappus Alexandrinos 
in the 3d Book of his MtUbtmatieal Collections, but the demonstration is of a 
kind that does not belong to this place. If it be required simply to show, 
that in certain cases the aum of the two lines drawn to the point within the 
triangle may exceed the sum of the sides of the triangle, the demonstra- 
tion is eaay, and is given nearly as follows by P^pna, and also by Proclus, 
in the 4th Book of his Commentary on Euclid. 

Let ABC be a triangle, having the angle at A a right angle : let D be 
any point in AB ; join CD, then CD will be greater than AC, because in 
the Oian^e ACD the angle CAD is greater tlun the angle ADC. From 
DC cut off DE equal to AC ; bisect CE 
in F, and join BF ; BF and. FD are greater 
than BC and CA. 

Because CF is equal to FE, CF and FB 
ore equal to EF and FB, but CF and FB 
ar« greater than BC, therefore EF and FB 
are greater than BC. To EF and FB add 
ED, and to BC add AC, which is eqnol to 
ED by construction, and BF and FD will 
tu gTMtfiT thu BC and CA. 
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It is evident, that if the angle BAC be obtuse, &e same ressODing may 
be applied. 

This propotition is a sufficient viadication of Euclid for having demon- 
strated the 2 IbU propositka, which some affect to consider as self-evident ; 
for it proves that the circumsiuice on which the truth of that proposition 
depends is not obvious, nor that which at first sight it is supposed to be, viz. 
that of the one triangle being included within the other. For this reason T 
cannot agree with M. Clairaut, that EucUd doraonstrated this proposition 
only to avoid the cavils of the Sophists. But I must, at the same time, ob- 
serve, that what the French Geometer has said on the subject tins certain- 
ly been misunderstood, and in one respect, unjustly censured by Dr. Simson. 
The exact translation of his words is as follows ; " if Euclid has taken the 
trouble to demonstrate, that a triangle included within another has the 
sum of its sides less than the sum of the sides of the triangle in which it 
is included, we are not to be suipiised. That Geometer had to do with 
those obstinate Sophists, who made a point of refusing their assent to the 
most evident truths," ^c. (Elements de Geometrie par M. Clairaut. 
Pref.) 

Dr. Siznson supposes M. Clairaut to mean, by the [soposition which he 
enunciates here, that when one triangle is included in another, the sum of 
the two sides of the included triangle is necessarily less than the sum of the 
two sides of the triangle in which it is included, whether they be on the 
same base or not. Now this is not only not Euchd's proposition, as Dr 
Simson remarks, but it is not true, and is directly contrary to what has 
just been demonstrated from Proclus. fiut the fact seems to be, that M. 
Clairaut's meaning is entirely different, and that he intends to speak not of 
two of the sides of a triangle, but of all the three i so that his proposition 
is, " that when one triangle is included within another, the sum of all the 
"three sides of the included triangle is less than the sum of all the three 
" sides of the other," and this is without doubt true, though I think by no 
means self-evident. It must be acknowledged also, that it is not exactly 
Euclid's proposition, which, however, it comprehends under it, and is the 
general theorem, of which the other is only a particnlar case. Therefore, 
though M. Clairaut may be blamed for mainttiining that to be an Axiom 
which requires demonstration, yet he is not to be accused of mistaking a 
ftlse propositicm for a true one. 

PROP. XXII. PROB. 

Thomas Simson in bia Elements has objected to Euclid's demonstration 
of this proposition, becanse it contains no proof, that the two circles made 
use of in the construction of the Problem must cut one another ; and Dr. 
Simson on the other hand, always unwilling to acknowledge the smallest 
blemish in the works of Euclid, CMitends that the demonstration is perfect. 
The truth, however, certainly is, that the demonstration admits of some 
improvement ; for the hmitation that is made in the enunciation of any 
Problem ought always to be shewn to be necessarily connected with the 
construction of it, and this is what Euclid has neglected to do in the pr»- 
■ent instanca The defect may easily be supplied, and Dr. Simson him- 
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self has done it in effect in hU note on thie proposition, thougb he denies it 
to be necessary. 

Because that of the three straight lines DF, FG, GH, any two are great- 
er than the third, by hypothesis, FD is less than FG and GH, that is, 
than FH,uid therefore the circle described from the centre F, with the 
distance FD must meet the line F£ between F and H i and, for the like 




reason, the circle described from the centre G at the distance GH, mnst 
meet DG between D and G, and therefore the one of these circles can- , 
not be wholly within the other. Neither can the one be wholly without 
the other, because DF and G^ are greater than FG ; the two circles 
must therefore intersect one another. 

PROP. XXTII. and XXVIII. 

Euclid has been guilty of a slight inaccuracy in the enunciations of 
these propositions, by omitting the condition, that the two straight lines on 
which the third line falls, making the alternate angles, &c. eqtial, must 
. be in the same plane, without which they cannot be parallel, as is evident 
from the definition of parallel lines. The only editor, I believe, who has re- 
marked this omission, is M. de Foiz Due ns Candalls, in his transla- 
tion of the Elements published in 1566. How it has escaped the notice of 
subsequent commentators is not easily explained, iinless because they 
thought it of little importance to correct an error by which nobody was 
likely to be misled. 

PROP. XXIX. 

The subject of parallel lines is one of the most difficult in die Elements 
of Geometry. It has accordingly been treated of in a great variety of differ- 
ent ways, of which, perhaps, there is none that can be said to have given 
entire satisfaction. The difficulty consists in cimverting the 27th and 28lh of 
Euclid, or in demonstrating, that parallel straight lines, or such as do not 
meet one another, when they meet a third line, make the alternate angles 
with it equal, or, which comes to the same, are equally inclined to it, and 
make the exterior angle eqnal to the interior and opposite. In order to de' 
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iBfHwtnM this proposition, Euclid usumed it as an Axiom, that "if a 
" atiaight line meet two atraight lines, so as lo make the iot«iior angles on 
" the same side of it less than two right angles, these straight lines being 
" continually produced, will at length meet on the side on which the angles 
" are that are leas than two right angles." This piopoaition, however, is 
not self-evident, and ought the less to be received without proof, that, as 
Proclus has observed, the converse of it is a proposition that coufessedl;^ 
requires to be demonstrated. For the converse of it is, that two straight 
lines which meet one another make the interior angles, with any third line, 
less than two right angles ; or, in other words, that the two interior angles 
of anjr trian^e are less than two right angles, which is the 17th of the 
First Book of the Elements : and it should seem, that a proposition can 
Tierer lightly be taken for an Axiom, of which the converse requires a de- 
monstration. 

The methods by which Geometers have attempted to remove this 
blemish from the Elements are of three kinds, 1 . By a new definition d 
parallel hnes. 2. By introducing a new Axiom coucerniDg parallel lines, 
more obvious than Euclid's. 3. By reasoning merely from the definititm 
of paiallela, and the properties of lines already demonstrated withont the 
assumption of any new Axiom. 

1. One of the definitions that has been substituted for Enclid's is, that 
straight lines are parallel, which preserve always the same distance &om 
one another, by the word distance being understood, a perpendicular drawn 
tooneof the lines from anypoint whatever in the other. If^ese perpendicu- 
lars be every where of the same length, the straight lines are called parallel. 
This is the definition given by Wolfius, by Boscovich, and by Thomaa 
Simson, in the first edition of his Elements. It is however a faulty defi- 
nition, for it conceals an Axiom in it, and takes for granted a property of 
straight lines, that ought either to be laid down as self-evident, ordemonstra^ 
ed, if possible, as a Theorem. Thus, if from the tlsee points. A, B, and C 
of the straight line AC, perpendiculars AD, BE, CF be drawn all equal 
to one another, it is implied in the definition "n ir TP 

that the points D, E and F are in the same -= = ± 

straight line, which, though it be true, it was 
not the business of the definition to inform u 



«i. Two perpendicdars, as AD and CF, are -r ^— -_ ~i 

alone sufficient to determine the position of the -^ ^ ^ 

straight line DF, tmd therefore the definition on^ to be, " that two straight 
" lines are parallel, when there are two points in die one, from which Uie 
" perpendiculars drawn to the other are equal, and on the same side of it" 

Thb is the definition of parallels which M. D'Alembert seems to prefer 
to all others ; bnt he acknowledges, and very justly, that it still remains a 
matter of difficulty to demonsOate, that all the perpendiculars drawn from 
theoneof these lines to the other are equal. {Eiieyclopedie, Art, ParalieU.) 

Another definition that has been given of parallels is, that they are lines 
which mahs equal angles with a third line, toward the same parte, or such 
as make the exterior angle equal to the interior and opposite. Varignon, 
Bezout, and several other outhematicuuis, have adopted this definition, 
which, it mnst be acknowledged, is a perfectlr good one, if it be understood 
37 
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bjrit, (hkt the two lines called panUel, sie auch u make equal angles villi 




s eertam tldrd line, bnt not with taty line that falla upon them, 
therefore, to be demMtstrated, That if AB and CD make equal angles with 
GH, they will do bo also with any other line whatsoever. The definition, 
therefoie, must be thns understood, That parallel lines are such aa maks 
equd angles, with acerfotin tfaiid line, oi, more simply, lines which are per- 
pendicular to a given line. It must then be proved, 1. That straight hnea 
which are equally inclined to a certain line or perpendiculai to a certain line, 
must be equ^y inclined to all the other lines that fall upon them ; and also, 
2. That two straight lines which do not meet when produced, must make 
equal angles with any third line that meets them. 

The demonstrationof the first of these propositions is not at all facilitated 
by the new definition, unless it be previously shown that all the angles of a 
triangle are equal to two right angles. 

The second proposition would hardly be necessary if the new definition 
were employed ; for when it is required to draw a line that shall not meet 
a given line, this is done by drawing a line that shall have the same incli- 
nation to a third line that the first or given Une has. It is known that lines 
so drawn cannot meet. It would no doubt be an advantage to have a defi- 
lition diat is not founded on a condition purely negative. 

2. As to the Mathematicians who have rejet^ted Euclid's Axiom, and in- 
troduced another in its place, it is not necessary that much should be said. 
Clavios is one of the firat in this class ; the Axiom he assumes is, " That a 
"line of which the points are all equidistant froma certain straight line in 
" die same plane vrith it, is itself a straight line." This proposition he does 
not, however, assume altogether, as he gives a kind of metaphysical proof 
of it, by which he endeavours to connect it with Euclid's definition of a 
straight line, with which proof at the same time he seems not very well 
satisfied. His reaeoniDg, after this proposition is granted (though it ought 
not to be granted as an Axiom), is logical and conclusive, but is prolix and 
operose, so as to leave a strong suspicion that the road pm^ued is by no 
means the shortest possibte. 

The method pursued by Simson, in his Notes in the First Book of Euclid, 
is nbt very different from thatof Clavius. He assumes this Axiom,"That 
* a Btrairht line cannot first dome nearer to another straight line, and then 
" go fartber from it without meeting it." (Notes, &c. English Edition.) Br 
coming nearer is underttood, confonnably to a previous Ignition, the dimi- 
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natioa of the perpendlculaTS dnwn from the one line to the othei. Thu 
Axiom is more readily aasented to than that of Clavius, from which, how- 
ever, it is not very different: but it is not very happily expressed, as the idea 
not merely of motion, but oT time, seems to be involved in the notion oi first 
(MMoing nearer, and then going farther off. £ven if this inaccuracy is pass- 
ed over, the reasoning of Simson, like that of Clsvios, is prolix, and evi- 
dently a circuitous method of coming at the truth. 

Thomas Simson, in the second edition of his Elements, has presented 
this Axiom in a simpler form. " If two points in a straight line are posited 
" at miequal distances from another straight Une in the same plane, 
" those two hnes being indefinitely produced on the side of the least dia- 
" tance will meet one another," 

By help of this Axiom it Is easy to prove, that if two straight lines Afi, 
CD are parallel, the perpendiculars to the one, terminated hy the other, 
are all equal; and are also perpendicular to both the parallels. That they 
are equal is evident, otherwise the lines would meet by the Axiom. That 
they are perpendicular to both, is demonstrated thus : 

If AC and BD, which are peniendicular to AB, aild equal to one another, 
be not also perpendicular to CD, from C let CE ^ 
be drawn at right angles to BD. Then, be- ^^f" 
cause AB and CE are both perpendicular to 
BD, they are parallel, and therefore the perpen- 
diculars AC and BE are equal. But AC is ' 
equal to BD, (by hypotheses,) therefore BE and .At— 
BDare equal, which is impossible; BD is therefore at right angles to CD. 

Hence the proposition, that " if a straight line fall on two pu^lel lines, ft 
"makes the alternate angles equal," is easily derived. Let FH and GE be 




perpendicular to CD, then they will be parallel to one another, and also at 
right angles to AB, and therefore FG and HE are equal to one another, 
\fr the last proposition. Wherefore in the triangles EFG, EFH, the sides 
HE and EF are equal to the sidesl^F and FE, each to each, and also the 
thhd side HF to the third side EG, therefore the angle HEP is eqiul to 
the angle EFG, and they are alternate angles. 

This method of treating the doctrine of parallel lines is extremely plain 
and concise, and is perhaps as good as any that can be followed, when a 
new Axiom is assumed. In the text above, 1 have, however, followed a 
different method, employing as an Axiom, "That two str^ght lines, which 
" cut one another, cannot be both paraOel to the same straight hne." This 
Axiom has been assumed by others, particularly by Ludlam, in his very 
useful little tract, entitled Rudimmts of Mathematics. 
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. It is a propoiftion readiljr enongh admitted as self-erident, and teads 
to the demonstration of Euclid's 29th Pfoposition, even with more breTi^ 
th&n Simsou's. 

3. All the methods above enumerated leave the mind somewhat dissatis' 
£ed, as we naturaUji expect to discover the properties of parallel lines, aa 
we do those of other geometric quantities, by comparing the defiuition of 
those lines, with the properties of straight lines already known. The most 
ancient writer who appears to have attempted to do tlus is Ptolemy the as- 
tronomer, who wrote a treatise expressly on the subject of Parallel hines. 
ProcluB has preserved some account of this work in Uie Fourth Book of his 
commentaries : and it is curious to observe in it an argument foonded on the 
principle which is knbwn to the modems by the name of the suffititnt reason. 

To prove, that if two parallel straight lines, AB and CD, be cut by a 
thild line EF, in G and H, the two interior angles AGH, CHG will be 




eqaal to two right angles, Ptolemy reasons thus : If the an^es AGHi 
CHG be not equal to two right angles, let them, if possible, be greater 
than two right angles : then, because the lines AG and CH are not more 
parallel than the lines BG and DH, the angles BGH, DHG are also 
greater than two right angles. Therefore, the four angles AGH, CHG, 
BGH, DHG are greater ^an four right angles i and they are also equal 
to four right angles, which is absurd. In the same manner it is shewn, 
that the angles AGH, CHG csmiot be less than two right angles. There* 
fore they are equal to two right angles. 

But this reasoning is certainly inconclusive. For why are we to sup- 
pose that the interior angles which the parallels make with the line cutting 
Uem, are either in every case greater than two right angles, or in every 
case less than two right angles ? For any thing that we are yet supposed 
to know, they may be sometimes greater than two right angles, and some* 
times less, and therefore we are not entitled to conclude, because the angles 
AGH, CHG are greater than two right angles, that therefore the angles 
BGH, DHG are also necessarily greater than two right angles. It 
may safely be asserted, therefore, that Ptolemy has not succeeded in his 
attempt to demonstrate the properties of parallel lines without the aasist- 
ance of a new Axiom. 

Another attempt to demonstrate the same proposition without the assiatr 
ance of anew Axiom has been made by a modem geometer, Franceschini, 
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PiofesKi of Mi^ematioi in tlie UniTenity of Bologna, in su essay, vbich 
he entitles. La Teoria dtUt paraileh rigorosameatt dimonalrata, printed in 
his Opuacoli MaUttmiUiei, at BaBeano iu 1767. 

The difficult Is there reduced to a proposition nearly *^^ same with this, 
That if BE make an acute angle wita BD, and if D£ be perpendiculai to 
BD at any point, BE and DE, 
if produced, will meet. To de- 
monstrale this, it is supposed, 
that BO, BC are two parts taken 
in BE, of which BC ia greater 
than BO, and that the peipendi- 
colsrs ON, OL are drawn to BD ; 
then shall BL be greater than 
BN. For, if not, that is, if the 
perpendicalar CL falls either at 
N, or between B and N, as lU 
F ; in the first of theae cases the 
angle CNB is equal to the angle ONB, because they are bolh right angles, 
which is impossible ; snd, in the second, the two angles CFN, CNF of the 
tritngle CNF, exceed two right angles. Therefore, adds oor author, since, 
as BC increases, 6L also increases, and since BC may be increased with- 
out limit, so BL may become greater than any given line, and therefore may 
be greater than BD; wherefore, since the perpendiculars to BD from points 
beyond D meet BC,the perpendicular from D necessarily meets it. 

Now it f^ill be found, on examination, that this reasoning ia no more 
conclusive than the preceding. For, unless it be proved, that whatever 
multiple BC is of BO, the same is BL of BN, the indefinite increase of 
BC does not Becessarily imply the indefinite increase of BL, or that BL may 
be made to exceed BD. On the contrary, BL may always increase, and 
yet may do bo in snch a manner as never to exceed BD : In order that the 
demonstration should be conclusive, it would be necessary to shew, that 
when BC increases by a part equal to BO, BL increases dways by a part ' 
equal to BN; but to do this will be foond to require the knowledge of those 
very properties of parallel Imes that we aie seeking to demonstrate. 

Leoendre, in his Elements of Geometry, a work entitled to the highest 
praise, for elegance and accuracy, has dehvered the doctrine of parallel lines 
without any new Axiom. He has done this in two different ways, one in 
the text, and the other in the notes. In the former he has endeaToured to 
prove, independently of the doctrine of parallel hues, that all the angles of 
a triangle are equal to two right angles ; from which proposition, when 
it is once estabhshed, it is not difficult to deduce every thing with respect to 
parallels. But, though his demonstration of the property of triangles just 
mentioned is quite logical and conclusive, yet it has the fault of being long 
and indirect, proving first, that the three angles of a triangle cannot be 
greater than two right angles, next, that they cannot be less, and doing 
both by reasoning abundaatiy subtle, and not of a kind readily apprehend- 
ed by those who are onl^ beginning to study the Mathematics, 

The demonstration wUch be has given in the notes is extremely ingeni- 
ous, and proceeds on this veiy simple and undeniable Axiom, that we can- 
not compare an angle and a line, as to magnitude, or cannot have an equa- 
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tion of any sort between them. This tratlt ia inrolved in the disUnction 
between nomogeneoDa and heterogeneous quantities, (Euc. t. def. 4.), 
which has long been received in Geometiy, but led only to negative con- 
sequences, till it fell into the hands of Legendre. The proposition which 
he deduces from it is, that if two angles of one triangle be equal to two an- 
gles of another, the third angles of these triangles are also equal. For, it 
IS evident, thai when two angles of a triangle are given, and also the side 
between them, the third angle is thereby determined ; so that if A and B 
be any two angles of a triangle, P the aide interjacent, and C the third an- 
gle, C is determined, as to its magnitude, by A, B and P ; and, besides 
these, there is no other quantity whatever which can affect the magnitude 
of G. This is plain, because if A, B and P are given, the triangle can be 
constructed, ali the triangles in which A, B and'P are the same, being equal 
to one another. 

But of the quantities by which C is determined, P cannot be one ; for if 
it were, then C must be ijiinction of the quantities A, B, P ; that is to say, 
the value of C can be expressed by some combination of the quantities A, 
B and P. An equation, therefore, may exiiit between the quantities A, B, 
C and P ; and consequently the value of P is equal to some combination, 
that is, to some function of the quantities A, B and C ; but this is impossi- 
ble, P being a line, and A, B, G being angles ; so that no function of the 
first of these quantities can be equal to any function of the other three. The 
angle C must therefore be determined by tne angles A and B alone, without 
any regard to the magnitude of P, the side inteijacent. Hence in all Crian- 
ries that have two angles in one equal to two in another, each to each, the 
uiird angles are also equal. 

Now, this being demonstrated, it is easy lo prove that the three angles of 
any triangle are equal to two right angles. 

Let ABC be a triangle right ajigied at A, draw AD peipendicnlar to 
BC. The triangles ABD, ABC have the an- a 

glea BAG, BDA right angles, and die angle ' 

B common lo both ; therefore by what has just 
been proved, their third angles BAD, BCA are 
abo equal. In the same way it is shewn, that 
CAD is equal to CBA ; therefore the two an- 
gles, BAD, CAD are equal to the two BCA, .g— 
CBA; but BAD-1-CAD is equal to a right B 
angle, therefore the angles BCA, CBA are togelher equal to a right angle, 
and ironaequently the three angles of the rignt angled triangle ABC are 
equal to two right angles. 

And since it is proved that the oblique angles of every right angled 
triangle are equal to one right angle, and since every triangle may be 
divided into two right angled triangles, the four oblique angles of which are 
equal to the three angles of the triangle, therefore the three angles of every , 
triangle are equal to two right angles. 

Though this method of treating the subject is strictly demonstrative, yet, 
as the reasoning in the first of the two preceding demonstrations is not per- 
haps sufliciently simple to be apprehended by those just entering on mathe- 
matical studies, I shall submit to the reader another method, not liable to 
the same objection, which I know, iiom experience, to be of use in ei^iain.- 
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ing the Elements. It proceeds, like that of tlie Frencli Geometer, hj de- 
monstnting, in the firat place, ^at the angles of any triangle are together 
equal to two right aogles, and deducing from (hence, that two lines, which 
make with a tlmrd line the interior angles, less than two right angles, must 
meet if produced. The leasoning used to demonstrate the firat of these 
propositions may be objected to by some as involving the idea of motion, and 
the transference of a line from one place to another. This, however, is no 
more than Euclid haa done himself on some occasions ; and when it furnish- 
es so short a road to the truth as in the present instance, and does not im- 
pair the evidence of the conclusion, it seems to be in no respect inconsistent 
with the utmost rigour of demonstration. It is of importance in explaining 
the Elements of Science, to connect truths by the shortest chain possible ; 
and till that is done, we can never consider them as being placed in their 
naturai trder. The reasoning in the first of the following propositions is so 
simple, that it seems hardly susceptible of abbreviation, aod it has the ad- 
vantage of connecting immediately two truths so much alike, that one 
might conclude, even from the bare enunciations, that they are but different 
cases of the same general theorem, viz.' That all the angles about a point, 
and all the exterior angles of any rectilineal figure, are constant^ of ttw 
same magnitude, and equal to four right angles. 

DEFINITION. 

If, while one extremity of a straight line re- 
mains fixed at A, the hne itself turns about that 
point from th« position AB to the position AC, it 
is said to describe the angle BAG contained "by 

the lino AB and AC. * ^ 

H 

Cor. If a line turn about a point from the position AC till it come into 
the position AC again, it describes angles which are together equal to four 
right angles. This is evident from the second Cor. to the 15th. 1. 




All the exterior angles of ^ny rectilineal figure are together equal to four 
right angles. 

1. Let the rectilineal figure be the triangle ABC, of which the exterior 
angles are DCA, FAB, GBC ; these angles are together equal to four 
right angles. 

Let the Une CD, placed in the direction of BC produced, turn about the 
point C till it coincide with CE, a part of the side CA, and have described 
the exterior angle DCE or DCA. Let it then be carried along the line 
CA, till it be in the position AF, that is, in the direction of CA produced, 
and the point A remaining fixed, let it turn about A till it describe the 
angle FAB, and coincide with a part of the line AB. Let it next be car- 
li^ along AB till it come into the position BG, and by turning about B, 
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let it dflseribe tlie sngle GBC, eo 
aa to coincide with a pait of BC. 
Lastly, Let it be carried along BC 
till it coincide with CD, its first 
position. Then, because the line 
CD has turned about od« of its 
extremities till it has come into 
the position CD ^oin, it has b^ 
the corollary- to the above defim- 
tion described angtea which are 
together equal to four right an- 
gles ; but the angles which it 
has described are the three ex* 
tenor angles of the triangle ABC, 
therefore the exterior angles of 
the triangle ABC are equal to 
four right aufles. 

2. If the rectilineal figure hare any number of sides, the proposition is 
demonstrated just as in the case of a triangle. Therefore all the exterior 
angles of any rectilineal figure are together equal to four right angles. 

CoR. 1 . Hence, all the interior angles of any triangle are equal to two 
right angles. For all the angles of the triangle, both exterior and interior, 
are equal to six right angles, snd the exterior being equal to four right 
anries, the interior are equal to two right angles. 

Cor. 2. An exterior angle of any triangle is equal to the two interior and 
opposite, or the angle DCA is equal to the angles CAB, ABC. For the 
angles CAB, ABC, BCA are equal to two right angles ; snd the angles 
ACD, ACB are also (13. 1.) equal to two right angles ; therefore the three 
angles CAB, ABC, BCA are equal to the two ACD, ACB ; and taking 
ACB from both, the angle ACD is equal to the two angles CAB, ABC. 

Cos.. 3. The interior angles of any rectilineal figure are equal to twice 
as many right angles as the figure has sides, wanting four. For all the 
angles exterior and interior are equal to twice as many right angles as the 
figure has sides ; but the exterior are equal to four right angles ; therefore 
the interior are equal to twice as many right angles as the figure has sides, 
wanting four. 

■ PROP. IL 

Two straight lines, which make with a third line the interior angles on 
the same side of it less than two right angles, will meet on that side, if pro- 
duced far enough. 

Let the straight lines AB, CD, make with AG the two angles BAC, 
DCA leas than two right angles ; AB and CD will meet if produced toward 
Band D. 

In AB take AF=AC; join CF, produce 6A to H, and through C draw 
CE, making the angle ACE equal to the angle CAH. 

Because AC is equal to AF, the angles AFC, ACF aie also equal (5. 
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1.) ; bnt the ezurior angle HAC is equal to the two inlerioi and onosite 
im^BB ACF, AFC, and therefore it is double of either of them, u of ACF. 
Now ACE is equal to HAC by construction, therefore ACE is double of 
ACF, and is bisected by the line OF. In the same manner, if FG be taken 
eqnai to FC, and if CG be drawn, it may be shewn that CG bisects the 
angle FCE, and so on continnally. But if from a msgoitude, as the an- 
^ ACE, Uiere be taken its half, and from the remainder FOE its 
half FCG, and bom the remainder GCE its half, &c. a Temainder will at 
length be foand less than the given angle DOE.* 




Let GCE be the an^e, whose half EGK is less than DCE, then a 
straight line CK is found, which falls between CD and CE, but nerer- 
thelesa meets the line AB in K. Therefore CD, if produced, must meet 
AB in a point between G and K. 

This demonstration is indirect ; but this proposition, if the definition of 
parallels were changed, as suggested at p. 291, would not be necesaaiy ; 
and the proof, that lines equally inclined to any one line must be so to 
every line, would follow directly from the angles of a triangle being eqaal 
to two right angles. The doctrine of parallel tines would in this manner 
be freed from ^ difficulty. 

PROP. III. or 29. 1. Euclid. 

If B Straight line fall on two parallel strMght lines, it makes the siteroate 
angles equal to one another ; die exterior equal to the interior and Oppo- 
site on the same side ; and likewise the two interior angles, on the same 
side equal to two right angles. 

Let the straight line EF fall on 
the parallel straight lines AB, 
CD ; the alternate angles AGH, 
GHD are equal, the exterior angle 
EGB is equal to the interior and 
opposite GHD ; and the two intcC- 
rior an^es BGH, GHD are equal 
to two right angles. 

For if AGH be not equal to 
GHD, let it be greater, then add- 
ing BGH to both, the angles 
AGH, HOB are greater than the 



w lii*t it mif be intiodaced in anjr part of the Elemeiita. 
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angles DHG, HOB. ' But AGH, HGfi ue oqual to two tight angle8(13. 
1.); therefoieBGH, GHD are less than two right angles, and therefore tho 
lines A'B, CD will meet, by the last pTOposition, if produced toward B and 
D. But they do not meet, for they are parallel by hypotheses, and there- 
fore the angles AGH, GHO are not unequal, that is, they are equal to one 
another. 

Now the angle AGH is equal to £GB, becaiise these are vertical, and 
it has also been shewn to be equal to GHD, therefore EGB and GHDare 
equal. Lastly, to each of the equal angles EGB, GHD add the angle 
BGH, then the two EGB, BGH are equal to the two DHG, BGH. But 
EGB, BGH are equal to two right angles (13. l.),therefoTe BGH, GHD 
are ajso equal to two right angles. 



The following proposition is placed hero, becatise it is more connected 
with the First Book than with any other. It is useful for explaining the 

nature of Hadley's sextant ; and, though involred in the explanations usual- 
ly given of that instrument, it has not, I beUeve, been hitherto considered as 
a distinct Geometrical Proposition, though very well entitled to be so on ac- 
count of its simplicity and elegance, as well as its utility. 

THEOREM. 

If an exterior angle of a triangle be bisected, and also one of the interior 
and opposite, the angle contained by the bisecting lines is equal to half the 
other interior and opposite angle of the triangle. 

Let the exterior angle ACD of the triangle ABC be bisected by the 
straight line CE, and &e interior and opposite ABC by the straight line 
BE, the angle BEC is equal to half the angle BAG. 

The Hue CE, BE will meet ; for since the angle ACD is greater than 
ABC, the half of ACD is ^atei than the half of ABC, that is, ECD 
is greater than EEC ; add 
EGB to both, and the two , 
angles ECD, ECB are 
^eaur than EBO, ECB. 
But ECD, ECB are equal 
tn two ri^t angles ; there- 
fore ECB, EBO are lees 
than two right angles, and 
therefore the lines CE, BE 
must meet on the same side 
of 6C on which the trian 
gle ABC is. Let them meet in £. 

BecsQse DCE is the exterior angle of the triangle BCE, it is equal to 
the two angles CBE, BEC, and therefore twice the angle DCE, that is, the 
angle DCA is equal to twice the angles CBE and BEC. But twice the 
angle CBE is equal to the an^le ABC, therefore the angle DCA is equal 
to the angle ABC, tc^eAer with twice the aqgle BEC ; and the same an- 
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glo DCA being the extenor angle of the triangle ABC, is equal Kt the two 
anglea ' ABC, CAB, wherefore the two angTes ABC, CAB are equal to 
ABC and twice BEC. Therefore, taking away ABC from both, there 
remaina the angle CAB equal to twice the angle BEC, or BEC eqnal to 
the half of BAG. * 



BOOK II. 



Thk Demonstrations of this Book are no otherwise changed than by in- 
troducing into them some characters similar to those of Algebra, which U 
always of great use where the reasoning turns on the addition or subtrac- 
tion of rectangles. To Euclid's demonsliations, others are sometimes add- 
ed, as Scholiums, in which the propenies of the sections of lines are eau^ 
demonstrated by Algebraical formulas. 



BOOK m. 



DEFINITIONS. 



The definition which Euclid' makes the first of this Book is that of eqnal 
circles, which he defines to be " those of which the diameters are eqnai." 
This is rejected from among the definitions, as being aTbeorem, the truth 
of which is proved by supposing the circles ap[^ed to one another, bo that 
their ceutres may coincide, for the whole of the one must then coincide with 
the whole of the other. The converse, viz. That circles which are equal 
have equal diameters, is proved in the same way. 

The definition of the angle of a segment is also omitted, because it does 
not relate to a rectilineal angle, but to one understood to be contained be- 
tween a. straight line and a portion of the circumference of s circle. In like 
manner, no notice is taken in the 1 6 tb proposition of the angle comprehend- 
ed between the semicircle and the diameter, which is said by Euclid to be 
greaterthananacute rectilineal angle. The reason for these omissions has 
already been assigned in the notes on the fiAfa definition of the first Book 

PROP. XI. 

It has been remarked of this demonstration, that it takes for gibnted, that 
if two magnitudes be double of two ckhers, each of each, the sum or difier- 
cmce of the first two is double of the sum or difference of the other two, 
which are two esses of the 1st and 5th of the Sth Book. The justness of 
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this remark cannot be denied ; and tboagh the cases of the Propositions lieis 
leferred to aie the simplest of any, yet the truth of them ought not in strict- 
ness to be assumed without proof. The proof is easily given. Let A and 
B, G and D be four magnitades, such that A=2C, and B=x2Di then A 
+B=2(C+D). For since A=C+C, and B=D+D, adding equals to 
equals, A+B=(C+D)+(C+D)=2(C+D). So also, if A be mtater 
than B, and therefore C greater than D, since A=C -t-C, and B=D+Dt 
taking equab from equals, A — 6=e(C — D)+(C — D), that is. A— B=s2 
(C-D). 



BOOK V. 



Thb subject of proportion has been treated so difieiently by those vho 
hare written on elementary geometry, and the method which Euclid has fol' 
lowed has been so often, and sb inconsiderately censured, that in these notes 
it will not perhaps be more necessary to account for the changes that I hare 
made, than for uiose that 1 have not made. The changes are but few, and 
relate to the language, not to the essence of the demonstrations; they will 
be explained after some of the definitions have been particularly considered. 

DEF. III. 

The definition of ratio given here has been greatly extolled by some aa- 
thora ; but whatever value it may have in the eyes of a metaphysician, it 
has but little in those of the geometer, because nothing concerning the pro- 
perties of ratios, can be deduced from it. Dr. Barrow has very judiciously 
remarked concerning il, " that Euclid had probably no other design in mak- 
" ing this definition, than to give a general summary idea of ratio to begin- 
" ners, by premising this metaphysical definition to the more accurate defi- 
" nitions of ratios that are equal to one another, or one of which is greater 
" or leas than the other ; I call it a metaphysical, for it is not properly a ma- 
" thematical definition^ since nothingin mathematics depends on it, or is de- 
" duced, nor, as I judge, can be deduced, from it." (Barrow's Lectures, 
Lect. 3.) Dr. Simson thinks the definition has been added by some unskil- 
ful editor ; but there ia no ground for that supposition, other than what ari- 
ses from the definition being of no use. We may, however, well enough 
imagine, that a certain idea of order and method induced Euclid to give 
some general definition of ratio before he used the term in the definition of 
equal ratios. 

DEF. IV. 

This definition is a little altered in the expression; Euclid has it, that 
" magnitudes are said to have a ratio to one another, when the less can bo 
" multiplied so as to exceed the greater." 
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One of the chief obst&cIeB to the ready onderstanding of the 5th Book of 
Buclid, is the difficulty that most people find of reconciling the idea of pro- 
portion which they have already acquired, with the account of it that ia 
given in this de&nitioo. Our first ideas of piopartion, or of proportionality, 
are got by trying to compare together the magnitude of external bodies ; 
and though they be at first abundandy vague and iucorrect, they are usually 
rendered loler^ly precise by the study of arithmetic ; from which we learn 
to call four munbers proportionals, when they are such that the qnotient 
which arises from dividing the first by ^te second, (according to the com- 
mon rule for division], is the same wiUi the quotient that arises from divid- 
ing the third by the fourth. 

Now, as the operation of arithmetical division is applicable as readily to 
any two magnitudes of the same kind, as to two numbers, the notion of pro- 
portion thus obtained may be considered as perfectly general. For, in arith- 
metic, after finding how often the divisor is contained in the dividend, we 
multiply the remainder by 10, or 100, or 1000, or any power, as it is called, 
of 10, and proceed to inquire how oft the divisor is contained in this new 
dividend ; and, if there be any remainder, we go on to multiply it by 10, 
100, &c. as before, and to divide the product by the original divisor, and so 
on, the division sometimes terminating when no remainder is lefl,and some- 
times going on oiJtnitnifum, in consequence of a remainder being left at each 
operation. Now, fnis process may easily be imitated with any two mag- 
nitudes A and B, providing they be of the same kind, or such that the one 
can be multiplied so as to exceed the other. For, suppose that B is the 
least of the two ; take B out of A as oH as it can be found, and let the quo- 
tient be noted,andalso the remainder, if there be any; multiply this remain- 
der by 10,01^100, &c. soastoexceedB, and let B be taken out of the quan- 
tity pa^uced by this multiplication as oil as it can be found ; let the quotient 
be noted, and also the remainder, if there be any. Proceed with thisremain- 
der as before, and so on continually ; and it is evident, that we have an opera- 
tion that is applicable to all magnitudes whatsoever, and that may be perfum- 
ed withrespect to any two lines, any two plane figures, or any two solids, &c. 

Now, when we have two magnitudes and two others, and find that the 
first divided by the second, according to this method, gives the very same 
aeries of quotients that the third does when divided by the fourth, we say of 
these magnitudes, as we did of the numbers above described, that the fir^ 
is to the second as the third to the fourth. There are only two more cir- 
cumstanced necessary to be considered, in order to bring us precisely to 
Euclid's definition. 

First, It is knowif from arithmetic, that the multiplication of the sncces- 
aive remainders each of them by 1 0, is equivalent to multiplying the quantity 
to be divided by the product of all those tens ; so that multiplying, for in- 
stance, the first remainder by 10, the second by 10, and the third by 10, is 
thd'same thing, with respect to the quotient, as if the quantity to be divided 
had been at first multiplied by 1000; andtherefore, our standard of the pro- 
portionality of numbers may be expressed thus : If the first multiplied any 
number of times by 10, and then divided by the second, gives the samequo- 
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dent as wheD the third is muliplied &s often by 10, uid then dinded by the 
fourth, the four magnitudes are proportionals. 

Again, it is evident, that there is no necessity in these multiplications for 
con&iing ourselves to 10, or the powers of 10, and that we do so, in arith- 
metic, oojy for the convenieucy of the decimal notation; we may therefore 
use any multipliers wltataoever, providing we use the same in both cases. 
Hence, we have this delinitiou of proportionals,. When there are four mag- 
nitudes, and any multiple whatsoever of the first, when divided by tbe 
second, gives the same quotient with the like multiple of the third, when 
divided by the fourth, the four magnitudes are proportionals, or the first 
has the SEune ratio to the second that the third has to the fourth. 

We are now arrived very nearly at EuoUd's definition ; for, let A, B, C, 
D be four proportionals, according to the definition just given, and m any 
number ; and let the multiple of A by m, that is mA, be divided by B ; and 
first, let the quotient be the number n exactlyj then also, when mC is divided 
by D, the quotient will be n eiaclly. But when mA divided by B gives n 
for the quotient, mA^nB by the nature of division, so that when mA=:nB, 
mC=nD, which is one of the conditions of Euclid's definition. 

Again, when mA is divided by B, let the division not be exactly perform- 
ed, bat let n be a whole nnmber less than the exact quotient, then nB/ 
mA,ormA7nB; and, for the same reason, mC/nD, which is another of 
the conditions of Euclid's definition. 

Lastly, when mA is Hivided by B, let n be a whole number greater than 
the exact quotient, l^en mA^nB, and because » is also greater than the 
quotient of mC divided by t), (which is the same with the other quotient), 
therefore mC/nD. ' 

Therefore, uniting all these three conditions, we call A, B, C, D, propor- 
tionals, when they are such, that if mA 7nB, mC /nD ; if fjiA=nB, mC= 
nT>; and if mA/nB,mC/nD,m and n being any numbers whataoever. 
Now, this is exactly the criterion of proportionality established by Euclid in 
the 5th definition, and is derived here by generalizing the commoD and moat 
familiar idea of proportion. 

It appears from this, that the condition of mA containing B, whether 
with or without a remainder, as ol^en as mC contains D, with or without a 
remainder, and of this being the case whatever value Jte assigned to the 
number m, includes in it all the three conditions (hat are mentioned in Eu- 
clid's definition ; and hence, that definition may be expressed a little more 
simply by saying, tiiatfour magnitudes are propoTtvmals, ■when any multiple of 



the jirst contains t?ieseeond,(wiCh or viitAout remainder,) as ojiai. _. 

tiptenfthe third contains th£ fourth. But, though this definition is certainly, 
in the expression, more simple than EucHd's, it is not, as wUl be found on 
trial,soeaaiIy applied tothe purpose of demonstration. The three conditions 
which Euclid brings together in his definition, though they somewhat em- 
barrass the expression of it, have the advantage of rendering the demon- 
strations more simple than they would otherwise be, by avoiding all discus- 
sion about the magnitude of the remainder left, after 6 is taken out of mA as 
oft as it can be found. Alt the attempts, indeed, that have been made to de- 
monstrate the properties of proportionals rigorously, by means of other defini' 
tions than Euclid's, only serve to evince the excellence of the method follow- 
ed by the Greek Geometer, and his singular address in the apphcation of it 
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The gn&t objection to the othei methods if, that if they ue meaat to be 
rigorous, they require two demoDBtrWioiis to every proposition, one wheik 
the dirisioa of mA into parts equal to B can be exactly performed, the other 
when it camiot be exactly performed whatever value be aasigned to m, or 
when A and B are what is called IncommeoBUiable ; and this list case will 
geueraUy be found to require an indirect demoiutra^n, or a reduetio ad ab- 
aurdrnn. 

M. D'Alemberl, speaking of the doctrine of proportion, in a discourse . 
that containsmany excellent observations, but in which he has overloQlted. 
Euclid's manner of treating this subject entirely, has the foUowing remark: 
" On ne pent dSmontrer que de cetle maniSre, (la reduction 4 absurde,) la 
'* plupart des prapoailions qui regardeot les incoounensurables. L'id6e de 
" I'infiai entre au moins imphcitemens dans U notion de ces sortea de quau' 
" tit^B ; et comme nous n'avons quWe id^e negative de I'Lafini, on ne petrt 
" d^ontrer directement, et a priori, tout ce qui conceme llnGni mathema- 
" tiqae." i^Eneyelopidie, mot Geomitrie.) 

This remark seta in a strong and just light the difficulty of demonstrating 
the propoaitioDs that regard the proportion of incommeoaurable magnitudes, 
without having recourse to the re^tetio ad t^surdum : but it is surprising, 
that M. D'Alembert, a geometer no lesii, learned than profound, should 
have neglected lo make mention of Euclid's method, the only one in which 
the difficult hetstates is completely overcome. It is overcame by the in- 
troduction of the idea of indefinitude, (if 1 may be permitted to use the word), 
instead of the idea of infinity ; for m and n, the multipliers employed, are 
supposed U> be indefinite, or to admit of all poaaible raluea, and it is by the 
skilful use of this cooditioo that the necessity of indirect demonstrations is 
avoided. In the whole of geometry, I know not that any happier invention 
is to be found ; and it ia worth remarking, that Ejiclid appears in another 
of his works to have availed himself of the idea of indefinitude witb the 
same success, viz. in his books of Porisms, which have been restored by 
Dr. Simson, and in which the whole analysis turned on that idea, as I have 
shown at length in the Third Volume of Ae Transactions of the Royal So- 
ciety of Edinburgh. The invesllgatioDa of these propoaitiona were founded 
entirely on the principle of certain magnitudes admitting of innumerable 
values ; and the methods of reasoning concerning them seem to have been 
extremely similar to those employed in the fifth of the Elements. It is 
curious to remark this analogy between the different works of the same 
author ; and to consider, that &e skill, in the conduct of this very refined 
and ingenious arUfice, acquired in treating the properties of pnmortionals, 
may have enabled Euclid to socceed so well in treating the still more dif- 
ficult subject of Porisms. 

Viewing in this light Euclid's manner of treating proportion, I had no 
desire to change any thing in the principle of his demonstrations. I have 
only sought to improve the language of them, by introducing a concise 
mode of expression, of the aame nature with tjiat which jve use in arith- 
metic, and in algebra. Ordinary language conveys the ideas of the diffe- 
rent operations supposed to be performed in these demonstrations so slowly, 
and breaks them down into so many parts, that they make not a sufficient 
impression on the understanding. This indeed will generally happen when 
the things treated of are not represented to the aensea by Diagrams, as 
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(hey cannot be wfaea we reason concerning magnitude in general, as in Has 
pait of the Elements. Here we ought certainly to adopt the language of 
arithmetic or algebra, which by its shortness, and the rapidity tHth which 
it places objects before us, makes np in the best manner possible for being 
merely a conventional language, and osing symbols that have no resem- 
blance to the things expressed by them. Sncb a language, therefore, I 
have endeavonred to introduce here ; and I am convinced, ibat if it shall 
be found an improvement, it is the only one of whictf the fifth of Euclid will 
adroit. In other respects I have followed Dr. Sinson's edition to the accn- 
racy of which it would b« difficult to make any addition. 

In one thing I must observe, that the doctrine of proportion, as laid down 
here, is meant to be more general than in Euclid's Elements. It is intended 
to include the properties of proportional numbers as well as of all magni- 
tudes. Euclid has not this design, for he has givena definition of proper;- 
tional numbers in the seventh Book, very different from that of proportional 
magnitudes in the fifth ; and it is not easy to justify the logic of Uiis man- 
nerof proceeding; forwe canneverspeakof two numbers and twomagni- 
Uiies both having the same ratios, unless the word ratio have in both cases 
the same signification. Alt 'the propositions about proportionals here 
given are therefore understood to be applicable to numbers ; and accord- 
ingly, in the eighth Book, the proposition that proves equiangular parallelo- 
grams to be in a ratio compounded of the ratios of the numbers proportioual 
to their sides, is demonstrated by help of the propositions of the fifth Book. 

On account of this, the word quantity, rather than magnitude, ought in dtrict- 
ness to have been used in the enunciation of these propositions, because we 
employ the word Quantity to denote not only things extended, to which 
alone we give the name of Magnitude, but also numbers. It will be sufS- 
cient, however, to remark, that all the propositiona respecting the ratios of 
magnitudes relate equally to all things of which multiples can be taken, that 
is, to all that is usually expressed by the word Quantity in its most extend- 
ed significadon, taking care always to observe, that ratio takes place only 
among like quandties, (See Def. 4.) 

DEF. X. 

The definition of eetnpoitnd ratiovis firat given accurately by Dr. Simson ; 
for, though Euclid used the term, he did so without defining it I have 
placed this definition before those of duplicate and triplicate ratio, as it is in 
fact more general, and as the relation of all the three oefinitions is best seen 
when they are ranged in this order. It is then plain, that two equal ratios 
c<mipound a ratio duplicate of either of them ; three equal ratios, a ratio 
triplicate of either of them, &c. 

It wag justly observed by Dr. Simson, that the expression, compound ratio, 
is introduced merely to prevent circumlocution, and for the sake principally 
of enunciating tlyse propositions with conciseness that are demonstrated by 
reasoning ex trquo, that is, by reasoning from the 22d or 23d of this Book. 
This will be evident to any one who considers carefully the Prop. F, of this, 
or the 23d of the 6th Book. 

An objection which naturally occurs to the use of the term compoand ratio, 
arises from its not being evident how the ratios described in the definition 
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determine in anj -way the ratio which they are eaid to compound, rince the 
magnitudes compounding them are assumed at pleasnre. It may be of oae 
for removing this difficulty, to state the matter as fi^ows : if there be nay 
number of ratios (among magnitudes of the same kind) auch that the con- 
sequent of any of them is the antecedent of that which immediately fol- 
lows, the first of the antecedents has to the last of the consequents a ratio 
which evidently depends on the intermediate ratios, because if they are de- 
termined, it is determined also ; and this dependence of one ratio on ail the 
other ratios, ia expressed by saying that it is compounded of them. Thus, 

'^ 'n' 7^' "n' "p''^ ^^^ series of ratios, such as described above, the ratio 
■:^,or of AtoE,is said to be compounded of theratioB~g-,-T7, &c. The ratio 

■=-, is evidently det«nniaed by the r^os -=-, -^, &c. because if each of the 

latter is fixed and invariable, the former cannot change. The exact nature 
of this dependence, and how the one thing is determined by the other, it is 
not the business of the definition to explain, but merely to give a name to 
a relation which it may be of importance to consider more attentively. 



DEFINITION II. 



This definition is changed from that of reciprocal figwes, which was of no 
use, to one that corresponds to the language used in the I4th and 15th 
propositions, and in other parts of geometry. , 

PROP. A, B, C. fi.Q. 

Nine propositions are added to this Book on account of their utility and 
their connection with this part of the Elements. The first four of them are 
in Dr. Simson's edition, and among these Prop. A is given immediately 
after the third, being, in fact, a second case of that proposition, and capable 
of being included with it, in one enunciation. Prop. D is remarkable for 
being a theorem of Ptolemy the Astronomer, in his Wej-alij XuyiaSn, and the 
foundation of the construction of hia trigonometrical tables. Prop. £ is the 
simplest case of the former ; it is also useful in trigonometry, and, under 
another form, was the 97th, or, in some editions, the 94th of Euclid's Data. 
The propositions F and G are very useful properties of th^ circle, and are 
taken from the Loci Plant of ApoUoniua. Prop. H is a very remarkable pro- . 
perly of the triangle,; and K is a proposition which, though it has been 
hitherto considered aa belonging particularly to trigonometry ,4b so often of 
use in other parts of the mathematics, that it may be properly ranked among 
elementary theorems of Geometry. 
39 
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PEOP. V. and VI, &c. 



The demonstrationB of the 5tli aad 6tti propositioiiB tequiie the method 

of exhaustions, that is to say, they proTe a certain property to belong to the 
circle, because it belongs to the rectilineal figures inscribed in it, or described 
about it according to a certain law, ia &e case when those figures ap- 
proach to the circles so nearly as not to fall short of it or to exceed it, by 
any assignable difference. This principle ia general, and is the only one 
by which we can possibly compare curvihaeal with rectilineal spaces, or the 
length of curve lines with the length of straight lines, whether we follow 
the methods of the ancient or of the modem geometers. It ia therefore a 
great injustice to the latter methods to represent them as standing on a foun- 
dation less secure than the former ; they stand in reality on the same, and 
the only difference is, that the application of the principle, common to them 
both, is more general and expeditious in the one case than in the other. 
Thisidentity of principle, and affinity of the methods used intheelementary 
and the higher mathematics, it seems ike most necessary to observe, th^ 
some learned mathematicians have appeared not to be sufficientiy aware of 
it, and have even endeavoured to demonstrate the contrary. An instance 
of this is to be met with in the preface of the valuable edition of the works 
of Archimedes, lately printed at Oxford. In that preface, Torelli, the learn- 
ed commentator, whose labours have done so much to elucidate the writ- 
ings of the Greek Geometer, but who is so unwilling to acknowledge the 
meritoftlie modem analysis, undertakes to prove, that it is impossible, from 
the relation which the rectilineal figures inscribed in, and circumscribed 
about, a given curve have to one another, to conclude any thing concerning 
the properties of the curvilineal space itself, except in certain circumstances 
which he has not precisely described. With this view he attempts to show, 
that if we are to reason from the relation which certain rectilineal figures 
belonging to the circle have to one another, notwithstanding that these 
figures may approach so near to the circular spaces, within which they are 
inscribed, as not lo differ from them by any assignable magnitude, we shall 
be led into error, and shall seem to prove, that the circle is to the square of 
its diameter exactly as 3 to 4. Now, as this is a conclusion which the dis- 
coveries of Archimedes himself prove so clearly to be false, Torelli argues, 
that the principle from which it is deduced must be false also ; and in this 
he would no doubt be right, if his former conclusion had been fairly drawn. 
But the truth is, that a very £ross paralogism is to be found in that part of . 
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his reasoning, where he makes & transidon from the ratios of the sm&ll red* 
angles, inscribed in the circular spaces, to the ratios of the sums of those 
Teclangles, or of the whole rectilineal figures. In doing this, he takes for 
granted a proposition, which, 'it is wonderful, that one who had studied 
geometry in the school of Archimedes, should for a moment have suppos- 
edtobetrue. The proposition is this : If A, B,C, D, £, F, be any num- 
ber of magnitudes, and a, b, e, d, e,f, as many others ; and if 
A T B ; : a : J, 
C:T}:.e:d, 

E : F : : e : / then the sum of A, C and E will be to the sum of B, D and 
F,as thesuinofa,e8nde, to the sum of 6, d and/; or A+C+E : B+D 
-t-F : : a-fc-f e : b-\-d-\-f. Now,this proposition, which Torelli supposes 
to be perfectly general, is not true, except in two cases, viz. either first, 
wh'en A : C 1 : a : e, and 

A : E : : d : e ; and consequently, 
B : D : : ft : (J, and 

B rF : : 6:/; or, secondly, when all the ratios of A to B, C to D, E 
to F, &c. are equal to one another. To demonstrate this, let us suppose 
that there aie four magnitudes, and four others, 

thus A : B : : a ; &, and . 

C : T3: : e : d, then we cannot have 
A+C : B+D :: a+c : 6+ii,iinleHa e4ther A : C : ; o : c.andB ': D : : 6: 
d ; or A : C : ; i : J, and consequently a : b : -. c : d. 

Take a magnitude K, such that o : c : ; A : K, and another L, such that 

A : (j : : B : L ; and suppose it true, that A+C : B+D : ; 

a+c : b+d. Then, because by inversion ; K : A : : c : a, 1 K, A, B,L, I 
and, by hjrpoihesis, A : B : : a : J, and also "B : h : : b : d, c, a, I, d.\ 

ex. ffiqno, K : L : : c : i2 ; and consequently, K : L : : ' 

C:D. 

Agfdn, because A : K ; : a : c, by addition, 

A+K : K : : a+c : e ; and for the same reason, 
B+L: L:: i+i: iJ,or,byinveraion, , 
L : B+L :: d: i+i. And, since it has been shewn, that 
K : L : : <; : (i ; therefore, ex iequo, 

I A+K,K,L,B+L, I 
I g+e, c, d, h+d. I 
A+K : B+L : : a+e : b+d; but by hypothesis, 
A+C : B+D ; : o+c ; 6+ J, therefore 
A+K : A+C ; : B+L : B+D. 
Now, first, let K and C be supposed equal, then it is evident that L and 
D are also equal ; and therefore, since by construction a : c : i A : K, we 
have also a : c : : A : C ; and, for the same reason, i : d : : B : D, and 
these analogies from the first of the two conditions, of which one is affirmed 
above to be always essential to the truth of ToreUi's proposition. 
Next, if K be greater than C, then, since 

A+K : A+C : : B+L : B+D, by division, 
A+K: K— C :: B+L : L— D. But, as was shewn, 
K : L : : C : D, by conversion and alternation, 
K— C : K : : L— D : L, therefore, ej aquo, 
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A+K : E : : B+L : L, and lastly, by dlTision, 
A : K : : B : L, or A : fi : : K : L, that is, 
A : B : : C : D. 

Wberefote, in thia case the ratio of A to B is equal to that of C to D. 
and ctHisequently, the ratio of a to i equal to that of c to d. The same 
may be shewn, if E is less than C ; theiefoie in every case there are con- 
ditions necessary to the truth of Torelli's proposition, which he does not 
take into account, and which, as is easily shewn, do not belong to the mag- 
nitudes to which he applies it. 

In consequence of this, the conclusiorL which he meant to establish re- 
specting the circle, falls entirely to the ground, and with it the general in- 
ference aimed against the modem analysis. , 

It will not, 1 hope, be imagined, that I have takeii notice of these cii- 
cumstances with any design to lessen the reputation of the learned Italian, 
who has in so many respects deserved well of the mathematical sciences, 
or to detract from the value of a posUiumous work, which by its elegance 
uid conoctness, does so much honour to the English editors. But I would 
warn the student against that narrow spirit which seeks to insinuate itself 
even into the abstractioiia of geometry, and would persuade U3,&at ele- 
gance, nay, truth itself, are possessed exclusively by the ancient methods 
of demonstration. The high tone in which Totelli censures the modern ma- 
thematics is imposing, as it is assumed by one who had studied the writings 
of Archimedes with uncommon diligence. Hia errors are on that account 
the mote dangerous, and require to be the more carefully pointed out. 

PROP. IX. 

This enunciation is the aune with that of the third of the Dtmensio Ctr- 
tuli of Archimedes ; but the demonstration is different, tbougb it proceeds 
like that of the Greek Geometer, by the continual bisection of the 6th part 
of the circumference. 

The limits of the circumference are thus assigned ; and the method of 
bringing it about, notwithstanding many quantities are neglected in the arith- 
metical operations, that the errors shall in one case be all on the side of de- 
fect, and in another all on the side of excess (in which 1 hive followed Ar- 
chimedes,) deserves particularly to be observed, as affording a good iutro- 
dncdon to the general methods of approximation. 



BOOK n. 

DEF. VIII. and PROP. XX. 

Solid angles, which are defined here in the same manner as in Euclid, 
are magnitudes of a very peculiar kind, and are particularly to be remarked 
for not admitting of that accurate comparison, one witli another, which is 
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Gomnion in the other subjects of geometrical investigation. It cannot, for 
example, be said of one solid angle, that it is the half, or the double of an* 
other solid angle ; nor did any geometer ever think of proposing the pro- 
bieni of bisectiag a given solid sng^e. . In s word, no multiple or lab-mnl- 
dple of such an angle can be taken, and we have no way of expounding, 
even to the simplest cases, the ratio which one of them bears to another. 

In this respect, therefore, a solid angle differs from every other magni- 
tude that is the subject of mathematical reasoning, all of which have this 
common property, that multiples and sub-multiples of them may be found. 
It is not our business here to inquire into the reason of this anomaly, but it 
is plain, that on account of'it, our knowledge of tbe nature and the proper- 
ties of such angles can never be very far extended, and that our reason- 
ings concerning them must be chiefly confined to the relations of the plane 
angles, by which they ore contained. One of the most remarkable of tiiofie 
relations is that which is demonstrated in the 21st of this Book, and which 
is, that all the plane angles which contain any solid angle must together 
be less thtn four right angles. This proposition is the 21st of the Uth of 
Euclid. 

This proposition, however, ia subject to a restriction in certain cases, 
which, I believe, was first observed by M. le Sage of Geneva, in a com- 
munication to the Academy of Sciences of Paris in 1756. When the sec- 
tion of the pyramid formed by the planes that contain the solid angle ia a 
figure that has none of its angles exterior, such as £. triangle, a paralleled - 
gram, &,e. the truth of the proposition just enunciated cannot be question- 
ed. But, when the afureaud section is a figure like that which is annexed, 
viz. ABCD, having some angles such 
as BDC.exteiior, or, as they aresome- ^, 

times called, re-entering angles, the 
propoaition is not necessarily true ; 
and it is plain, that in such cases the 
demonstration which we have given, 
and which is the same with Euclid's, 
will no longer apply. Indeed, it were 
easy to show, that on bases of this 

kind, by multiplying the number of -n Q 

sides, solid angles maybe formed, such , . 

that the plane angles which contain them sh^U exceed four right angles by 
any quantity assigned. An illustration of this from the properties of the 
sphere is perhaps the simplest of all others. Suppose that on the surface 
of a hemisphere there b described a figure bounded by any number of area 
of great circles making angles with one another, on opposite sides alter- 
nately, the plane angles at the centre of the sphere that stand on these arcs 
may evidently exceed four right angles, and that too, by multiplying and 
extending the arcs in any assigned ratio. Now, these plane angles con- 
tain a solid angle at the centre of the sphere, according to the definition of 
ft solid angle. 

We are to understand the proposition in the text, therefore, to be true 
only of those solid angles in which the inclination of the plane angles are 
all the same way, or tJl directed toward the interior of the figure. To dis* 
dngnish this class of K^d angles from that to which the proposition does 
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not apply, it ia perhaps best to makQ use of this criterion, that they are auch, 
that when any two points whatsoever are taken in the piaaea that contain 
the solid angle, the straight line, joining those points, falls wholly within 
the aolid angle f or thus, they are such, that a straight line cannot meet the 
planes which contain them in more than two points. It is ihua, too, that I 
would distinguish a plane figure that has none of its angles exterior, by 
saying, that it ia a rectilioeal figure, such that a straight line cannot meet 
the boundary of it in more than two points. 

We, therefore, dislinguiah solid angles into two species : one in which 
the bounding planes can be intersected by a straight line only in two 
points ; and another where the bounding planes may be intersected by a 
straight line in more than two points : to die first of these the proposition 
in the text applies, to the second it does not. 

Whether Euclid meant entirety to exclude the consideration of figures 
of the latter hind, in all that he has said of solids, and of solid angles, it is 
not now easy to determine : it is certain, that his definitions involve no 
such exclusion ; and as the introduction of any limitation would conside- 
lably embarrass these definitions, and render them difficult to be understood 
by a beginner, I have left it out, reserving to this place a fuller explanation 
of the difficulty. I cannot conclude this note wi^out remarking, with the 
historian of the Academy, that it is extremely singular, that,not one of all 
those who had read or explained Euclid before M. le Sage, appears to 
have been sensible of this mistake. {Memoires de VAead. des Sciences, 
1756, Hist. p. 77.) A circumstance that renders this still more singular 
is, that another mistake of Euclid on the same subject, and perhaps of all 
' other geometers, escaped M. le Sage also, and was first i£scovered by 
Dr. Simson, as will presently appear. 

PHOP. IT. 

This very elegant demonstration ia bora Ifegendre, and is much easier 
than that of Euclid. 

The demonstration given here of the 6th is also greatly simpler than 
that of Euclid. It has even an advantage that does not. belong to Legen- 
dre's, that of requiring no particular construction or determination of any 
one of the lines, but reasoning from properties common to every part of 
them. The siniplification, when it can be introduced, which, however, 
■ does not appear to be always possible, is, perhaps, the greatest improve- 
ment that can be made on an elementary demonstration. 

PROP. XIX. 

The problem contained in this proposition, of drawing a straight line pw- 
pendicidar to two straight lines not in uhe same plane, is certainly to be ac- 
counted elementary, although not given in any book of elementary geome- 
try that I know of before &at of Legendre. The solution given here is 
more simple than his, or than any other that I have yet met with : italso 
leads more easily, if it be required, lo atrigonometricU computation. 



b,GoogIc 



NOTES. SUPPI.. BOOK HI. 811 

BOOK m. 

DEF. II. and PROP. I. 

Th£B£ relste to similar andequitl solids, a subject on which mistakes have 
prevailed not unlike to that which has just been meiitjoned. The equality 
of solids, it is natural to expect, must be proved like the equality of plane 
figures, by showing iliat they may be made to coincide, or to occupy the 
same space. But, though it be true that all solids which can be shewn to 
coincide are equal and similar, yet it does not hold conversely, that all solids 
which are equal and similar can be made to coincide. Though this asser- 
tion may appear somewhat paradoxical, yet the proof of it is extremely 
simple. 

Let ABC be an isosceles triangle, of which the equal sides are AB and 
AC; fromAdrawAE perpendicular to the base BC,andBC will be bisected 
in E. Krom E draw ED perpendicular to the 
plane ABC, and from U, any point in it, draw 
DA, DB, DC to the three angles of the tri- 
angle ABC. The pyramid DABC is divided 
into two pyramids DABE, DACE, which, 
though their equality will not be disputed, 
cannot be so applied to one another as to coin' 
cide. For, though the triangles ABE, ACE 
are equal, BE being equal to CE, E^ common 
to both, and the angles AEB, AEG equal, be- 
cause they are right angles, yet if these two 

triangles be apphed to one another, so as to iV -J; rs, 

coincide, the solid DACE will nevertheless, ■" ■"* ^ 

as is evident, fall without the solid DABE, for the two solids 'will be on the 
opposite sides of the plane ABE. lu the same way, though all the planes 
of the pyramid DABE may easily be shewn to be equal to those of the py- 
ramid DACE, each to each ; yet will the pyramids themselves never coin- 
cide, though the equal planes be apphed to one another, because they are 
on the opposite sides of those planes. 

It may be said, then, on what ground do we conclude the pyramids to 
be equal ? The answer is, because their construction is entirely the same, 
and the conditijOns that determine the magnitude of the one identical with 
those that determine the magnitude of the other. For the magnitude of 
the pyramid DABE is determined by the magnitude of the triangle ABE, 
the length of the line ED, aud the position of £D, in respect of the plane 
ABE ; three circumstances that are precisely the same in the two pyra- 
mids, so that there is nothing that can determine one of them to be greater 
than another. 

This reasoning appears perfectly conclusive and satisfactory [ and it 
seems also very certain, that there is no other principle equally simple, on 
which the relation of the solids DABE, DACE to one another can be de- 
termined. Neither is this a case that occurs rarely ; it is one, that, in the 
comparison of magnitudes having diree dimensions, presents itself conti- 
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BUally ; for, though two plane figures that are eqiud and similar cui always 
be made to coincide, yet, with regard to solids that are equal and simiiar, if 
ihey have not a certain similarity in their position, there will be found just 
as many cases in which they cannot, as in which they can coincide. £ren 
figures described on surfaces, if they are not plane surfaces, may be equal 
and similar without the possibility of coinciding. Thus, in the fignre de- 
scribed on the surface of a sphere, called a spherical triaogle, if we suppose 
it to be isosceles, and a perpendicular to be drawn from the vertex on tha 
base, it will not be doubted, that it is thus divided into two right asgled 
spherical triangles eqoal and similar to one auother, and which, neveilhe- 
less, caonot be so laid on one another as to agree. - The same holds in in- 
numerable other instances, and therefore it is evident, that a principle, more 
general and fundamental than that of ihe equahty of coinciding figures, 
ought to be introduced into Geometry. What this principle is has also ap- 
peared very clearly in the course of these remarks ; and it is indeed no 
other than the principle so celebrated in the philosophy of Leibnitz, under 
the name of the suFFiciiiNT beaso:«. For it was shewn, that the pyra- 
mids DABE and DACE are concluded to be equal, because each of them 
is determined to be Qf a certain magnitude, rather than of any other, by 
conditions that are the same in both, so that there is no reason for the dds 
being greater than the other. This Axiom may be rendered general by- 
saying, That things of which the magnitude is determined by conditions 
that are exactly the same, are equal to one another ; or, it might be ex- 
pressed thiis i Two magnitudes A and B are equal, when there is no rea- 
son that A should' exceed B, rather than that B should exceed A. Either 
of diese will serve as the fundamental principle for comparing geometrical 
magnitudes of every kind ; they will apply in those cases where the coin- 
cidence of magnitudes with one another has no place ; and they wiU apply 
wilh great redness to the cases in which a coincidence may take place, 
such as in the 4lh, the 8th, or the 26th of the First Book of .the £le- 

The only objection to this Axiom is, that it is somewhat of a metaphy- 
sical kind, and belongs to the doctrine of the sj^iciehi reos'an, which is looked 
on with a suspicious eye by some philosophers. But this is no solid objec- 
tion ; for such reasoning may he applied with the greatest 'safety to those 
objects with the nature of wluch we are perfectly acquainted, and of which 
we have complete definitions, as in pure mathema^cs. In physical ques 
tions, the same principle cannot be applied with equal safety, because irt 
such cases we have seldom a complete definition of the thing we reason 
about, or one that includes all its properties. Thus, when Archimedes prov- 
ed the spherical figm'e of the earth, by reasoning on a principle of this sort, 
he was led to a false conclusion, because he knew nothing of the rotation of 
the earth on its axis, which places the particles of that body, though at 
equal distances from the centre, in circumstances very different from one 
another. But, concerning those things that are the creatures of the mind 
altogether, like the objects of mathematical investigation, there can be no 
danger of being misledby the principle of the sufficient reason, which at the 
same time furnishes us with the only single Axiom, by help of which we 
can compare together geometrical quantities, whether they be of one, of 
two, or of three dimensions. 
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Legendre in liis Elements has made the same remark tliat has been just 
stated, that there are Bolids and other Geometrical Magnitudes, which, 
though similar and equal, cannot be brought to coincide with one another, 
and be has distinguished them by the name of Symmetrical Magnitudes. He 
has also given a very satisfactory and ingenious demonstration of the equa- 
lity of certain soUds of that sort, ttiough not so concise as the nature of a 
simple and elementary tmth would seem lo require, and consequently not 
such as to render the axiom proposed above altogether unnecessary 

But a circumstance for which I cannot very well account is, that Legen- 
dre, and after him Lacroix, ascribe to Simson the first mention of such solids 
as we are here considering. Now 1 must be permitted to say, that no re- 
mark to this purpose is to be fonnd in any of the writings of Simson, which 
have come to my knowledge. He hasindeed made an observation concerning 
the' Geometry of Solids, which was both new and important, viz. that solids 
may have the condition which Euclid thought sufficient lo determine their 
quality, and may neverthelcBs be unequal ; whereas the observation made 
here is, that solids may be equal and similar, and may yet want the condition 
of being able to coincide with one another. These propositions are widely 
different ; and how so accurate a writer as Legendre should have mistaken 
the one for the other, is not easy to be explained. It must be observed, 
that he does not seem in the least aware of the observatidn which Simson 
has really made. Perhaps having himself made the remark we now speak 
of, and on looking sHghtly into Simson, having found a limitation of the 
usual description of equal solids, he had without much inquiry, set it down 
sa the same with his own notion ; and so, with a great deal' of candour, 
and some precipitation, he has ascribed to Simson a discovery which really 
belonged to himself. This at least seems to be the most probable solution 
of the difficulty. 

I hai^e entered into a fuller discussion of Legendre's mistake than 1 
ahould otherwise have done, from having said, in the first edition of these 
elements, in 1795, that I believed the non -coincidence of similar and equal 
soUds in certain circumstances, was then made for the first lime. This it 
is evident would have been a pretension as ridiculous as ill-founded, if the 
same observation had been made in a book like Simson's, which in this 
country was in every body's hands, and which I had myself professedly 
studied with attention. As I have not seen any edition of Legendre's Ele- 
ments earlier tljan that published in 1802, I am ignorant whether he or I 
was the first in making the remark here referred to. That circumstance 
is, however, immaterial ; for I am not interested about the originality of the 
remark, though very much interested to show that I had no intenlon of ap- 
propriating lo myself a discovery made by another. 

Another observation on the subject of those soiida, which, with Legendre, 
we shall call Symmetrical, has occurred to me, which I did not at first 
think of, viz. that Euclid himself certainly had these solids in view when he 
formed hisdefinition (as he veryimproperly calls it] of equal andsimilar solids. 
He says that those solids am equal and similar, which are contained under 
the same number of equal and similar planes. But this is not true, as Dr. 
Simson has shewn in a passage just about to be quoted, because two solids 
may easily be assigned, bounded by the same nurabe: of eqttal and similar 
planes, which are obviously unequal, the one being contained within the 
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other. Simson observes, that Euclid needed only to have added, ibat the 
equal and similar planes must be similarly situated, to have made hia de»> 
cription exact. Now, it is true, that this addition vould have made it exact 
in pne respect, but would have rendered it imperfect in anotber ; for though 
all the solids having the conditions here enumerated, are equal and similar, 
many others are equal and similar which have not those conditions, that is, 
though bounded by the same equal number of similar planes, those planes 
are not similarly situated. The symmetrical soHds have not their equal ' 
andeimilar'planessimilarlysituatedibut in an order and position directly con- 
trary. Euclid, it is probable, was aware of this, and by seeking to render 
the description of equal and similar solids so general, as to comprehend so- 
lids of both kinds, has stript it of an esseniid condition, so that solids ob- 
viously unequal are included in it, and has also been led into a very illogical 
proceeding, that of defining the equality of solids, instead of proving it, ka if 
he had been at liberty to fix a new idea to the word egval every time that 
he applied it to a new kind of magnitude. The nature of the difficulty he 
had to coat^nd with, will perhaps be the more readily admitted as an apo- 
logy for this error, when it is considered that Simson, who had studied the 
matter so carefully, as to set Euclid right in one particular, was himself 
wrong in another, and has treated of equal and similar solids, so as to ex- 
clude the symraelrical altogether, to which indeed he seems not to have at 
all adverted. 

I must, therefore, again repeat, that I do not think that this matter can 
be treated in a way quite simple and elementary, and at the same time 
general, without introducing the principle of the sufficient reason as stated 
■ above. It may then be demonstrated, that similar an^ equal solids are 
those contained by the same number of equal and similar planes, either with 
similar or contrary situations. If the word contrary ja properly understood, 
this description seems to be quite general. 

Simson's remark, that solids may be unequal, though contained by the 
same number of equal and similar planes, extends also to solid angles 
which may be unequal, though contained by the same number of equal 
plane angles. These remarks he published in the first edition of his Ea- 
cUd in 1756, the very same year that M. le Sage communicated to the 
Academy of Sciences the observation on the subject of solid angles, men- 
tioned in a former note ; and it is singular, that these two Geometers, with- 
out any communication with one another, should almost at the same lime 
have made two discoveries very nearly coimected, yet neither of them com- 
prehending the whole truth, so that each is imperfect without the other. 

Dr. Simson has shewn the truth of his remark, by the following reason- 
ing. 

" Let there be any plane rectihneal figure, as the triangle ABC, and from 
a point D within it, draw the straight line D£ at right angles to the plane 
ABC ; in DE take DE, DF equal to (me another, upon the opposite sides 
of the plane, and let G be any point in EF ; join DA , DB, DC ; EA, EB, 
EC ; FA, FB, EG ; GA, GB, GC : Because the straight line EDF is at 
right angles to the plane ABC, it makes right angles with DA, DB, DC, 
which it meets in that plane ; and in the triangles EDB, FDB, ED and 
DB are equal to FD, and DB, each to each, and they contain right a^les ; 
therefore the base EB is equal to the base FB ; in the same manner EA w 
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equal to FA, and EC to FC : and in the triangles EBA, FBA, EB, BA are 
equal to FB, BA, and the base EA is equal lo the base FA ; wherefore 
the angle EBA is equal to the angle FBA, and the triangle EBA equal 
to the triangle FBA, and the other angles equal to the other angles ; there- 
fore these triangles are similar : In the same manner the triangle EBC is 
similar to the triangle FBC, and the triangle EAC to FAG ; therefore there 
are two solid figures, each of which is contained by six triangles, one of them 
by three triangles, the common vertex of which is the point G, and their 
bases the straight lines AB, BC, CA, and by three other triangles the com- 
mon vertex of which is the point E, and ibeir bases the same lines AB, BC, 
CA. The other solid is contained by the same three triangles, the common 
verteK of which is G, and their bases AB, BC, CA ; and by three other tri- 
angles, of which the common vertex is the point F, and their bases the same 
straight lines AB, BC, CA : Now, the three triangles GAB, GBC, GCA 
are common to both solids, and tho three others EAB, EBC, EGA, of the 
first solid have been shown to be equal and similar to the three others, 
FAB, FBC, FCA of the other solid, each to each ; therefore, these two 
aolids are contained by the same number of equal and similar planes : But 
that they are not equal is manifest, because the first of them is contained in 
the other : Therefore it is not universally true, that solids are equal which 
are contained by the same number of equal and similar planes." 

" CoR. From this it appears, that two unequal solid angles may be con- 
tained by the same number of equal plane angles." , . 

" For the solid angle at B, which is contained by the four plane angles 
EBA, EBC, GBA, GBC is not equal to the solid angle at the same point 
B, which is contained by the four plane angles FBA, FBC, GBA, GBC ; 
. for the last contains the other. And each of them is contained by four 
plane angles, which are equal to one another, each to each, or are the self- 
same, as has been proved : And indeed, there may be innumerable solid 
angles all unequal to one another, which are each of them contained by 
plane angles that are equal to one another, each to each. It is likewise 
manifest, that the before-mentioned solids are not similar, since their solid 
angles are not all equal," 
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DEFINITIONS, &c. 

TaiGONOHETitT is defined in the text to be the application of Number ' 
to express the relations of the sides and angles of triangles. It depends 
theiefore, on the 47th of the first of Euclid,andon the 7th of the first of the 
Supplement, the two propositions which do most immediately connect 
together the sciences of Arithmetic and Geometry. 

The sine of an angle is detined above in the usual way, viz. the perpen- 
dicular drawn from one extremity of the arc, which measures the angle on 
the radius passing through the other ; but in atrictness the sine is not the 
perpendicular itself, but the ratio of that perpendicular to the radius, for it 
IS diis ralio which remains constant, while the angle continues the same, 
though the radius vary. It mightbe convenient, therefore, to define the 
sine to be the quotient which arises from dividing the perpendicular just 
described by the radius of the circle. 

'So also, if one of the sides of a right angled triangle about the right an- 
gle be divided by the other, the quotient is the tangent of the angle op- 
posite to the first-mentioned side, &c. But though this is certainly the 
rigorous way of conceiving the sines, tangents, &c. o^ angles, whicn are 
in reality not magnitudes, but the ratios ofmagnitudes ; yet as this idea is 
a little more abstract than the common one, and would also involve some 
change in the language of Trigonometry, at the same time that Jt would 
in the end lead to nothing that is not attained by making the radjus equal 
to imity, I have adhered to the common method, though I hare thought 
it right to point out that which should in strjcioess be pursued. 

A proposition is leh out in the Plane Trigonometry, which the astro- 
nomers make use of in order, when two sides of a triangle, sod the angle 
contained by them, are given, to find the angles at the base, without 
making use of the sum or difference of the sides, which, in some cases, 
when only the Logarithms of the eides are given, cannot be conrfluientlj 
found. * 
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THEOREM. 

If, as thegreaterof any tiDO sides of a triangle to the less, so the radius to the 
tangent of a certain angle ; then will the radius be to the tangent of the diffe- 
rence between that angle and half a right angle, as the tangent of half the 
sum of the angles, at the base of the triangle to the tangent of half their 

Let ABC be & triangle, the sides of 
which are BC and CA, and the base 
AB, and let BC be greater than CA. 
Let DC be drawn at right angles to 
BC, and equal to AC ; join BD, and 
because (Prop. 1.) in the right angled 
triangle BCD, BC : CD : : R : tan 
CBD, CBD is the angle of which the 
tangent is to the radius as CD to BC, 
that is, as CA to BC, or as the least 
of the two sides of the triangle to the 
greatest 

But BC+CD : BC-CD : : tan i (CDB+CBD) : 
tan i (CDB-CBD) (Prop. 5.) ; 

and also, BC+CA : BC— CA : : tan J (CAB+CBA) : 
tan i (CAB— CBA). Therefore, since CD=CA, 
tan I (CDB+CBD) : tan J (CDB— CBD) : : 
tan, I (CAB-j-CBA) : tan J (CAB— CBA). But becaoae the 
angles CDB+CBD=90°, tan i (CDB+CBD) : 
tan 4 (CDB-CBD) : : R : tan (45°- CBD), (2 Cor. Prop. 3.) ; 
therefore, R : tan (45^- CBD) ; : tan A (CAB+CBA) : 
tan i (CAB — CBA) ; and CBD was ^ady shewn to be such an angle 
that BC : CA : : R ; tan CBD. 

CoE, If BC, CA, and the angle C aie given to find the angles A and B ; 
find an angle E euch, that BC : CA : ; R : tan E ; then R : tan (45'=— E) 
:: tan^(A+B): tani{A— B). Thus J (A— B) ia found, and J (A+B) 
being given, A and B are each of them known. Lem. 3. 

In reading the elements of Plane Trigbnometry, it may be of use to ob- 
serve, that the first five propositions contain all the rules absolutely neces- 
sary for solving the difTerenl cases of piano triangles. The learner, when 
he studies Trigonometry for the first time, may satisfy himself with these 
propositions, but should by no means neglect the odiers in a subsequent 
perusaL 

PROP. VIL and VIH. 

I liave changed the demonstration which I gave of these propositions in 
the first edition, for two others considerably simpler and more concise, given 
me by Mr. Jardine, teacher of the Mathematics in Edinburgh, formerly 
One of my pupils, to whoso ingenuity and skill I am very glad to bear this 
public testunony. 
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SPHERICAL 
TRIGONOMETRY. 



PROP. V. 



The angles at the bue of an isosceles spherical triangle are symmetncal 
magnitudes, not admilling of being laid on one another, nor of coinciding, 
notwithstanding their equality. It might be considered aa a sufficient 
proof that they are eqnaj, lo observe that they are each determined to be 
of a certain magnitude rather than any other, by conditions which are pre- 
cisely the same, so that there is no reason why one of them should be 
greater than another. For the sake of those to whom this reasoning may 
not prove satisfactory, the demonstration in the text is given, which is 
stiicUy geometrical.' 

For the demonstrations of the two propositions that are given in the end 
of the Appendix to the Spherical Trigonometry, see Elementa Sphxricorum, 
Theor. 66. apud Wolfii Opera Math. torn. iii. ; Trigonometiie par Cagnoli, 
^ 463 ; Trigouometrie Spheiique par Mauduit, ^ 165. 
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